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Abstract

The generalized geometric mean operator

Gk flo) =exp e [ o) log oy,
0

1
K(z) .
with K (z) := '];')" k(z,y)dy is considered. A characterization of the weights u(z)
and v(x) so that the inequality

00 1/q 00 1/p
</ (G f(x) u(x) ([.’I’) <C </ f(.’l?)’)z,'(.'z’)r]:1'> . [>0,
Jo Jo

holds is given for all 0 < p,q < oo both for all G where k(z,y) satisfies the
Oinarov condition and for Riemann-Liouville operators. The corresponding sta-
ble bounds of C = |G| »_.;+ are pointed out.
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LetR, := [0,00) and letk(z,y) > 0 be a locally integrable kernel defined on
R, x R, and such that
/ k(z,y)dy =1
R4

for almost allz € R, .
Denote

Kf(x) = / k) W)y, f(y) 0.

If Kf(z) < oo, then there exists a limit

(1.1) Gref (w) = lim [K ()]
and
(1.2) G f(x) = exp /OOO k(z,y)log f(y)dy.

For0 < p < oo and a weight functiom(z) > 0 we put

1£llg == < / ® )P Wx) "

and make use of the abbreviatipfi|| .» whenuv(z) = 1.
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Supposeu(z) > 0 andv(z) > 0 are weight functions and < p,q < oo.
This paper deals with? — L¢ inequalities of the form

0o 1/q 00 1/p
(L3) (/0 (GKf>qu) so(/o fpv> =0,

where a constant’ is independent orf and we always assume thatis the
least possible, that i§' = |G ||z s, Where

NGk Sl
LB—L i= Sup — .
>0 I fllee

(1.4) 1G]

For the classical cagéz, y) = 1 x(o,,)(y) with the Hardy averaging operator

(15) Hi@) = [ sy

the inequality {.3) was characterized iro] (see also {]).

In Section2 of this paper we present a general scheme on how inequali-
ties of the type 1.3) can be characterized via the limiting procedure in similar
characterization (in suitable forms) of some corresponding Hardy-type inequal-
ities. In SectiorB we characterize the weightgx) andv(x) so that (.3) with
0 < p < ¢ < oo holds when

(1.6) Gk f(z) = exp /O ' k(x,y)log f(y)dy

1
K(x)
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with .
K(x):= / k(x,y)dy < oo, x>0,
0

andK(0) = 0, K(c0) = oo, and wherk (z, y) satisfies the Oinarov condition
(see Theoren3.1). The corresponding characterization for the dase ¢ <

p < oo can be found in Sectiof (see Theoremd.1). A fairly precise result in
the casé (z,y) = (x —y)”, v > 0, i.e. whenGx is generated by the Riemann-

Liouville convolutional operator, can be found in Sectio(see Theorem.1). On Weighted Inequalities with
H [P : : : o Geometric Mean Operator
In particular, this investigation shows that inequalities of the tyipg) (can be Generated by the Hardy-type
proved also when the Oinarov condition is violated (because® fer v < 1 Integral Transform
this kernel does not sa_tisfy this c_onditio_n). In c_)r_der to prove _these res_ults we Maria Nassyrova,
need new characterizations of weighted inequalities with the Riemann-Liouville Lars-Erik Persson

operator which are of independent interest (see Thear@mnd5.3). ML

Finally note that the operatof (6) was studied in a similar connection, by
E.R. Love [3], where a sufficient condition was proved for the inequality3) Title Page
to be valid in the casg = ¢ = 1 and special weights. Contents
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We begin with some general remarks. By using the elementary property

(2.1) Gr(f°) = (Ggf)’, —oo<s< oo,
we see that

(2.2) 1Gk iz ns = NGxllors, = 1Ck 7
where

e vee o ()]s

Moreover, from (.1) and €.2)

. 1/
(2.4) |Grllpe s = 1;?3 ||K||Lpo/éa_,LgU/a :

The last formula generates the “precise” scheme for characterizatidn3f (
provided the norm of the associated integral operatdras very accurate two-
sided estimates of the norm

(2.5) a(p, a)F(w,p,q) < |Kl|pp_ g < c2(p, @) F(w,p, q)

in the sense that there exist the limits

(2.6) ci(p,q, F) = lolzﬁ)l [ci (g, %) F (w, g, %)}UQ, i=1,2,
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and
¢i(p,q, F) € (0,00), i=1,2.

