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Abstract

Da-wei Zhang [J.M.A.A., 237 (1999): 721-725] obtained the inequality tr(AB)2
k ≤

trA2k
B2k

for Hermitian matrices A and B, where k is natural number. Here
it is proved that these results hold when the power index of the product of Her-
mitian matrices A and B is a nonnegative even number. In the meantime, it
is pointed out that the relation between tr(AB)m and trAmBm is complicated
when the power index m is a nonnegative odd number, therefore the above
inequality cannot be generalized to all nonnegative integers. As an applica-
tion, we not only improve the results of Xiaojing Yang [J.M.A.A., 250 (2000),
372-374], Xinmin Yang [J.M.A.A., 263 (2001): 327-333] and Fozi M. Dannan [J.
Ineq. Pure and Appl. Math., 2(3) (2001), Art. 34], but also give the complete
resolution for the question of the trace inequality about the powers of Hermitian
and skew Hermitian matrices that is proposed by Zhengming Jiao.

2000 Mathematics Subject Classification: 15A42; 15A57.
Key words: Hermitian matrix, Trace, Inequality, Skew Hermitian matrix.
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1. Introduction
Let Cn×n be the set of alln × n matrices over the complex number fieldC.
The modulus of all diagonal entries of the matrixA = (aij) ∈ Cn×n are
arranged in decreasing order as|δ1(A)| ≥ |δ2(A)| ≥ · · · ≥ |δn(A)|, i.e.,
δ1(A), δ2(A), · · · , δn(A) is an entire arrangement ofa11, a22, · · · , ann; all its
singular values satisfyσ1(A) ≥ σ2(A) ≥ · · · ≥ σn(A). In particular, when
the eigenvalues ofA are real numbers, let its eigenvalues satisfyλ1(A) ≥
λ2(A) · · · ≥ λn(A); AH , tr A denote its conjugate transpose matrix and trace
respectively. Further, letH(n), H+

0 (n), H+(n), S(n) be the subsets of all
Hermitian, Hermitian semi-positive definite,Hermitian positive definite and
skewHermitianmatrices. Finally, letA1/2 represent the quadratic root ofA ∈
H+

0 (n), andR, N denote the sets of all real numbers and nonnegative integers.
The complex number

√
−1 ∈ C satisfies(

√
−1)2 = −1.

Recently the trace inequality of two poweredHermitianmatrices was given
in [1] as follows:

(1.1) tr(AB)2k ≤ tr A2k

B2k

, A,B ∈ H(n), k ∈ N.

Furthermore, the following two results were proved in [2],

0 ≤ tr(AB)2m(1.2)

≤ (tr A)2(tr A2)m−1(tr B2)m, m(≥ 1) ∈ N, A, B ∈ H+
0 (n);

and

0 ≤ tr(AB)2m+1(1.3)

≤ tr A tr B (tr A2)m(tr B2)m, m(≥ 1) ∈ N, A, B ∈ H+
0 (n).
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Another two results appeared in [3, Theorem 1] and [4, Theorem 1]. When
A, B ∈ H+(n), the following inequalities hold:

(1.4) tr(AB)m ≤ (tr A2m)1/2(tr B2m)1/2, m ∈ N ;

and

(1.5) tr(AB)m ≤ (tr AB)m, m ∈ N.

The above two results (1.1), (1.2), (1.3), (1.4) and (1.5) are related to the work
of Bellman. In 1980, Bellman [5] proved:

(1.6) tr(AB)2 ≤ tr A2B2, A,B ∈ H+
0 (n),

and proposed the conjecture whether

(1.7) tr(AB)m ≤ tr AmBm, m ∈ N, A,B ∈ H+
0 (n)

holds.
Since then, many authors have proved that the conjecture (1.7) is correct. In

[6], it was pointed out that the inequality (1.7) was also proposed by Lieb and
Thiring in 1976, and a similar inequality was proposed also in [7]. R.A. Brualdi
[8] commented further work of the inequality (1.7) that was constructed by Lieb
and Thiring in [6] and [7].

