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1. Introduction

Let (E, ||-|]|) be a normed linear space over the real or complex numberKieldn
K™ endowed with the canonical linear structure we consider a fidfrand the unit
ball

B([l-l,) = {A= (A, An) € KE[AL, <13

As an example of such norms we should mention the ysuabrms
max {Ai] ... A} i p=oo;
Al =

(e [Ael™)? if pell,o0).
TheEuclidean normis obtained fop = 2, i.e.,

1Al = (ZIAHQ) :

k=1

(1.1)

It is well known that onE™ := E x --- x E endowed with the canonical linear
structure we can define the following-norms

max { ||z, ..., ||z.]|} if p=o0;
(1.2) 1X1,, =

(> k= llzel”)
whereX = (z1,...,2,) € E™.
For a given nornj|- ||, onKK™ we define the functiondl ||, ., : E" — [0, 00) given
by

D=

if pell, o0);

n

> N

j=1

Y

(13) HXHh,n = Sup
o dn)EB(I11,)
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whereX = (z1,...,2,) € E™
It is easy to see that:

0 [[ X1, = 0forany X € E™;
() [[X + Y, < I X, + 1Y, forany X, Y € E;
(i) [[aX|l,,, = lal[|X]],, foreacha € KandX € E™;

and therefore)-||, , is asemi-normon E™. This will be called thehypo-semi-norm
generated by the nortfi||, on X™.

We observe thatX||, , = Oifand only if 7, A\jz; = 0forany (A, ..., \,) €
B(||-]l,,) - If there exists\), ..., A2 # 0 such thatA\?,0,...,0), (0,A3,...,0),..
(0,0,...,A%) € B(|||l,,) then the semi-norm generated by is anormon E™.

If by B,,, with p € [1, 0] we denote the balls generated by thenormsl||-||,,
on K", then we can obtain the followingypoy-normson X" :

*

(14) ||X||h,n,p = N sup

with p € [1, 00] .
Forp = 2, we have the Euclidean ball id”, which we denote b,,,

z”: N < 1}
i—1

that generates theypo-Euclidean norron £, i.e.,

]B%n:{/\:(/\l,...,)\n)eK”

(1.5) [ XNlpe = sup
ALy A
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Moreover, if E = H, H is a Hilbert space oveK, then thehypo-Euclidean norm
on H™ will be denoted simply by

(1.6) (1, ... @), = sup
(AL An)EBy

Z/\ x;

and its properties will be extensively studied in the present paper.

Both the notation in1.6) and the necessity of investigating its main properties are
motivated by the recent work of G. Popes®liyho introduced a similar norm on
the Cartesian product of Banach algeBré# ) of all bounded linear operators ¢h
and used it to investigate various properties eftuple of operators in Multivariable
Operator Theory. The study is also motivated by the fact that the hypo-Euclidean
norm is closely related to the quadratic fopny_, |(z, xj>|2 (see the representation
Theoren?.?) that plays a key role in many problems arising in the Theory of Fourier
expansions in Hilbert spaces.

The paper is structured as follows: in Sectibwe establish the equivalence of
the hypo-Euclidean norm with the usual Euclidean normiBh provide a repre-
sentation result and obtain some lower bounds for it. In Se¢tian utilising the
classical results of Boas-Bellman and Bombieri as well as some recent similar results
obtained by the author, we give various upper bounds for the hypo-Euclidean norm.
These are complemented in Sectibwith other inequalities between-norms and
the hypo-Euclidean norm. Sectiénis devoted to the presentation of some condi-
tional reverse inequalities between the hypo-Euclidean norm and the norm of the
sum of the vectors involved. In SectiGnthe natural connection between the hypo-
Euclidean norm and the operator nofi, . . ., -)||, introduced by Popescu if] is
investigated. A representation result is obtained and some applications for opera-
tor inequalities are pointed out. Finally, in Sectiona new norm for operators is
introduced and some natural inequalities are obtained.
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2. Fundamental Properties

Let (H;(-,-)) be a Hilbert space oveK andn € N, n > 1. In the Cartesian
product H" := H x --- x H, for the n—tuples of vectorsX = (z1,...,z,),
Y = (y1,...,y.) € H", we can define the inner produgt -) by

@) XV =Y (o). XY e

Jj=1

which generates the Euclidean nojnj, on H", i.e.,

1
(22) 1X1ly = (Z ij\F) . Xem
j=1

The following result connects the usual Euclidean ngrjrwith the hypo-Euclidean
norm|-||., .

Theorem 2.1.For any X € H" we have the inequalities

1
(2.3) Xy = [1XT]e = 7n X1l

i.e.,||-|l, and||-||, are equivalent norms oH".

