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Abstract

In this paper, we consider variational inequality problem over the product of sets
which is equivalent to the problem of system of variational inequalities. These
two problems are studied for single valued maps as well as for multivalued
maps. New concept of pseudomonotonicity in the sense of Brézis is introduced
to prove the existence of a solution of our problems. As an application of our
results, the existence of a coincidence point of two families of operators is also
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It is mentioned by J.P. Aubin in his book][that the Nash equilibrium problem

[12, 15] for differentiable functions can be formulated in the form of a vari-
ational inequality problem over product of sets (for short, VIPPS). Not only
the Nash equilibrium problem but also various equilibrium-type problems, like,
traffic equilibrium, spatial equilibrium, and general equilibrium programming
problems, from operations research, economics, game theory, mathematical
physics and other areas, can also be uniformly modelled as a (VIPPS), see for

Relatively B-Pseudomonotone

example £, 11, 14] and the references therein. Pang][decomposed the orig- Variational Inequalities Over
inal variational inequality problem defined on the product of sets into a system ULl

of variational inequalities (for short, SVI), which is easy to solve, to establish  gamrul Hasan Ansari and zubair
some solution methods for (VIPPS). Later, it was found that these two problems, Khan
(VIPPS) and (SVI), are equivalent. In the recent past (VIPPS) or (SVI) has been

considered and studied by many authors, see for exampied, 9, 10, 11] and Title Page
references therein. Konnov][extended the concept of (pseudo) monotonicity PES—

and established the existence results for a solution of (VIPPS). Recently, Ansari

and Yao P] introduced the system of generalized implicit variational inequali- 44 4 4
ties and proved the existence of its solution. They derived the existence results < >

for a solution of system of generalized variational inequalities and used their

results as tools to establish the existence of a solution of system of optimization Go Back
problems, which include the Nash equilibrium problem as a special case, for Flloee
nondifferentiable functions. p——

In this paper, we study (VIPPS) or (SVI) without using arguments from gen-
eralized monotonicity as considered #].[ For this, we introduce the concept Page 3 of 18
of relatively B-pseudomonotonicity which extends in a natural way the well-
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known pseudomonotonicity in the sense of BréZis(fee also ]). By using

a fixed point theorem of Chowdhury and Ta#, [we establish the existence re-
sults for a solution of (VIPPS) or (SVI) under relatively B-pseudomonotonicity.
As an application of our results, we prove the existence of a coincidence point
for two families of nonlinear operators.

We also consider the generalized variational inequality problem over product
of sets (for short, GVIPPS) and system of generalized variational inequalities
(for short, SGVI). We adopt the technique of Yang and Y& fo establish the
existence of a solution ofdVIPPY or (SGVI) by using the existence results
for a solution of (VIPPS) or (SVIP).
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Let / be a finite index set, that i$,= {1,2,...,n}. For each € I, let X; be

a topological vector space with its dud}’, K; a nonempty and convex subset
of X;, K = [[;c; Kiv X = [Lie; Xo, andX* = [[.., X;. We denote by-, -)
the pairing betweelX and X;. For eachi € I, whenX; is a normed space,
its norm is denoted by-||, and the product norm oX will be denoted byj|-||.
For eachr € X, we writex = (x;);c7, Wherez; € X, that is, for eachr € X,

x; € X; denotes théth component ok. For eachi € I, let f; : K — X} bea

Relatively B-Pseudomonotone

nonlinear map. We consider the followingriational inequality problem over Variational Inequalities Over
product of setg¢for short, VIPPS): Find: € K such that Product of Sets
IH Al i and Zubai
(2.1) S (fil@)y —3;) 20, forall y, € K, i€ L. S S
i€l
Of course, if we define the mappinfg: K — X* by Title Page
(2.2) f(z) = (fi(x))iel, Contents
then (VIPPS) can be equivalently re-written as the usual variational inequality 4« dd
problem of findingz € K such that < >
(f(z),y—x) >0, forall yeK. Go Back
Very recently, Konnov J] proved some existence results for a solution of Close
(VIPPS) under relatively pseudomonotonicity or strongly relative pseudomono- Quit

tonicity assumptions in the setting of Banach spaces.
We also consider the following problem gystem of variational inequalities
which has been studied by many authors because of its applications in various

Page 5 of 18
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equilibrium-type problems from operations research, economics, game theory,
mathematical physics and other areas, see for exampla, i0, 11, 14] and
references therein:

(SVIP) Find z € X such that for eachi € I, (f;(Z),y; — %;) > 0,

forall y; € K;.
It is easy to see that these two problems, (VIPPS) &\dF), are equivalent.
Indeed, that$VIP) implies (VIPPS) is obvious. The reverse implication holds
if we lety; = z; for all j # «.