Whether or not the inequality (1.7) was a conjecture at that time, the con-
dition in [1] was different from that in [2] – [7], which dropped the demand
of “semi-positive definite property” for matrices in [1], and examined the trace
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inequality on the generalHermitianmatrix powers. Of course, it increases in-
evitably the discussed difficulty. In 1992 Zhengming Jiao [9] generalised in-
equality (1.6) for A ∈ H(n), B ∈ S(n) andA, B ∈ S(n), and also presented
two questions as follows:

(1.8) tr(AB)m ≥ tr AmBm, A ∈ H(n), B ∈ S(n), m ∈ N?

and

(1.9) tr(AB)m ≤ tr AmBm, A,B ∈ S(n), m ∈ N?

We will prove that the inequality (1.1) holds when the power index is a non-
negative even number. Thereby the results in [2, 3] and [4] can be obtained and
improved. Moreover, a simpler proof for the inequality (1.7) may be presented.
As an application of the obtained result, we answer completely two questions
mentioned in [9] in the form of (1.8) and (1.9).
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2. Some Lemmas
Lemma 2.1. LetA, B ∈ Cn×n, then

t∑
i=1

|δi ((AB)m) | ≤
t∑

i=1

λi

(
(AHABBH)m

)
(2.1)

≤
t∑

i=1

λi

(
(AHA)m(BBH)m

)
, 1 ≤ t ≤ n, m ∈ N.

Proof. From [10, Theorem 8.9], it follows that

(2.2)
t∑

i=1

|δi(F )| ≤
t∑

i=1

σi(F ), 1 ≤ t ≤ n, F ∈ Cn×n

and by [11, Theorem 1],

(2.3)
t∑

i=1

σi

(
p∏

j=1

Gj

)

≤
t∑

i=1

p∏
j=1

σi(Gj), 1 ≤ t ≤ n, G1, G2, · · · , Gp ∈ Cn×n.

Moreover via [7, Theorem 4], it is derived that

(2.4)
t∑

i=1

λm
i (FG) ≤

t∑
i=1

λi (F
mGm) , 1 ≤ t ≤ n, m ∈ N, F, G ∈ H+

0 (n).
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therefore throughAHA, BBH ∈ H+
0 (n), it is known that all the eigenvalues of

AHABBH ∈ Cn×n are real. Meanwhile

λi

((
AHABBH

)m)
= λm

i

(
AHABBH

)
=
(
λi

(
AHABBH

))m
, i = 1, 2, . . . , n;

and from (2.2), (2.3), and (2.4), it holds that

t∑
i=1

|δi

(
(AB)2m

)
| ≤

t∑
i=1

σi

(
(AB)2m

)
≤

t∑
i=1

(σi(AB))2m

=
t∑

i=1

(
σ2

i (AB)
)m

=
t∑

i=1

λi

((
AHABBH

)m)
≤

t∑
i=1

λi

((
AHA

)m (
BBH

)m)
that is, (2.1) holds.

It is well known that eigenvalues of the productAB for A, B ∈ H(n) are
not real numbers, but we can obtain the following lemma.

Lemma 2.2. LetA = (aij), B = (bij) ∈ H(n)(S(n)), thentr AB ∈ R.
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Proof. When A, B ∈ H(n), according to [10, pp. 219] it is known that
tr AB ∈ R.

By the simple fact,

(2.5) F ∈ S(n) if and only if
√
−1F ∈ H(n),

it follows that
√
−1A,

√
−1B ∈ H(n) holds whenA, B ∈ S(n). Thus from

the proved result, at this time, it is easy to know

tr AB = tr
(
−
(√
−1A

) (√
−1B

))
= − tr

(√
−1A

) (√
−1B

)
∈ R.

By [10, Theorem 6.5.3], the following Lemma holds.