Proof. By the Cauchy-Bunyakovsky-Schwarz inequality we have

1
> Ag|| < (Z \/\jfz) (Z H%‘H2>
j=1 j=1 j=1

N|—=

(2.4)
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for any (Ay,...,\,) € K". Taking the supremum ovén, ..

we obtain the first inequality ir?(3).

If by o we denote the rotation-invariant normalised positive Borel measure on the

S An) € B, in (2.9)

unit spheredB,, (9B, = (A1,...,\,) € K*|3r |\ = 1) whose existence and
properties have been pointed out @], then we can state that

(2.5) / AfPdo(A) =+ and
OBy, n

/ MAjdo (N =0 if k#j kji=1,...,n
OB,

Utilising these properties, we have

n 2
HXH§ = sup MeTr|| = sup )\k
(ALyeAn)EBR ; (ALyeAn)EBR kal
2/ [Z Y <xk,:cj] Z/
dBn k,]zl k] 1 dB'n

BN o1 2
== el = < IXIE,
k=1

from where we deduce the second inequalityArs),

$k,.CEJ ]

Aj (s 25)] do (N)

O

The following representation result for the hypo-Euclidean norm plays a key role

in obtaining various bounds for this norm:
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Theorem 2.2.Forany X € H™ with X = (x4, ..., z,), we have

(2.6) |X]|, = sup (Zr z, ;) ) :

[|z]|=1

Proof. We use the following well known representatlon result for scalars:

(2.7 Z 2 = sup Z/\ zil
j:1 ()\17 , E]Bn —
where(zy, ..., z,) € K™

Utilising this property, we thus have

(2.8) (Z |<x,xj>|2) = sup
j=1

(ALyeAn)EBy

[N

<m, E /\jwj>‘
j=1
foranyx € H.

Now, taking the supremum ovér| = 1 in (2.8) we get

1 -
n 2 n
2
sup [(z, ;)] = sup sup x, A\
]| =1 <; Izll=1 | (AseeAn) B ;

= sup sup [{( =, » A\
(A1 An) EBy [ftll—1 < ; >
>

sup
()‘1 I 7)\n)€Bn

since, in any Hilbert space we have thap,, ](u, v)| = ||v|| foreachv € H. [
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Corollary 2.3. If X = (x4,...,z,) is ann—tuple of orthonormal vectors, i.e., we

recall that ||z;|| = 1 and (z,z;) = 0for k,j € {1,...,n} with & # j, then
Xl < 1.

The proof is obvious by Bessel’s inequality.

The next proposition contains two lower bounds for the hypo-Euclidean norm
that are sometimes better than the one?ig)( as will be shown by some examples

later.
Proposition 2.4. Forany X = (zy,...,x,) € H"\ {0} we have
2 i il

1
X1l

I

(29) ||‘<||e Z
1
T

Z?:l L

Proof. By the definition of the hypo-Euclidean norm we have thatAff ..., \Y) €
B,, then obviously

X1 > | Ay -
j=1
The choice 12,1
x .
o= I jed{l,...,n},

Xl
which satisfies the conditiom\!, ..., \?) € B, will produce the first inequality
while the selection )

0 _ .

)\j—%, jE{l,...,n},

will give the second inequality ir?(9). O

W

-~

Hypo-Euclidean Norm
S.S. Dragomir
vol. 8, iss. 2, art. 52, 2007

Title Page
Contents
44 44
< >
Page 9 of 43
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au

Remarkl. Forn = 2, the hypo-Euclidean norm oH?

N

(@, y)]l, = sup [Az+pyll = sup [|{z,2)° + (2, 9)]°]

(Ap)EB2 ll2]l=1
is bounded below by
1 1
B () i= 5 (el + )
|+ ||yl|y
By (0.1 = il ||2 I ||2 lH
(N lI” +Nlwll")?
and ]
Bs(x,y) = — |z +y.
3 (2,y) \/5|| yl

If H = C endowed with the canonical inner prodydet y) := zy wherex,y € C,
then

1 2 23

By (x,y) = — (|z|” + 2

1 (z,y) \/5(|| lyl%)
rix+|Yyly

ooy - L2l
(Jz]" + [yI°) >

and .
BS(xvy):_Q‘x—i_yl? iL‘,yE(C.

The plots of the difference®; (z,y) := B (x,y) — By (x,y) and Dy (z,y) =
B (z,y) — Bs (x,y) which are depicted in Figureand Figure?, respectively, show
that the boundB; is not always better tham; or B;. However, since the plot of
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D3 (z,y) := B (z,y) — Bs (z,y) (see Figure3) appears to indicate that, at least in
the case of?, it may be possible that the bourt} is always better tha®;, hence
we can ask in general which bound frofn) is better for a givem > 27 This is an
open problem that will be left to the interested reader for further investigation.