For eachi € I, when f; and f are multivalued maps, then (VIPPS) and
(SVIP) are calledyeneralized variational inequality problem over product sets
andsystem of generalized variational inequalitiesspectively. More precisely,
for eachi ¢ I, letF; : K — 2% be a multivalued map with nonempty values
so that if we set

(2.3) F=(F:iel),
thenF : K — 2% is a multivalued map with nonempty values. We shall also
consider the following problems:
(GVIPPS) Findr € K andu € F(z)such that) ~(a;,y; — ;) > 0,
i€l

forally, € K;,i € I,
whereu; is theith component of:.
(SGVIP) Findz € K and u € F(z) such that (u;,y; — z;) > 0,

forally, € K;, i € I,
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whereu; is theith component of:.. As in the single valued case, it is easy to
see thatGVIPPY and EGVIP) are equivalent.

In [2], Ansari and Yao usedSGVIP) as a tool to prove the existence of a
solution of Nash equilibrium problem for nondifferentiable functions.

For every nonempty set, we denote by (respectively,F(A)) the family
of all subsets (respectively, finite subsets)4oflf A is a nonempty subset of a
vector space, therv A denotes the convex hull of.

The following result of Chowdhury and Tag][will be used to establish the
main result of this paper.

Theorem 2.1.Let K be a nonempty and convex subset of a topological vector
space (not necessarily Hausdorff) and 7" : K — 2% a multivalued map.
Assume that the following conditions hold:

(i) Forall x € K, T(x) is convex.
(i) ForeachA € F(K) and forally € coA, T (y) N coA is open incoA.

(i) ForeachA € F(K) and all z,y € coA and every ne{z,}aer in K
converging tar such thatty + (1 —t)x ¢ T'(x,) for all o € I" and for all
t €0, 1], we havey ¢ T'(z).

(iv) There exist a nonempty, closed and compact subsét/” and an element
y € Dsuchthaty € T'(z) forall x € K\ D.

(v) Forall z € D, T'(z) is nonempty.

Then there existg € K such thatt € T'(z).
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Definition 3.1. The mapf : K — X*, defined byZ.2), is said to be relatively
B-pseudomonotone (respectiveiatively demimonotonef for eachx € K
and every ne{z*},cr in K converging tar (respectively, weakly to) with

lim inf,, [Z(fz(xa),xz - :Ef‘}] >0
iel

we have

Z(fi(f),,%’ — ;) > limsup, [Z(fi(xa),yi - xf‘}] forall y € K.

i€l i€l

Of course, if] is a singleton set, then the above definition reduces to the

definition of a pseudomonotone map, introduced by Brédiéske also}] and
[3, p. 410]).

Now we are ready to establish the main result of this paper on the existence
of a solution of (VIPPS) under relatively B-pseudomonotonicity assumption.

Theorem 3.1. For each: € I, let K; be a nonempty and convex subset of a

real topological vector space (not necessarily, Hausdakif) Let f, defined
by (2.2), be relatively B-pseudomonotone such that for edch F(K), x —
Y icrfilx), yi — ;) is upper semicontinuous @ A. Assume that there exists
a nonempty, closed and compact subBedf K and an elemenj € D such
thatforallz € K\ D, . ,(fi(x), 9 — ;) <0. Then (VIPPS) has a solution.
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Proof. For eachr € K, define a multivalued map : K — 2K by

T(x) {yeK Z <0}

Then for allx € K, T'(x) is convex. Letd € F(K), then for ally € coA,

[T ()] N coA = {x € coA: Z(fl(ar;),yZ — ;) > O}

i€l
is closed incoA by upper semicontinuity of the map— > ., (fi(x), yi — ;)

oncoA. HenceT ! (y) N coA is open incoA.
Suppose that,y € coA and{z“},cr is a netink converging tor such that

D (Filx®), by + (1= t)a) — a) >0,
i€l
Fort = 0, we have
> (fila®), @ —af) >0, forall @ €T,

7

forall « € T" andall t € [0, 1].

i€l

lim inf,, [Z(fi(as“), T

el

and therefore
— xf‘>] > 0.