Lemma 2.3. LetA, B ∈ H+
0 (n), then

(2.6) 0 ≤ tr AB ≤ tr A tr B;

and

(2.7) 0 ≤ tr Am ≤ (tr A)m, m ∈ N.

Lemma 2.4. LetA, B ∈ H(n), thentr(AB)m, tr AmBm ∈ R for all m ∈ N .

Proof. Whenm = 0, 1, obviously the result holds by Lemma2.2. Whenm ≥ 2,
via (

(AB)m−1A
)H

= (A(BAB · · ·BAB)A)H = (AB)m−1A ∈ H(n),

and Lemma2.2, it follows thattr(AB)m = tr ((AB)m−1A) B ∈ R.
For Am, Bm ∈ H(n) and from Lemma2.2, it may be surmised that

tr AmBm ∈ R.
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Lemma 2.5. LetA ∈ H(n), B ∈ S(n), m ∈ N, then

tr(AB)m =
(
−
√
−1
)m

tr
(
A(
√
−1B)

)m
,(2.8)

tr AmBm =
(
−
√
−1
)m

tr Am
(√
−1B

)m
;

and for m = 2t(t ∈ N), tr(AB)m, tr AmBm are all real. Further, when
m = 2t + 1(t ∈ N), tr(AB)m, tr AmBm are all zeros or pure imaginary
numbers.

Proof. Without loss of generality, assume thatm ≥ 2, similarly

tr(AB)m = tr
(
A
(
−
√
−1(

√
−1B)

))m
=
(
−
√
−1
)m

tr
(
A
(√
−1B

))m
,

tr AmBm = tr Am
(
−
√
−1(

√
−1B)

)m
=
(
−
√
−1
)m

tr Am
(√
−1B

)m
,

so that (2.8) holds.
Whenm = 2t (t ∈ N),

(
−
√
−1
)m

= (−1)3t ∈ R, thus by (2.8) and Lemma
2.4, one obtains thattr(AB)m, tr AmBm are all real. Whenm = 2t+1 (t ∈ N),(
−
√
−1
)m

= (−1)3t+1
√
−1 /∈ R, then we have thattr(AB)m, tr AmBm are

all zeros or pure imaginary numbers by (2.8) and Lemma2.4.

Similar to the proof of Lemma2.5, it also follows that:

Lemma 2.6. LetA, B ∈ S(n), m ∈ N , then

tr(AB)m = (−1)m tr
((√

−1A
) (√

−1B
))m

,(2.9)

tr AmBm = (−1)m tr
(√
−1A

)m (√−1B
)m ∈ R.
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3. Main Results
Theorem 3.1.LetA, B ∈ Cn×n, then

(3.1) | tr(AB)2m| ≤ tr
(
AHABBH

)m ≤ tr
(
AHA

)m (
BBH

)m
, m ∈ N;

| tr(AB)2m| ≤ tr
(
AHABBH

)m
(3.2)

≤ tr
(
AHA

)m (
BBH

)m
≤ tr

((
AHA

)1/2
)2

tr
(
AHA

)m−1
tr
(
BBH

)m
≤
(
tr
(
AHA

)1/2
)2 (

tr AHA
)m−1 (

tr BBH
)m

,

m(≥ 1) ∈ N.

Proof. Taket = n in (2.1), then we have that∣∣tr(AB)2m
∣∣ =

∣∣∣∣∣
n∑

i=1

δi

(
(AB)2m

)∣∣∣∣∣
≤

n∑
i=1

∣∣δi

(
(AB)2m

)∣∣
≤

n∑
i=1

λi

((
AHABBH

)m)
= tr

(
AHABBH

)m
≤

n∑
i=1

λi

((
AHA

)m (
BBH

)m)
= tr

((
AHA

)m (
BBH

)m)
,
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giving (3.1).
By AHA, BBH ∈ H+

0 (n) and (2.6), (2.7), whenm ≥ 1 one can get

tr
(
AHA

)m (
BBH

)m ≤ tr
(
AHA

) (
AHA

)m−1
tr
(
BBH

)m
≤ tr

((
AHA

)1/2
)2

tr
(
AHA

)m−1
tr
(
BBH

)m
≤
(
tr
(
AHA

)1/2
)2

tr
(
AHA

)m−1 (
tr BBH

)m
,

therefore (3.2) is correct, by (3.1).