A natural consequence dl.@) and @.4) is then the two-sided estimate

(27) Cl<pJQJ F) S |’GKHLP~>LZ] S CZ(pJ Q7F)7

which characterizes1(3) with the least possible constants provided the esti-

mates in R.5) are also the best.
This scheme was realized iG][where K is the Hardy averaging operator

(1.5 and0 < p < g < oo. For this purpose a new non-Muckenhoupt form of
(2.5 was used. We generalize this result here for the Riemann-Liouville kernel

in Section4.

Unfortunately, the above scheme does not work for a more general operator

or even for the Hardy operator, f < p, because the estimatg.f) happens
to be vulnerable, when the parametgrand ¢ tend tooco, so that the limits
¢i(p, q, F') become eithed or co. However, if the functionaF' is homogeneous
in the sense that

(2.8) [F (w B, g)}l/a = F(w,p,q), «a>0,

oo
then an alternative “stable” scheme f@r) works, provided the lower bound
(29) C3(p7 Q>F(w7p7 Q) < |’GKHLP4,LZ]

can be established. The right hand side2f) follows from the upper bound
from (2.5), (2.2) and Jensen’s inequality

(2.10) Grf(x) < Kf(z),
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becaused.8) implies

s/p
[F (w,s, ﬂ)} = F(w,p,q), s> 1.
p

To realize the “stable” scheme for the Hardy averaging operator, Wken <
p < oo andp > 1 an alternative (non-Mazya-Rozin) functionalwas found in

[6] in the form
00 T q/(p—q)
F(w,p,q) = (/0 (é/o w) w(x)dx)

which obviously satisfies?(11).

The idea to useZ(2) and .10 for the upper bound estimate of the norm
|Gkl »_ ¢ Originated from the paper by Pick and Opig,[where the authors
obtained two-sided estimates [0 (| ;» 4, 0 < ¢ < p < co. However, they
realized 2.5) in Muckenhoupt or Mazya-Rozin form with unstable factors and,
therefore, the estimat@ (/) was rather uncertain.

Throughout the paper, expressions of the forao, co/o0, 0/0 are taken
to be equal to zero; and the inequalty<S B meansA < ¢B with a constant
¢ > 0 independent of weight functions. Moreover, the relationship: B is
interpreted ast < B < A or A = ¢B. Everywhere the constant in explored
inequalities are considered to be the least possible one. In the cagethe
auxiliary parameter is defined byl /r = 1/q — 1/p.

(2.11)

1/¢—1/p

(2.12)
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In the sequel we let(z,y) > 0 be locally integrable iflR, x R, and satisfies
the following (Oinarov) condition: there exists a constant 1 independent on
x, y, z such that

(3.1) é(k(x,z)—kk(z,y)) < k(w,y) < d(k(z, 2)+k(z,y), 7>2>y>0.
We assume that
(3.2) K(x) = /z k(x,y)dy < oo, x>0,
0

andK(0) =0, K(oc0) = 0.
Without loss of generality we may and shall also assumetthaty) is non-
decreasing in: and nonincreasing if.

We consider the following Hardy-type operator

1 /“’”
—— | k@ y)fydy, [fly)=0, x>0,
K ), K s S

and the corresponding geometric mean operaior

3.3)  Kf(z):=

G (z) = exp ﬁ / k(e y) log £ (4)dy.

Our main goal in this section is to find necessary and sufficient conditions
on the weights.(x) andv(x) so that the inequality

(3.4) ( | Gty dx) "o ( I f(x)”v(:v)dfv) s
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holds for0 < p < ¢ < oo, and to point out the corresponding stable estimates of
C = [|Gk||zz_ q- Inview of our discussion in the previous section we first need

to have the two-sided estimates|&€|[ ,, ;. insuitable form. Firstwe observe
that it follows from ([., Theorem 2.1]) by changing variables— 1,y — i and
by using the duality principle (see ], Section 2.3]) that fol < p < ¢ < o©
we have

(35) C4<d)A S ||K||LP—>LZ, S C5(pa q, d)Aa

whered is defined by 8.1),

(3.6) A =max (AgA)
with
t 1/q
(3.7) Ag:=supt~1/P (/ w)
t>0 0
and

¢ -1/p
(3.8) Ay :=sup (/o k(t,y)p,dy)