- -10

Figure 1: The behaviour dP; (z,y)
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3. Upper Bounds via the Boas-Bellman and Bombieri Type
Inequalities

In 1941, R.P. Boas3] and in 1944, independently, R. Bellmal] proved the follow-
ing generalisation of Bessel's inequality that can be stated for any family of vectors
{y1,...,yn}(see also§, p. 392] or b, p. 125]):

n % Hypo-Euclidean Norm
2 2 2 S.S. Dragomir
GY D M)l < Mol | max [yl + ( S Hoew) ) s e
Jj=1 1<j#k<n
for anyz,y, ...y, vectors in the real or complex inner product spétke (-,-)) . Title Page
This result is known in the literature as tBeas-Bellman inequality
The following result provides various upper bounds for the hypo-Euclidean norm: Contents
Theorem 3.1.Forany X = (z4,...,z,) € H", we have <« >
3 < >
max fla|”+ | > [z
(3.2) ||XH§ < i<j<n Y \<jFh<n J Page 14 of 43
max 11" + (n = 1) (Jnax |z, z)]; Go Back
Full Screen
Close

1<5<

2
B3 X[ < [max [k ZH%H
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th ti
+ mmax {lall all} Y I, ] mamemates
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and

max |z EH%H +(n = 1) X[ max [z, @)l

1<j<n 1<j#k<n

112 Joax. H%H + Jax {flag ] llxll} <JZ<n\<xj’xk>!-

(3.4) X<

Proof. Taking the supremum ovelrz|| = 1 in (3.1) and utilising the representation
(2.6), we deduce the first inequality iB ().
In [4], we proved amongst others the following inequalities

, z max o 3 s
(35) |>_¢lmyy| <llz)*x o
zm max ly|I°
max  q|C;Cy Yis Yk
[z el 3 Kol
Y a0 el me 10
no b2 el max Wikl
foranyy,,...,y,,x € H andcy,...,c, € K, where (.5 should be seen as all
possible configurations.
The choice:; = (z,y;), j € {1,...,n} will produce the following four inequal-
ities:
n 2 max [(z,y,) 3 1
2 2 1sj<n J=1
36) Y lwyl| <llzl*x{
3 ) e sl
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max {|(z, y;)| [(z, 01} 20 [y uw)ls

1<j#k<n 1<j#k<n

" 2
=) 55 o) L)

2
+ ]

Taking the supremum ovélec|| = 1 and utilising the representatiofi.() we easily
deduce the rest of the four inequalities. O

A different generalisation of Bessel’s inequality for non-orthogonal vectors is the
Bombieri inequality(see P] or [8, p. 397] and }, p. 134]):

(3.7) Zl ’<:L’,y] < ||:L’|| 11£1a<X {Z| Yis Yr) }
j=

foranyxz € H, whereyy,...,y, are vectors in the real or complex inner product
Space(H; <'> >) :

Note that, the Bombieri inequality was not stated in the general case of inner
product spaces ir2]. However, the inequality presented there easily lead$ fJ (
which, apparently, was firstly mentioned as is&np. 394].

On utilising the Bombieri inequality3(7) and the representation Theoren?,
we can state the following simple upper bound for the hypo-Euclidean fidfm

Theorem 3.2.Forany X = (zy,...,z,) € H", we have

(3.8) X2 < max {Z \<asj,xk>|}.
k=1

In [6] (see also’, p. 138]), we have established the following norm inequalities:

(3.9)

<nrt Z|ak| Z(Z|<zj,zk>|Q)q ,

k=1 \j=1

n
E :Oéjzj
j=1
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wherel + & =1, i+, =landl <p <2 1<t <2anda; €C,z € M,

je{l,...,n}.
An interesting particular case 08.0) obtained forp = ¢ = 2,t = u = 2is
incorporated in

n 2 n n %
(3.10) D izl < |l <Z |<zj,zk>\2>
j=1 k=1 j,k=1 Hypo-Euclidean Norm
Other similar inequalities for norms are the following onés(kee also %, pp. S-S Dragomir
139_140]) vol. 8, iss. 2, art. 52, 2007
n 2 n n q
1 2 .
(3.11) Z a;zil| < np Z | | max. Z (2, zk>|q] : Title Page
7j=1 k=1 k=1
Contents
provided thatl < p < 2 andi +— =1,0,€C,z;,€ H je€{l,...,n}. Inthe
! ! « >
particular case = ¢ = 2, we ave
n n n % | | 2
2 2
(3.12) Zajzj < VR |yl max [Z (25> 26)| ] : Page 17 of 43
j=1 k=1 7 Lk=1
Also, if 1 < m < 2, then B]: Colzers
n 2 n n T Full Screen
1 2 l
@13 oy <0 Yl { s | } ’
j=1 k=1 j=1
whereX + > = 1. Form = [ = 2, we get journal of inequalities

in pure and applied

1
? 2)] 2 mathematics

n n
2
(3.14) Zajzj < \/ﬁz v [ issn: 1443-575k
j=1 k=1

n
(max (2, z1)|
1

’ 1<k<
j:

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au

Finally, we can also state the inequali}:[

(3.15)

Utilising the above norm-inequalities and the definition of the hypo-Euclidean
norm, we can state the following result which provides other upper bounds than the
ones outlined in Theorem 1 and3.2

Theorem 3.3.Forany X = (z, ..

(

(3.16) |IX| <

\

.,Tp) € H™ we have

{5, $k>lq>

+l=landl<p<2 1<t<2;

Qe
&=

2 [, x|

nE {Jfl [ <xj,xk>v} }

n max |<$k72j>’§

2 n
<3 ool mas, (5,201
<n 2 | vk |  Dnax (255 k)|

1 1 _
Wherep+q—1,

1 1 _
Where}—7+a—1

and 1 < p < 2;

where L 4+ 1 =1

and 1 <m < 2;
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and, in particular,

(3.17) IXIE < { /A max [z |<xj,xk>|2r;
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4. Various Inequalities for the Hypo-Euclidean Norm

For ann—tuple X = (x4, ..., z,) of vectors inH, we consider the usua-norms:

X1, == (Z ||$j||p> :
j=1

wherep € [1, 00), and denote witht' the sumd 7, ;.
With these notations we can state the following reverse of the inequjality, >
| X|, , that has been pointed out in Theoreém.

Theorem 4.1.Forany X = (z1,...,z,) € H", we have

Hypo-Euclidean Norm
S.S. Dragomir
vol. 8, iss. 2, art. 52, 2007

2 2 2 2 Title Page
(4.1) O )X = IX1E < XI5 = 11517
If Contents
2 9 )
Jk=1 < [ 2
then also
) ) ) ; Page 20 of 43
(4.2) 0 ) [ X5 = IXNE < [ Xy = [15]]
9 5 Go Back
(<nlXIz =151
Full Screen
Proof. We observe, for any € H, that
n 2 n n n n Clazz
(43) D (wa)| =D (wws) D (wwe) = D {wws) Y (o) journal of inequaities
=t =1 k=1 =1 k=1 in pure and applied
n ) mathematics
= Z [(z, z) "+ Z (2, z;) {2, ) issn: 1443-575k
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n

<3 w2l +

k=1

Y. (aay) (ap)

1<j#k<n
2
< Nz D Kz [ 2)] -
=1 1<j#k<n

Taking the supremum ovére|| = 1, we get

3

2
n
(4.4) sup Z(:c,xj)
flz]|=1 j=1
< ap Sl t Y sup (o) - sup ()]
llzll= 1k: 1 1<j#k<n llzll=1 lzll=1
However,
n 2
sup Z z x] = sup .T,ZQ?J' = HS||27
[lz]|=1 [|l]|=1 j=1
sup |<fv,fvj>|:||xj|| and  sup [z, k)| = |24l
llzll=1 llzll=1

forj,k € {1,...,n}, and by ¢.4) we get
ISIZ < UIX0Z+ > Nl lla

1<j;ék<n

= [IXI; + Z [l el = Z e

7,k=1
= [IX[1 + 11X 07 = X5,
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which is clearly equivalent with/( 1).

Further on, we also observe that, for ang H we have the identity:

2
= Re

n

Z <:E,l’j>

J=1

(4.5)

> (w,y) <$k7$>]

k?]:]‘

=D _lww)l+ 32 Relfw, ;) (o, 2)].

1<j#k<n

Utilising the elementary inequality for complex numbers

1
(4.6) Re (uv) < 1 lu+ v]?, u,v € C,
we can state that
1
Y. Rel(z,z;) {z,2)] < 1 (&, 25) + (@, )|
1<k#j<n 1<k#j<n
-5 e
' Y 2 Y
1<k#j<n
and by ¢.5) we get
- ’ - T +x 2
@n e = Slealr Y <x ka>
j=1 k=1 1<k#j<n
foranyx € H.
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Taking the supremum ovérc|| = 1 in (4.7) we deduce

2
2
<IXlz+ >

1<k#j<n

= IXIE+ >

k,j=1

Tj+ T 2
2

xj—l—xk

Z (A

which provides the first inequality int(2).
By the convexity oﬂ]-H2 we have

u T+ Ty
S < 1S e+ peul? —nznxkn
g k=1 ch 1
and the last part ofi(2) is obvious. O

Remark2. Forn =2, X = (z,y) € H? we have the upper bounds

By (x,y) = |lzl* + lyll* — |z + yII”
= 2(ll=[H[yll = Re (z,y))

and
2 2
By (x,y) = |lz[|” + [ly|l
for the difference| X ||5—||X||?, X € H? as provided by4.1) and ¢.2) respectively.