Theorem 3.2.LetA, B ∈ H(n), then

(3.3) tr(AB)2m ≤ | tr(AB)2m| ≤ tr
(
A2B2

)m ≤ tr A2m B2m, m ∈ N.

Proof. From Lemma2.4, it is obtained thattr(AB)m, tr AmBm are all real,
then bytr(AB)2m ≤ | tr(AB)2m| andAH = A, BH = B, moreover applying
(3.1), (3.3) holds.

Because2k (k ∈ N) is a nonnegative even number, conclusion (1.1) in [1]
can be achieved by (3.3). WhenA, B ∈ H+

0 (n), the inequality (1.7) is obtained
by replacingA, B of (3.3) with A1/2, B1/2. The above procedure indicates we
can give a simple proof for the inequality (1.7).

Example 3.1.Let

A =

[
1 −2

−2 −2

]
, B =

[
0 1
1 −1

]
∈ H(2),
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and so

(AB)3 =

[
16 −6
4 12

]
, A3B3 =

[
−29 44
−26 32

]
,

(AB)5 =

[
−56 −60

40 −96

]
, A5B5 =

[
−481 765
−610 954

]
,

giving

tr(AB)3 = 28 > 3 = tr A3B3, tr(AB)5 = −152 < 573 = tr A5B5.

Example 3.2.Let

A =

[
−1 2

2 2

]
, B =

[
0 1
1 −1

]
∈ H(2),

giving

(AB)3 =

[
−16 6
−4 −12

]
, A3B3 =

[
29 −44
26 −32

]
,

and so we obtain
tr(AB)3 = −28 < −3 = tr A3B3.

We have generalized the index of the trace inequality (1.1) on Hermitian ma-
trix power ([1, Theorem 1]) from2k(k ∈ N) to nonnegative even numbers .
Examples3.1and3.2indicate that it is complex when the power index is a pos-
itive odd number. Of course, they also show that the result cannot hold when

http://jipam.vu.edu.au/
mailto:yangzhongpeng@sina.com
mailto:fengxiaoxia0110@163.com
http://jipam.vu.edu.au/


A Note on the Trace Inequality
for Products of Hermitian Matrix

Power

Zhong Peng Yang and
Xiao Xia Feng

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 13 of 26

J. Ineq. Pure and Appl. Math. 3(5) Art. 78, 2002

http://jipam.vu.edu.au

one gives up the “positive semi-definite” requirement of (1.7). In [12, Theo-
rem 6.3.2], the statement “Marcus (1956) generalized this theorem as following
form

tr(AB)m ≤ tr AmBm, m ∈ N, A,B ∈ H(n), ”

follows the proof of (1.6).
Although we do not have access to the article of Marcus, Examples3.1and

3.2make us unsure that the generalization is not correct.

Theorem 3.3.LetA, B ∈ H(n), m ∈ N, then

(3.4) tr(AB)2m ≤ tr(A2B2)m ≤ tr A2mB2m ≤
(
tr A4m

)1/2 (
tr B4m

)1/2
;

(3.5) tr(AB)2m ≤ tr(A2B2)m ≤
(
tr A2B2

)m
;

tr(AB)2m ≤ tr
(
A2B2

)m
(3.6)

≤ tr A2mB2m

≤ tr A2 tr A2(m−1) tr B2m

≤
(
tr
(
A2
)1/2
)2 (

tr A2
)m−1 (

tr B2
)m

, when m ≥ 1.