([ ([[rera) 22w) "

It is easy to see thal, satisfies2.8) or (2.11), but notA,. Itis also known, that
neitherA, < oo norA; < oo alone is sufficient fof| K|, _,;« < oo in general
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(see counterexamples id][ [1(] and [5]). For this reason we need to require
some additional conditions of a kerriglz, y) for the property

(3.9) Ao~ [[K|[ 1 pg

and we will soon discuss this question in detail (see Proposiigyn Now we
are ready to state our main theorem of this section:

Theorem 3.1.Let0 < p < ¢ < oo and the kernek(z,y) > 0 be such that
(3.9 holds. Theng.4) holds if and only ifA; < co. Moreover,

(3.10) Ao < ||Gkllpp_ry < Ao.

Proof. The sufficiency including the upper estimate3nl(0 follows from (2.2),
(2.10 and 3.9). Moreover, we note that, by (2),

0o 1/q oo 1/p
e ([TGenre) <ol ([ 1)

By applying this estimate witlfi(z) = ¢~'/?x(o 4() for fixed¢ > 0 (obviously,
I£:ll, = 1) we see that

t 1/q
1/ ( / w) < 11Gxllypps -
0

By taking the supremum ovemwe have also proved the necessity including the
lower estimate in3.10 and the proof is complete. ]
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Remark 3.1. For the case wherk (z,y) = 1 we have thatGk coincide with
the usual geometric mean operator

Gf(zx) =exp % /Ow log f(y)dy

and thus we see that Theoréni may be regarded as a genuine generalization

of Theorem 2 in{] (see also[]).

As mentioned before we shall now discuss the question of for which kernels

k (x,y) does the condition3(9) hold. We need the following notation:

Kp(2) = / k(x,y)" dy,
0
/ / 1/q
(3.12) ap = sup K, ()7 [ sup /P k(t, x)] ,
t>0 O<z<t
) o0 1/q
(3.13) oy = sup t'/? (/ k(x,t)K(x)™d (m‘m’)) :
t>0 t
and
) 00 1/q
(3.14) vy := sup t1/? </ 2Pk (x,t)1d (—K(x)q)> :
t>0 t

Proposition 3.2. Let1 < p < ¢ < . If a kernelk(z,y) > 0 is such that for
all weightsw (3.9) is true, thenay + a; < oo. Conversely, ityg + ay < o0,
then @.9) holds. In particular, ifas < «f, then @.9) is equivalent with the
conditionsay < oo anda; < oo.
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Proof. Itis known ([L1], (see also?, Theorem 2.13])) that

(3.15) K0 = max (Ao, Ay),

Ap :=sup </OO k(x,t)? w(z) dx) v i
>0 \Jt T K (x)e 7

Aj :==sup (/00 w(z) daj) 1/qK ()7
b >0 ¢ K(x) ? .

It follows from a more general result[ Theorem 4]) that

where

(3.16) Ao ~ 1Kl 1o g,

for all weightsw, if and only if oy < oco. Moreover, if 8.9 is true for all
weightsw, then 3.15 implies

(3.17) Ag S Ag
and forw(z) = x%/P~1it bringsa; < co. We observe that the inequality
(3.18) Aoy < pAo

is always true. Indeed, by applying Minkowski’s integral inequality we find that

([ o) = ([ ([ i) ihar) ™
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S /Ot (/yoo e <(;U>)q dx) "y

¢
< Ao/ y_l/pldy
0

= Aoptl/p

and @.19 follows. Thus, 8.9 implies (3.16. Consequently, < oo and,
thus,ay + a; < .

Now, suppose that, + s < oo. Then (.16 holds and it is sufficient to
prove 3.17). To this end we note that

/took;(x )2 ;{”(g’) dx
~ k(t, t /:OK; d + OO;”((;C (/ dk(s,t)q)dzz:
o [T ([ ()
+ Oodkst (/001%2;)
/md(mfyl)q) wta)ir
+/toodk(s,t)q/:ow(x)dx/ood(K_(yl)q)
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k(t, )

N—

<ay ([ ()
+/toodk(s,t)q/:od<K_<yl)q> /Syw(x)da:

°° —1
< Aq/ a/p. 't qd<
0 ] Yy (y ) K(y)q
< Aladt=9V
and @3.17) follows. Now (3.5, (3.6), (3.1 and @.17) imply (3.9). The proof
is complete. O
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Put