If H=TRthenB (z,y) = 2(|lzy| — xy), B (z,y) = 2 + y*. If we consider the
functionA (z,y) = By (x,y) — By (z,y) then the plot ofA (z, y) depicted in Figure

4 shows that the bounds provided B 1) and ¢.2) cannot be compared in general,

meaning that sometimes the first is better than the second and vice versa.
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Figure 4: The behaviour ok (z,y)

From a different view-point we can state the following result:

Theorem 4.2.Forany X = (z1,...,x,) € H", we have

(4.8) IS1* < 11Xl 1111, + Z IS — a
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and

4.9) S|’
<X\, [I1X], +

respectively.

max ||S — x;€||2 +
1<k<n

(¥

|<5—$ka5—$z>|2) ,

1<k#I<n

Proof. Utilising the identity ¢}.5) above we have

n

(4.10)

j=1

foranyx € H.

Z <$7:Uj>

2

— Z [z, z1,)]” + Re <x,
k=1

> (wm) %‘>

1<j#k<n

By the Schwarz inequality in the inner product spage (-, -)), we have that

(4.11) Re <x >

1<j#k<n

($7Ik>$j> < [J]

Z <I7$k> Lj

1<j#k<n
n n
Z (@, xp) x5 — (z, 1) 2,
k=1 k=1
n n n
<z> S 3 wnn
k=1 j=1 k=1
n
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Utilising the Cauchy-Bunyakovsky-Schwarz inequality we have

< (St ) (zus—xkn)

and then by4.10 — (4.12 we can state the inequality:

n

Z (x,2r) (S — )

k=1

(4.12)

n 2

Z<x7$j>
< (Z\(xaxwf) (ZK%MIQ) + (ZHS—xkll2>

foranyz € H, ||z|| = 1. Taking the supremum ovérc|| = 1 we deduce the desired
result ¢.9).
Now, following the above argument, we can also state that

(4.14) ‘<$Z%> = ZI ) * + ||56||

foranyz € H.
Utilising the inequality

1
n 3
2
>z <§:|a]| ma |5 +< > |<zj,zk>|) ,
=1

1<j#k<n

(4.13)

[N

<5B zy) (S — z)

(4.15)
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wherea; € C, z; € H, j € {1,...,n}, that has been obtained i4][ see also}, p.
128], we can state that

(4.16) ||D  (,ax) (S —ax)
k=1
< (Z |<x,xk>|2> max [|S — z||” + ( > S - S - xl>|2)
k=1 1<k#£l<n
foranyz € H.
Now, by the use of4.14) — (4.16) we deduce the desired resuity). The details
are omitted. O

Remark3. On utilising the inequality:

n
E :O‘J'ZJ
j=1

wherea; € C, z; € H, j € {1,...,n}, that has been obtained id][ (see also
[5, p. 130]) in place of4.15 above, we can state the following inequality for the
hypo-Euclidean norm as well:

(4.18) |||

(4.17) | nax

<Zia]i [max [ 26]]> + (n — 1) max |(zk,zl>i],

1
< B B B 2
< |x], [HXHeJr{lgl,gg IS~ nelP 4 (0= 1) s |(S — S mr}]

forany X = (z1,...,2,) € H".
Other similar results may be stated by making use of the results 8pnThe
details are left to the interested reader.

II\'-
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5. Reverse Inequalities

Before we proceed with establishing some reverse inequalities for the hypo-Euclidean
norm, we recall some reverse results of the Cauchy-Bunyakovsky-Schwarz inequal-
ity for real or complex numbers as follows:

If v, e K(K=C,R)ande; € K, j € {1,...,n} with the property that

(51) 0 <Re [(F — Ozj) (Oz_J — ’_y)] Hypo-Euclidean Norm
= (ReI' = Req;) (Reaj —Rey) + (ImI' —Im ;) (Imo; — Im ) S:S. Dragomir

vol. 8, iss. 2, art. 52, 2007
or, equivalently,

r 1 Title Page
(52) aj—i‘s—\r—v!
2 2 Contents
foreachj € {1,...,n}, then (see for instancé,[p. 9 <« b
53 y 1 n2 T 2 < X
( . ) n;b‘ﬂ Z | _/Y| . Page 28 of 43
In addition, ifRe (I'y) > 0, then (see for exampl&[p. 26]): Go Back
2 Full Screen
(5.4) i| '|2 < ! {Re [(F+7)Z 1%}} Close
' P = Re (I'7)
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and
2