Proof. From [10, Problem 7.2.10], it is known that

(3.7) | tr FG| ≤
(
tr F 2

)1/2
(tr G)1/2 , F,G ∈ H(n).

Thus by (3.3), (3.7) and Lemma2.4, the inequality (3.4) results.
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Notice thatAB2A ∈ H+
0 (n) and(A2B2)

m
= A(AB2A)m−1(AB2), further-

more through (2.7), it follows that

tr
(
A2B2

)m
= tr

(
AB2A

)m ≤
(
tr AB2A

)m
=
(
tr A2B2

)m
,

the inequality (3.5) then follows by (3.3).
Notice thatA2, (A2)

1/2 ∈ H+
0 (n), then via (2.6) and (2.7), it follows that

tr A2mB2m ≤ tr A2 tr A2(m−1) tr B2m ≤
(
tr
(
A2
)1/2
)2 (

tr A2
)m−1 (

tr B2
)m

,

the inequality (3.6) then results by using (3.5).

Corollary 3.4. LetA, B ∈ H+
0 (n), m ∈ N, then the inequalities (1.4) and (1.5)

hold. Moreover whenm ≥ 1, it follows that

0 ≤ tr(AB)2m(3.8)

≤ tr
(
A2B2

)m
≤ tr A2mB2m

≤ tr A2 tr A2(m−1) tr B2m

≤ (tr A)2
(
tr A2

)m−1 (
tr B2

)m
;

0 ≤ tr(AB)2m+1(3.9)

≤ tr A2m+1B2m+1

≤ tr A tr B tr A2m tr B2m

≤ tr A tr B
(
tr A2

)m (
tr B2

)m
.
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Proof. UsingA1/2, B1/2 instead ofA, B in the inequalities (3.4) and (3.5), (1.4)
and (1.5) can be obtained. FromA ∈ H+

0 (n) it follows that (A2)
1/2

= A and
(3.8) is derived by (3.6). Furthermore through (3.6), (3.8), (2.6) and (2.7), it
holds that

0 ≤ tr(AB)2m+1

= tr
((

A1/2
)2 (

B1/2
)2)2m+1

≤ tr
(
A1/2

)2(2m+1) (
B1/2

)2(2m+1)

= tr A2m+1B2m+1

≤ tr A2m+1 tr B2m+1

= tr AA2m tr BB2m

≤ tr A tr A2m tr B tr B2m

= tr A tr B tr A2m tr B2m

≤ tr A tr B
(
tr A2

)m (
tr B2

)m
,

giving (3.9).

As an application of the main results, in Corollary3.4, the basic conclusions
(1.2), (1.3), (1.4) and (1.5) of [2, 3] and [4] are summarized. At the same time,
in Theorem3.3, it is shown that the trace inequality (1.2) ([2]) on semi-positive
definiteHermitian matrix power is extended to generalHermitian matrix, ac-
cording to the form (3.6). By following Example3.3, it is indicated that the
trace inequality (1.3) ([2]) on semi-positive definite Hermitian matrix power
cannot be generalised in a similar fashion to Theorem3.3.
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Example 3.3.Let

A =

[
−1 2

2 2

]
, B =

[
0 1
1 −1

]
∈ H(2),

then from Examples3.1and3.2, it is shown that

(AB)5 =

[
56 60

−40 96

]
, A2 =

[
5 2
2 8

]
, B2 =

[
1 −1

−1 2

]
.

Thus it is easily seen that

tr(AB)5 = tr(AB)2×2+1

= 152 > 1× (−1)× 132 × 32

= tr A tr B
(
tr A2

)2 (
tr B2

)2
.