By the relatively B-pseudomonotonicity ¢f we have

B D (filw),

el

yi — x;) > limsup, [Z<fi(xa)vyi - CC?>] :

el
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Fort = 1, we have
> (fia®),yi —af) >0, forall a €T,
iel

and therefore,

(3.2) lim inf e [Z(fz(x“),yl — xf‘>] > 0.

iel
From 3.1) and (3.2), we obtain
> (fil@),yi — i) > 0,
iel

and thugy ¢ T'(x).
Assume that for alke € D, T'(z) is nonempty. Then all the conditions of
Theorem?2.1 are satisfied. Hence there exist& K such thatt € 7'(z), that

is,
0= (fi(@).d; — &) <0,
el
a contradiction. Thus there existse K such thatl'(z) = 0, that is,
Z(fi(f)ayi —z;) >0, forall y;€ K; i€ 1.
el

Hencez is a solution of (VIPPS). O
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Corollary 3.2. For eachi € I, let K; be a nonempty, closed and convex subset
of a real reflexive Banach spacé. Let f, defined byZ.2), be relatively demi-
monotone such that for each ¢ F(K), z — >, (fi(x),y; — x;) is upper
semicontinuous o A. Assume that there exigjss K such that

(3.3) lim > (filx), G — ;) < 0.

[|z]|—o00, zEK 4
el

Then (VIPPS) has a solution.

Proof. Let o = lim|jy)|—oo, zei D ies (fi(%), i —z5) < 0. Then by 8.3), a < 0.
Letr > 0 be such that|g|| < rand)_, ., (fi(z), 5 —x;) < §foralz € K
with ||z|| > r. Foreachi € I, let K] = {z; € K; : ||z|l; < r}, and we
denote byK" = [],.; K7. ThenK" is a nonempty and weakly compact subset
of K. Note that forany: € K\ K", .., (fi(), 9 — z;) < § < 0, and the
conclusion follows from Theorer®. L O

As an application of Corollarg.2, we establish the existence of a coinci-
dence point for two families of nonlinear operators.

Corollary 3.3. For each: € I, let X; be a real reflexive Banach space. lfet :
X — X/ be defined ag(z) = (fi(x))ier andg(z) = (gi(x)):e1, respectively,
for all x € X, where for each € I, g, : X — X is a nonlinear operator.
Assume thaff — g) is relatively demimonotone and for eadhe F(X), z —
Y icrfilx), yi — x;) is upper semicontinuous amwA. Further, assume that
there existg) € X such that

lim > ((fi — gi)(2), 5 — wi) <0,

z||—o0, zeX
lall 0, z€X <
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Then there exist8 € X such thatf;(z) = g;(z) for each: € I.

Proof. From the Corollang.2, there existg € X such that for eache I,
(fi(®),yi — ;) > (9:(T),y; — 7;), forall y; € X;.
Therefore we havef;(z) = g;(z) for eachi € 1. O

Finally, we give another application of CorollaBy? in the setting of Hilbert
spaces.

Corollary 3.4. For eachi € I, let (X}, (-,)) be a real Hilbert space an&; a
nonempty, closed and convex subseXpflLet f, defined byZ.2), be relatively
demimonotone such that for each € F(K), z — >, (fi(x),y; — x;) is
lower semicontinuous o A. Assume that there exigjs= K such that

> (wi = filx), 5 — ) < 0.

z||—o0, zEK
ol | o0, a€ K 4=

Then there existg € K such that for each € I, f;(z) = ;.