0o 1 t r/q 1/r
(4.2) By := / (—/ w> dt
0 t 0
A crucial condition for this case corresponding to the conditig)(for the On Weighted Inequalities with
case) < p < ¢ < oo is the following: Geometric Mean Operator
Generated by the Hardy-type
Integral Transform
(4.2) Bo ~ [IK|| g, -
Maria Nassyrova,
We now state our main result in this Section. Vo Somenoy
Theorem 4.1.Let0 < ¢ < p < oo and the kernek(z,y) > 0 be such that
(4.2) holds. Also we assume that Title Page
4.3) T /1 k( ) | 1d Contents
. x,xt)log —dt < az < oo, x>0.
K(x) Jo t <4« >
Then B.4) holds if and only ifB, < co. Moreover, < 4
Go Back
(4.4) IGxcll 55 ~ Bo.
Close
Proof. The sufficiency including the upper estimate i4j follows by using Quit

(2.2), (2.10 and @.2). Next we show that
Page 17 of 37

(4.5) D S |Gxllpr_ys
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where
1/r

([ ()

For this purpose we consider

s r/(pq)
folw) = 27/ @) ( / Mdy> .
« Y On Weighted Inequalities with

Geometric Mean Operator
Generated by the Hardy-type

Then Integral Transform
D = foll,-
b Maria Nassyrova,
We have Lars-Erik Persson
Vladimir Stepanov
Gkl o9, 1foll,
= |Gkl oy Dr/p Title Page
o0 1/q Contents
> (/ (GKfO)qw>
0 44 44
= exp k(z,y < >
[ (oo /) e
* w(2) r/(pg) q 1/q Go Back
/ wlz
X log {yr/(pq) (/ ~q dz) } dy) w(x)dx] Close
y .
o 1 l’ rq/(pq’) QUi
> exp / k(x,y)log ydy) Page 18 of 37
/0 < K(z) Jo (:9) J
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1/q

X ( /m - wz(j)dz) T/pw(x)dx]

(4.6) =:J.
Moreover,
! / "o, y) log ydy = log & + —— / Jog Ld
r,y)logyay = logx (z,y) Og Y
K(z) Jo K(x) On Weighted Inequalities with
T Geometric Mean Operator
_ _ Generated by the Hardy-type
= logz K (I / T :Ct log dt Integral Transform
> logx — as, Maria Nassyrova,
Lars-Erik Persson
whereas is a constant from4(.3). Then Viadimir Stepanov
o] [ee] r/p
—Q3T wl\z ’
@47 Ji= exp{ : q} / (/ ( )d2> w(z)z"/ P dz ~ D", Title Page
() JJo \Jo 29
Contents

the last estimate is obtained by partial integration. Névi)(follows by just

combining @.6) and @.7). <« >
It remains to show thab > B,. We have

< >
/ _ / ( zq LYis ) (S)ds Go Back
s
. Close
— q—
= / (/ )z dz Quit
_ / {( ) S0 1+q/(2p)} 5=/ (2p) 1 Page 19 of 37
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(by Hélder’s inequality with conjugate exponerg{ﬁandg)

t t r/q a/r t q/p
<4 / (/ w(j)ds) r/d4+r/2) g (/ ﬁ) ,
0 z S 0 \/E

This implies

o ¢ 0o r/q
B) < / </ (/ w—(f )ds> zT/q'+r/<2p>dZ> £r/en=r/agy
0 0 z 5
. 00 r/q ©©
_ / (/ w<5) dS) Zr/q’+r/(2p) (/ tr/(?p)ﬁth) dz
0 . s z
o 00 r/q
~ / (/ w(;> ds) 294z =D
0 z s

Thus the lower bound in4(4) and also the necessity is proved; so the proof is
complete. O

Next we shall analyze and discuss for which kerrigls, i) the crucial con-
ditions @.2) holds. First we note that it follows for the case< ¢ < p <
from a well-known result ([1], see also?, Theorem 2.19]) that

(4.8) 1Ko rg, = Bo + Bu,

o= (7 ([ b2 ) o)

where
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and y
oo o0 r/p r/p "
w(x) Kp(8)" " w(t)
B = ——d ——— =t :
1 </ </ K (z)1 ) K ()
Moreover, it is established in§] Theorem 13]) that

B, < 5By
for all weightsw for which By < oo, if and only if,

t =1/r
(4.9) Bo := sup K, (t)"/" (/ k(t,z)" d (:)sr/p/>) < oo.
t>0 0
Therefore
(4.10) 1Ko g = Bo

under the condition4.9).
Partly guided by our investigation in the previous section we shall now con-
tinue by comparing the constaBt andB,,.