Example 3.4.Let

A =

[
2 3
3 −4

]
, B =

[
3 0
0 2

]
and so from

AB =

[
6 6
9 −8

]
, (AB)2 =

[
90 −12

−18 118

]
,

it follows that
tr(AB)2 = 208 > 4 = (tr AB)2.
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Example3.4 indicates that the result (1.5) ([4]) for positive definite matrix
cannot be generalized to generalHermitian matrix, but the generalized form,
similar to (3.5) in Theorem3.3, may be obtained.

Example 3.5.Let

A =

[
1 −1

−1 −1

]
, B =

[
1 2
2 −1

]
∈ H(2),

then fromA2 =

[
2 0
0 2

]
= 2I, B2 = 5I, it follows that

(
tr
(
A2B2

))2
= 400 > 200 = tr A4B4.

Example 3.6.Let

A =

[
3 −1

−1 −1

]
, B =

[
5 2
2 −1

]
∈ H(2),

from

A2B2 =

[
274 70
−42 −6

]
, A4B4 =

[
87592 26152

−19544 −5816

]
,

it is achieved that(
tr
(
A2B2

))2
= 71824 < 81776 = tr A4B4.

Examples3.5 and 3.6 show that the two upper boundstr A2mB2m and
(tr A2B2)

m for tr(AB)2m as given by (3.3) and (3.5), are independent of each
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other, in whichtr(AB)2m is the trace of the product power on the twoHermitian
matricesA andB. The result of [4] can be derived by replacing the matricesA
andB in Examples3.5and3.6with A1/2 andB1/2.

For the tracetr(AB)m of the product power on positive definiteHermi-
tian matricesA and B, the upper boundstr AmBm and (tr AB)m given by
(1.7) and (1.5) cannot be compared with each other; but from the upper bound
(tr A2m)

1/2
(tr B2m)

1/2 ([3]) determined by (1.4), via (3.4) and Corollary3.4, it
follows that

tr AmBm ≤
(
tr A2m

)1/2 (
tr B2m

)1/2
.
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4. Trace of the Power on Hermitian Matrix and
Skew Hermitian Matrix

Theorem 4.1. Let A ∈ H(n), B ∈ S(n) , then whenm = 4t or m = 4t + 2,
t ∈ N, tr(AB)m andtr AmBm are all real numbers, and

tr(AB)m ≤ tr
(
A2B2

)m/2 ≤ tr AmBm, m = 4t, t ∈ N;(4.1)

tr(AB)m ≥ tr
(
A2B2

)m/2 ≥ tr AmBm, m = 4t + 2, t ∈ N;(4.2)

similarly whenm = 4t + 1 or m = 4t + 3, t ∈ N , if tr(AB)m 6= 0 or
tr AmBm 6= 0, thentr(AB)m /∈ R or tr AmBm /∈ R, sotr(AB)m andtr AmBm

cannot be compared with each other.

Proof. By Lemma2.5, we have that bothtr(AB)m andtr AmBm are real num-
bers whenm = 4t. Furthermore through (3.3), (2.8), it follows that

tr(AB)m =
(
−
√
−1
)4t

tr
(
A
(√
−1B

))4t

= tr
(
A
(√
−1B

))4t

≤ tr
(
A2
(√
−1B

)2)2t

=
√
−1

4t
tr
(
A2B2

)2t

= tr
(
A2B2

)m/2

≤ tr A4t
(√
−1B

)4t

=
√
−1

4t
tr A4tB4t

= tr AmBm,
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giving (4.1).
In the same way, whenm = 4t + 2, tr(AB)m and tr AmBm are all real

numbers and it holds that

tr(AB)m =
(
−
√
−1
)4t+2

tr
(
A
(√
−1B

))4t+2

= − tr
(
A
(√
−1B

))2(2t+1)

≥ − tr
(
A2
(√
−1B

)2)2t+1

= −
√
−1

4t+2
tr
(
A2
(√
−1B

)2)2t+1

= tr
(
A2B2

)m/2

≥ − tr A2(2t+1)
(√
−1B

)2(2t+1)

= −
√
−1

4t+2
tr A4t+2B4t+2 = tr AmBm,

producing (4.2).
Whenm = 4t + 1 or m = 4t + 3, t ∈ N , the result is obtained by Lemma

2.5.