1
< Z.
— 4

2

L -~
Re (I'y)

(5.5) n> o= >y
j=1 =1

Also, if I' # —~, then (see for instanc&[p. 32]):

n
>
j=1

n % n 1 |1" |2 Hypo-Euclidean Norm
56 n o 2 _ al < Zn - ] S.S. Dragomir
(5.6) ( ;' ]’ ) jzl N~ 4 |F +7| vol. 8, iss. 2, art. 52, 2007
Finally, from [7] we can also state that
Title Page
n n 2 n
6 nY sl — Yo <n [0+ —2v/Rem] S
J=1 j=1 j=1 44 144

providedRe (I'y) > 0. < >

We notice that a simple sufficient condition far.{) to hold is that
Page 29 of 43

(5.8) ReI' > Rea; > Rey and ImI'>Ima; > Im~y
Go Back
foreachj € {1,...,n}. _ y _ N _ Y p—
We can state and prove the following conditional inequalities for the hypo-Euclidean
norm||-||, : Close
Theorem 5.1.Letp, ¢ € Kand X = (xy,...,z,) € H" such that either: journal of inequalities
in pure and applied
1 .
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or, equivalently,

(5.10) Rel(¢ = (z,2;)) ((z;,2) = ¢)] 2 0
foreachj € {1,...,n} and foranyz € H, ||z|| = 1. Then

1 1
(5.11) IXIZ < 18I+ gnle — o
n Hypo-Euclidean Norm
Moreover, ifRe (¢p) > 0, then S.S. Dragomir
1 ’¢ ’ vol. 8, iss. 2, art. 52, 2007
Tt
5.12 X|)P<—
(5.12) IXI2 < 4 Reragy 1517
Title Page
and
1 Contents
2 2 —
(5.13) IX12 < = 18I + [lo+ ¢l = 2v/Re (69)] IIS1] S
If ¢ # —¢, then < 4
1 1 O — 2 Page 30 of 43
(5.14) T
n |9+ ¢l Go Back
whereS =377 z; Full Screen
Proof. We only prove the inequality>(17). Close
Letz € H, ||z|| = 1. Then, on applying the inequality (3) for o; = (z, ;)
je{l,...,n}andl’ = ¢, v = p, we can state that journal of inequalities
) in pure and applied
= 1 u 1 mathematics
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Now if in (5.15 we take the supremum ovér| = 1, then we get the desired

inequality 6.17).
The other inequalities follow by5(4), (5.7) and €.6) respectively. The details
are omitted. n

Remark4. Due to the fact that

<I>$j>——' <

foranyj € {1,...,n} andx € H, ||z|| = 1, then a sufficient condition for5(9) to
hold is that

1
—%W'x"§§’¢—¢\

foreachj € {1,...,n}andz € H, ||z|| = 1.

Zj
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6. Applications for n—Tuples of Operators

In [9], the author has introduced the following norm on the Cartesian pragitit{ /) :=
B(H)x---xB(H),whereB (H) denotes the Banach algebra of all bounded linear
operators defined on the complex Hilbert spate

(6.1) (Th, ..., )|, .= sup |IMTh+---+NT,

()\1 ..... /\n)G]En
where(Ty, ..., T,) € B™ (H) andB, := {(A1,....\,) € C* |30 [\[? < 1}is
the Euclidean closed ball i6". It is clear that||-||, is a norm onB™ (H) and for
any(Ty,...,T,) € B™ (H) we have

(6.2) (T, Tl = (T - ) e

whereT} is the adjoint operator ¢f;, i € {1,...,n}.
It has been shown irf] that the following inequality holds true:

Z T,T; zn: T,T: 2
j=1

for anyn—tuple(T1,...,T,) € B™ (H) and the constam% and1 are best possi-
ble.

In the same papeP] the author has introduced tikiclidean operator radiusf
ann—tuple of operator¢T}, ..., T,) by

(6.3) < I(Ty, ... T, <

(6.4) we (Th, ..., T,) = sup (Z (T, x>|2>
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and proved thatv, (-) is a norm onB(™ (H) and satisfies the double inequality:

1
(6.5) 3 (Th,. ..., To)|l, < we (Th,...,T,) < |[(Th,....T)|

e

for eachn—tuple(T1,...,T,) € B™ (H).