Proposition 4.2. Let1 < g < p < co. Then
(@) By < Bo,
(b) By < BBy, if

0 x p/r
(4.11) B, = (/0 (/O k(:)ﬁ,t)rﬂ/q,dt) rP/la

1/p
X K(a:)_p(Hl/‘I)d(K(x))) < 00.
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Proof. (a) We have

B; .= /0 h ( /0 t ( /0 xk:(x,y)dy)q ;”((z))qu)r/q /e gy

(applying Minkowski’s integral inequality)

o t t 1/q T
w(z) -
< / / (/ /{Z(J}, y>q K(x)q dx) dy t /th On Weighted Inequalities with
0 0 y Geometric Mean Operator

. ‘ . 1/q r Generated by the Hardy-type
wlx Integral Transform
< / / (/ k(z,y)? (z) dm) Yy dy | Tt ’
0 0 y (:E) Maria Nassyrova,

Lars-Erik Persson
1 1 ) Vladimir Stepanov
q_ _/

K
(applying Hoélder’s inequalityy € (

S t 0 w(x) r/q t ) r—1 Title Page
q ar —ar —r/q
S/0 (/0 </y k(. 9) K(x)qu> y*dy </0 y dy) et Contents
o[ rla s poo < >
— (1= 1—7“/ (/ k z, q U)(ZE) d$) </ trlarr/th> ar g
( ) o\ (z,y) K(2)7 i y*"dy ) R

_ (1- C”"/)l . Go Back
=B
rla=-1/¢) Close
(b) Indeed, following the proof of Propositidh2, we find Quit

0 o0 x rla Page 22 of 37
B < / (/ k(z,t)? (/ w> d (—K(I)q)) /9 dt
0 t t
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(by Minkowski’s integral inequality)
a/r r/a

/OOO (/Ox k(z,t)" (/tx w)T/q tr/q’dt) d(—K(z)™%)
</OOO (% /0 w) </0 k(w’t)rwdt) " (—K(a:)q)>r/q
_ (q /OOO (i /Oz w) (/Oz k(xat)rtr/q/dt> afr I‘K(m)(Q+1)dK(x)>T/q

(by Hélder’s inequality applied with conjugate exponeqhm\dg)

o0 1 xT T/q
<15 / (— / w) dr = 5B}
0 x Jo

and the proof follows.

IN

IN

]

Remark 4.1. It is easy to see that the condition$.8), (4.9 and @.11) are
satisfied withk(z,y) = 1, i.e. whenGk = G (the standard geometric mean
operator) and we conclude that Theorédm may be seen as a generalization of
Theorem 4 in §] (see also [1]).

We finish this Section by showing that the kernel, investigated]irshtisfies
the condition ¢.3).
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Example 4.1. Let the kernek(zx, y) be given by

(4.12) ka,y) = ().,

Xz

wherep(t) > 0 is decreasing function of®, 1) satisfying
(4.13) o(ts) <d(p(t) +p(s), 0<ts<l.

Then (3 1) is obviously valid.

If fo @(t)dt < oo, then the kernek(z,y) of the form ¢.12) satisfies 4.3).

Indeed,
! 1 ! 1
/ k(x,zt)log —dt:/ gp(t) log —dt
0 t 0
_Z/ log dt
2

o) 92—k
1

< (27% 1) / log —dt

;gp 27k71 Ogt
S @t (k4 127!

k=0
:ng@ )k27F

k=1
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wherec = sup,.., k272,

9—k/2

= 2%/2¢q k/2 / dx
ZSO 2(—k—1)/2
2—k/2
< 23/2 d / z)d

< 232¢d / o(t)dt
9
:23/20d/ k(x,xzt)dt
0

:23/20d1/ k(x,z)dz,
T Jo
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Let~y > 0 and consider the following Riemann-Liouville operators:

x7

(5.1) R f(x) = L / ey )y,

and corresponding geometric mean operators

On Weighted Inequalities with

y z -1 Geometric Mean Operator
G, f(z) = exp o (x —y)"" log f(y)dy| . Generated by the Hardy-type
' Jo