Proof. For eachi € I, define a nonlinear operatét : K — X; by S;(z) =
x; — fi(x) for all z € K. Then obviously, for each € I, S; satisfies all the
conditions of Corollary.2. Hence there exists € K such that for eache I,
(Si(z),y; — z;) > 0forally; € K;. Foreach € I, lety;, = fi(z), we have
|z; — f:(2)]| < 0. Therefore, for eache I, f;(z) = ;. O
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GVIPPS SGVIP

In this section, we adopt the technique of Yang and Y&# {o derive the ex-
istence results for a solution o&{/IPPS and EGVIP) by using the results of

Se
De

be relatively B-pseudomonotone (respectively, relatively demimonotone) if for

ction3.

finition 4.1. The multivalued map’ : K — 2%, defined byZ.3), is said to

eachz € K and every nefz“},cr in K converging tar (respectively, weakly
to x) with

we

il

De

liminf,, [Z(uf‘,xl — :Ef‘)] >0, forall uy e Fj(z®)

el

have, for alk; € F;(x)

Z(ui,yi—xz) > lim sup,, [Z(u?, Yi — :Uf“)] for all uf* € F;(z®)andy € K.

iel

finition 4.2. Let Z be topological vector space arid a subset ofZ. Let

G : U — 27" be a multivalued map angl: U — Z* a single valued mapy
is called a selection off on U if g(z) € G(x) for all z € U. Furthermore, the
functiong is called a continuous selection 6f on U if it is continuous onJ
and a selection off onU.

[

For further details on continuous selections of multivalued maps, we refer to

].
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It follows from (2.2) and @.3) that if f : K — X*, defined by 2.2), is a
selection ofF : K — 2X°, defined by 2.3), then foreachi € I, f; : K — X}
is a selection of, : K — 2% on K.

Lemma4.1.If f : K — X*, defined byZ.2), is a selection of” : K — 2X7,
defined byZ%.3), on K, then every solution of (VIPPS) is a solution G\(IPP 3.

Proof. Assume that € K is a solution of (VIPPS). Then

Z<fl(j>’yl — J_Iz> > 0, for all Y; € Kz‘, 1€ 1.

icl

Letu; = f;(Z), sothatu = f(z). Sincef is a selection of’, we haveu € F(z)
such that

Z<ﬂz,yz — Zf‘l> >0, for all y; € K, 1€l

i€l

Hence(z, ) is a solution of GVIPPS. O

Lemma 4.2. Let f : K — X*, defined by Z.2), be a selection of a mul-
tivalued mapF : K — 2%°, defined by Z.3), on K. If F is relatively B-
pseudomonotone (respectively, relatively demimonotone), fhisralso rela-
tively B-pseudomonotone (respectively, relatively demimonotone).

Proof. Let u; = f;(z) andu$ = f;(z®) for all z € K, so thatu = f(z) and
u® = f(z*). Then the result follows from the definitions. O

In the remaining part of the paper, we shall assume that the pdkings
continuous.
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Theorem 4.3.For eachi € I, let K; be a nonempty and convex subset of a real
topological vector space (not necessarily, Hausdaoxif) Assume that

() F: K — 2%, defined byZ.3), is a relatively B-pseudomonotone multi-
valued map;

(ii) there exists a continuous selectipn K — X*, defined by4.2), of F on
K;

(i) there exist a nonempty, closed and compact subsEt/ and an element
y € Dsuchthatforalls € K\ D, Y., (fi(z), 9 — z;) <O.

Then GVIPPS has a solution.

Proof. From condition (ii), there exists a continuous functighs K — X*
such thatf(z) € F(x), for allz € K. Since the pairing-,-) is continuous,
we have the map — Y, ,(fi(z),y; — z;) is continuous onk. By Lemma
4.2, f is relatively B-pseudomonotone. Therefore by TheoBinthere exists
a solutionz € K of (VIPPS). For each € I, letu; = f;(z) € F;(z). Then by
Lemma4.1, (z,u) is a solution of GVIPPS. O

Corollary 4.4. For each: € I, let K; be a nonempty and convex subset of a
real reflexive Banach spacg;. Assume that

() F: K — 2%, defined byZ%.3), is a relatively demimonotone multivalued
map;

(i) there exists a continuous selectipn K — X*, defined byZ4.2), of F on
K;
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(i) there existg) € K such that

S i), 5 — ) < 0.

z||—o0, zEK
ol =0, zeK 4=

Then GVIPPS has a solution.

Proof. It follows by using the argument of TheorefiBand Corollary3.2. [
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