As pointed out in §], the Euclidean numerical radius also satisfies the double

inequality:

2

Swe<T17"-)Tn>§

1
2

6.6 — T,T
(6.6) NG Z iy

forany(Ty,...,T,) € B™ (H) and the constantg -~ and1 are best possible.

> TT;

j=1

We are now able to establish the following natural connections that exists between
the hypo-Euclidean norm of vectors in a Cartesian product of Hilbert spaces and the

norm||-||, for n—tuples of operators in the Banach algebra# ) .
Theorem 6.1.For any (T3, ...,T,) € B™ (H) we have

(6.7) I(Ty, ., Tl = Sup 1(Tay, .., Tay)ll.
y:
n 3
= sup | D [Ty @)
Iyll=1, =1 \ 4=

Proof. By the definition of the||-||, —norm on B™ (H) and the hypo-Euclidean
norm onH™, we have:

(6.8) (Ty,....,Th)|, = sup [sup AT+ -+ XT) v
A1y An)EB, | |lyl|=1
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= sup sup IMTy + -+ Nyl
||y||:1 (>\1 ----- )\n)EBn

= sup [[(Thy, ..., T.y)ll,-
llyll=1

Utilising the representation of the hypo-Euclidean normiShfrom Theorem?.2,
we have

(69) ||(T1ya ce 7T e = Ssup (Z | ]ya > :

lel=1 \ {5

Making use of §.6) and ©.9) we deduce the desired equality ). H
Remarks. Utilising Theorem?2.1, we have

610) (anu?) > |(Tiy. .. Tuy) (ZH v ||>

foranyy € H, ||y|| = 1.

Since
DIl = <Z 7}7}yy> ;o il =1
=1 =1
hence, on taking the supremum O‘H@Iﬂ = 1in (6.10 and on observing that
j=1 J=1

llyll=1
we deduce the |nequallt)6(3) that has been established B] py a different argu-
ment.
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We observe that, due to the representation Thedigimsome inequalities ob-
tained for the hypo-Euclidean norm can be utilised in obtaining various new in-
equalities for the operator norhi||, by employing a standard approach consisting
in taking the supremum ovdly|| = 1, as described in the above remark.

The following different lower bound for the Euclidean operator ndiriy can be
stated:

Proposition 6.2. For any (11, ...,T,) € B™ (H), we have Hypo-Euclidean Norm
1 S.S. Dragomir
(611) H(Th‘"an)He Z T HTI++Tn|| vol. 8, iss. 2, art. 52, 2007
n
Proof. Utilising Proposition2.4 and Theoren®.1 we have: Title Page
\(Th, ..., T5)|, = ”SlHlp |(Tvy, ..., Tay)ll, Contents
yl|=1
H H < >
> ——=sup ||[Tw+---+T1Ty
f lvli=1 < >
:%||T1+"‘+Tn|| Page 35 of 43
Go Back
which is the desired inequality (11). m
. . ) Full Screen
We can state the following results concerning various upper bounds for the oper-
ator norm||(.,...,.)|l.: Close
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Theorem 6.3.For any (11, ...,T,) € B™ (H), we have the inequalities:

max (I} + | & w(RT)|
1<j#k<n
max {17} + (= 1) (dnax {w(TiT5)}
(6.12) [[(Th, ..., T2 < 2
1<5<n

NI

+ max {|GITI X w(TiTy)

1<j#k<n 1<j#k<n

\

The proof follows by Theorerfi.1 and Theoren®.1and the details are omitted.
On utilising the inequalities3(8) and (.17 we can state the following result as

well:
Theorem 6.4.For any(T1,...,T,) € B™ (H), we have:

(o {051}

2

I

[,i w? (1))

(6.13) (T, ..., T)|)? <

2

o[£ )]

1<j<n | {34

[N

—| 1<k<n

[Z max {w? (T;T;)}
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The results from SectioA can be also naturally used to provide some
inequalities that are of interest.