Integral Transform

In this section we shall study the question of characterization of the weights MEIENNEEOLEE
. . Lars-Erik Persson
u (z) andv (x) so that the inequality Vladimir Stepanov
00 1/q .
62 ([ @ rw)ruwa) Tite Page
0 o 1/p Contents
<C </0 f(z)%(x)da:) ; 0<pg<oo PP >
. . . < 4
holds and also to point out the corresponding stable estimates-of G, || ,»_ 4.
We note that in the cage< ~ < 1 the kernelk(z, y) = (z — y)" " in (5.1) Co 2EE
does not satisfy the Oinarov conditiod.{) so the results in Theoren3s1and Close
4.1 cannot be applied. However, this kernel has this property for thexcasé Quit

so the question above can be solved by simply applying Theogehasd4. L
Here we unify both cases in the next theorem and give a separate proof to this Page 26 of 37
operator which gives a better estimate of the upper bound.
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Theorem5.1. (a) Let0 < p < g < oo. Then 6.2) holds if and only if
Ay < 0o. Moreover,

(5.3) Ao < |Gyl e < e Py 1<y < oo
and
(5.4) Ay < |’G'YHL{,’—>LZ SA, 0<y<l

On Weighted Inequalities with
Geometric Mean Operator

(b) Let0 < g < p < 0. Then £.2) holds if and only ifB, < co. Moreover, Generated by the Hardy-type

Integral Transform

(5'5) HGFYHL%)—’LZ ~ Bo. Maria Nassyrova,
. i Lars-Erik Persson
The factors of equivalence i6.6) and 6.5) depend om, ¢ and~ only. Viadimir Stepanov
Remark 5.1. By applying Theorerf.1with v = 1 we obtain Theorems 2 and
4 in [6] (see also [1]) even with the same constants in the upper estimate in Title Page
(5.9 Contents
Partly guided by the technique used i}, [we postpone the proof of Theo- «“ b
rem5.1 and first prove two auxiliary results of independent interest, namely a
characterization of the inequality < >
00 1/q 00 1/p Go Back
(5.6) </ (R, f)* w) <C </ fp) . =20, Close
0 0

in a form suitable for our purpose. Quit
The following two theorems may be seen as a unification and generalization Page 27 of 37
of the results from (f, Theorems 1 and 3]) and*[Theorems 1 and 2]).
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Theorem 5.2. (a) Lety > 1andl < p < ¢ < co. Then

(5.7) Ag < ||R7||LpﬂLgﬂ < 'YPIAO-

(b) Let0 < v < 1landl/y <p < q<oo. Then

(5-8) A0 S HR’YHLPHLZJ
p— 1 1/p
<y < ) (217 4 2%/P) 4 2177y | A,
py—1
Remark 5.2. The lower boundy, < [|R,|,,_ . holds for ally > 0 and

0<p,q < o0
Theorem 5.3. (a) Lety > 1,0 < ¢ <p<ocandp > 1. Then

v 1/qd  —1/r, —1/r'
(59 Sy (@) T By < R g, < 4" Bo.

(b) Let0 <~y < 1,0<g<p<ooandpy > 1. Then

7 (211/7" _ 1)1/p (2(17“/1)2 B 1) 1/r
93+1/r Bo
<Ryl re

r q/r 1/a
(5.10) + ((;9) 47 + ¢q (p’)q>
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Proof of Theoren®.2. For the lower bounds orb(7) and £.8) we replacef in
(5.6) by the test functiory;(x) = xjo,q(x), t > 0. Then forp, ¢ < oo

o ([T ([4)"

HR'Y||LP—>LZ) 2 A0

forall v>0,0<p,g<oc. Forp<g=o0,p=g=o000rq <p=oothe
arguments are the same.
Clearly,

Hence,

(5.11) R, f(a) S vHf(z), 721

and the upper bound b (7) follows from Theorem 1 inf].
For the upper bound irb(8) we follow the scheme from the proof of Theo-
rem 1in [P]. Put

J?=<Am(£iénx—yf1f@ﬂ4ywﬁmm)w

and note that, by Minkowski’s inequality,

(5.12) J< T+ Jo+ Js,
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where

g —2/2’““ o (/

keZ

2k+1
x)dx
L

kEZ

and
2k+1

Jg_Z/

kEZ

Applying Hdélder’s inequality we find

2k+1

ok+1 a/p
sy ( [ fp) /
kEZ 2k
T a/v’
([ n )
2k
p— 1 q/p/ ok+1 q/p ok+1
< 14
_<m—1) Z</2k f) /Qk

kEZ

) p— 1 q/p ok+1 q/p
q/p p
=? (m - 1) Z /2k /

keZ

w(z)

dx

w(x)dx) 9~ka/p
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2k+1
% <2(k+1)q/p/ w(x)dx)
0
/v’ oo /
(5.13) < 24/p (E)q ! Ad (/ fp)q p,
B py—1 0

where the last step follows by the elementary inequdlity’ < (3" a;)”, 5 >
1 and the definition of\,.
Similarly, we obtain

/

p—1 q/p o0 q/p
(5.14) J§ < 49/v (—1) Al ( / fp) :
Py — 0

For the upper bound of; we note that
3 <20 [y
0
so that, by Theorem 1 iri] ,
00 q/p
(5.15) Ji < 20apg () ( / fp) |
0

By combining 6.13, (5.14) and £.15 we obtain the upper bound d5.g) and
the proof is complete.
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(a) For the lower bound we write

C (/OOO f”) " > 5 </OOO <% /Ow/z (x—y)™" f(y)dy)qw(x)dl’>
> 3o ( [ (i [ f>qw(x)dx) :
SO

By applying Theorem 3 ind] we find

1/q

y
IR oy, = 57 (P2 a) Bo,

where

00 1 T r/q r
By 1= / (—/ w (2s) ds) dx =27 B,
0 T Jo

andc(p,q) = 27V (p/)V/? p=1/7r=1/""¢ and the lower bound in5(9) is
proved. Using %.11) and again Theorem 3 irb] we obtain the upper
bound of £.9).

(b) Itis shown in Theorem 2 in9] that

IRl o pg, = 7B,

N
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1/r

E .= ZZkT/p/ -

kEZ

k

where )
</2k+1 w(x)dx)r !
2

We show that
(Qq/r — 1)1/p (2(17"/;02 _ 1) "
B

E> o111/r 0
Indeed,
2k 1 [* r/q
B = Z/ (—/ w) dx
kez /221 \T Jo
ok /4 ok
< ot/ (/ w> / dz
kez 0 261
om r/q
=3 gt (Z / w)
keZ m<k 2" !
2 2m 2 r/a
= QT/pZQ—kT/P (Z {2:;1/ w} 2":(117)
keZ m<k 2m=t

(by applying Holder’s inequality wittg andg)

gm r/q r/p
S 2T/P Z kar/p (Z 2*m(1/p (/2m1 ’U)) ) <Zk 2mq/r>
m<

keZ m<k
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or/p+a/p i r/a )
9—ma/p w 9—kar/p
Somer(f o w) ¥

2q/7‘ - T/p k>m
2r r/q
_ 22r/p Z -, / y
(2¢/7 — 1)’”“’ (2617“/172 m—1
r(14+1/p)
< 2 E".
(29/7 — 1)”7’ (2q7’/p2 —1)
Conversely,
2k
E" < ng(kfl)r/p / w
keZ 28t
2k+1
<y g ( w> [
kEZ
2k+1 1
< or/vtr/a Z/ <_/ w)
keZ T Jo
(5.16) — or/pir/agr

Using the decompositiorb(12) it is shown in Theorem 2 in‘] that

p—1\"" , > e
J< ( ) ol/p (1+21/1?>1E+21—7 (/ (Hf)qw) .
0

py—1
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Now the upper bound irb(10 follows from (5.16) and Theorem 3 ind].
O

We are now ready to complete this section by presenting

Proof of Theoren®.1 Both sides of §.3) follow from Theorem5.2 (a) and
(2.4). The lower bound in¥.4) follows by using the test functions from the

proof of Theoren3.1 and the upper bound is a consequenceZal)( (2.10 On Weighted Inequalities with
and 6.9). Similarly, the proof of(b) is based upon Theoref3 and we use B e o
. k . enerated by the Hardy-type
the same test function for the lower bound as in the proof of Thedrémwith Integral Transform
subsequent application of the inequallty < B,. The proof is complete. [I Maria Nassyrova

Lars-Erik Persson
Vladimir Stepanov
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