Theorem 6.5.Let (T3, ...,T,) € B™ (H) andy, ¢ € K such that

+ 1

©14) |y ETC < Slo—el forany = [yl =1
and for eachj € {1,...,n}. Then

2 _ 1% 1 2
(6.15) 1T TS DT+ le =l

j=1
In addition, ifRe (¢p) > 0, then
2
1 o+l
1 Ty,...,T)|? < — T,
(6 6) ||( 1, ) )“e — 4n Re(¢§0) Zl J
and
1 n 2 n
6.17) (o T < 5SS T|| + [l + 9l - 2VRe(67)] |37,
j=1 j=1

If » # —¢, then also

T e 16—l

@

6.18 Ty,...,T)|, < — Tl + - \/ﬁ
(6.18) I, T ﬁZ PAARR PR

reverse
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Proof. For anyz,y € H with ||z|| = ||ly|| = 1 we have

(0, Ty) — £50 =‘<% _et >

2 2
+ ¢

< - £52]

< 1 |¢ . 90| Hypo-Euclidean Norm

- S.S. Dragomir
for eaChj c {1 n} vol. 8, iss. 2, art. 52, 2007

Now, on applying Theorerd.1 for x; = T;y, we can write from §.11) the fol-

lowing inequality Title Page

1 1 9 Contents

|(Ty, . Tyl < + 4l - ¢l

n <« 13

for eachy with ||y|| = 1. < >

Taking the supremum ovély|| = 1 and utilising Theorens.1, we deducef{.15).

. .. L. : . Page 38 of 43
The other inequalities follow by a similar procedure on making use of the in-

equalities $.12) — (5.14) and the details are omitted. O Go Back
Remark6. The inequality §.14) is equivalent with Full Screen
(6.19)  0<Re[(¢— (z,T) (Tiy,z) - 2)] Close
= (Re(¢) — Re(z, Tjy)) (Re (Tjy, z) — Re (¢)) journal of inequalities
+ (Im (¢) — Im (x, T;y)) (Im (Tjy, z) — Im (¢)) in pure and applied
o - mathematics
for eachj € {1,...,n} and||z|| = |ly]| = 1. A sufficient condition for §.19 to e TSGR
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hold is then:

Re (¢) < Re(z, Tjy) < Re(¢)
(6.20)
Im (¢) < Im(z, Tjy) < Im (@)

foranyz,y € H with ||z|| = ||y|| = 1andj € {1,...,n}.
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7. ANormon B (H)

For an operatorl € B (H) we define

(7.2) 5(A) = (A A, = sup [AA+pA],

(A7“)€B2

whereB, is the Euclidean unit ball if?.
The properties of this functional are embodied in the following theorem:

Theorem 7.1.The functionab is a norm onB ( H ) and satisfies the double inequality:

(7.2) A} <0 (A) <2][A]

foranyA € B(H).
Moreover, we have the inequalities

73 V2|4 P <54 < 142+ (7).
and
(7.4) “75 4+ A7) < 6 (4) <[4+ w (4)]

forany A € B (H), respectively.

Proof. First of all, observe, by Theorem1, that we have the representation

(79 S(A) = sup [[{Ay )+ [(Ay,2)]

ll=[[=1,lly[|=1

foreachA € B(H).
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Obviouslyé (A) > 0 for eachA € B(H) and ofj (A) = 0 then, by (.5,

(Ay,z) = 0foranyz,y € H with ||z|| = ||ly|| = 1 which implies that4d = 0. Also,
by (7.5), we observe that

Sar)= s [ladna) + (o]’
z||=1,llyll=
=la| sup [[(Ay,2)]* + [(A*y,2)*]?
lall=1,lyll=1
= |a|d (A)

foranya € RandA € B (H).
Now, if A, B € B(H), then

0(A+ B)= sup [N+ pA"+ B+ uB*|
()‘?.L")GBQ

< sup A+ pAT[+ sup  [[AB+ pBY|

()\,M)E]BQ (Avu)EBQ
=0(A)+4(B),
which proves the triangle inequality.
Also, we observe that
§(A) =  sup  [{Ay,z)| = Al
l=zll=1,llyll=1
and
6(A) < sup  [[(Ay, )| + [(A"y, z)|]
llzll=1,llyll=1
< sup  [(Ay,x)[+  sup  [(ATy, )

llz[|=1,lly[|=1

= 2| Al

]| =1, llyl|=1

Hypo-Euclidean Norm
S.S. Dragomir

vol. 8, iss. 2, art. 52, 2007

Title Page
Contents
44 44
< >
Page 41 of 43
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au

and the inequality {.2) is proved.

The inequality (.3 follows from (6.3) forn = 2, 177 = A andT, = A* while
(7.4) follows from Propositior5.2 and the second inequality i%.(L2) for the same
choices. u

Remark7. Itis easy to see that

2 1
2 a e a)f < 14

and ) X

A% + (A2, [IIAIP° +w (A%)]2 < 2|4
for eachA € B (H). Also, we notice that ifA is self-adjoint, then the equality
case holds in the second part Gf%) and in both sides of/(4). However, it is an

open question for the author which of the lower boundd , \/75 |A+ A*|| of the
normd (A) are better and when. The same question applies for the upper bounds

1

|42 + (A*)2||* and [|| A||” + w (A2)]?, respectively.
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