Example 4.1.Let

A =

[
−2 1

1 −1

]
∈ H(2),

B =

[
2
√
−1 0

0 −
√
−1

]
=
√
−1

[
2 0
0 −1

]
∈ S(2).
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Hence

(AB)3 =
√
−1

[
50 11

−22 −5

]
and A3B3 =

√
−1

[
104 8
−64 −5

]
.

It is known that bothtr(AB)3 and tr A3B3 are pure imaginary numbers by
Lemma2.5, they cannot be compared with each other, but their imaginary parts
have the following relation

Im tr(AB)3 = 45 < 99 = Im tr A3B3.

Let

C =

[
−1 2

2 1

]
∈ H(2),

D =
√
−1

[
2 1
1 −1

]
∈ S(2).

(CD)3 =
√
−1

[
15 −42
70 29

]
,

C3D3 =
√
−1

[
15 30

−64 −35

]
,

and hence
Im tr(CD)3 = 44 > −20 = Im tr C3D3.

Example 4.2.Let

A =

[
1 −2

−2 −1

]
∈ H(2), B =

√
−1

[
2 1
1 −1

]
∈ S(2).
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Hence

(AB)5 =
√
−1

[
−435 543
−905 −616

]
and A5B5 =

√
−1

[
525 375

−1775 −670

]
.

Furthermore their imaginary parts satisfy:

Im tr(AB)5 = −1051 < −145 = Im tr A5B5.

LetC = −A ∈ H(2), D = B ∈ S(2), then

Im tr(CD)5 = − Im tr(AB)5 = 1051 > 145 = − Im tr A5B5 = Im tr C5D5.

From Example4.1 and 4.2, it is known that whenm = 4t + 1 or m =
4t+3, t ∈ N , in general, the imaginary parts oftr(AB)m andtr AmBm as pure
imaginary numbers make the positive and reverse direction of the question (1.8)
not to hold. It is seen from this that in Theorem4.1, the question (1.8) that is
proposed by [9] is completely resolved.

Theorem 4.2. Let A, B ∈ S(n), if m = 2t, t ∈ N , then bothtr(AB)m and
tr AmBm are real numbers and

(4.3) tr(AB)m ≤ | tr(AB)m| ≤ tr
(
A2B2

)m/2 ≤ tr AmBm,

holds.

Proof. By (2.5) and Lemma2.6, it is known that bothtr(AB)m andtr AmBm

are real numbers and

tr(AB)m = tr
((√

−1A
) (√

−1B
))m

,(4.4)

tr AmBm = tr
(√
−1A

)m (√−1B
)m

.
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Moreover by (3.3), it follows that

tr(AB)m = tr
((√

−1A
) (√

−1B
))2t

≤
∣∣∣tr ((√−1A

) (√
−1B

))2t
∣∣∣

= | tr(AB)m|

≤ tr
((√

−1A
)2 (√−1B

)2)t

= tr
(√

−1
4
A2B2

)m/2

= tr
(
A2B2

)m/2

≤ tr
(√
−1A

)2t (√−1B
)2t

= tr
(√

−1
4t
A2tB2t

)
= tr AmBm,

giving (4.3).

Example 4.3.Let

A =
√
−1

[
−2 1

1 −1

]
, B =

√
−1

[
2 0
0 −1

]
∈ S(2),

and

(AB)3 = −
[
−51 −11

22 5

]
, A3B3 = −

[
−104 −8

64 5

]
,

so that
tr(AB)3 = 45 < 99 = tr A3B3.
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Let

C =
√
−1

[
−1 2

2 1

]
, D =

√
−1

[
2 1
1 −1

]
∈ S(2),

according to

(CD)3 =

[
15 −42
70 29

]
, C3D3 =

[
15 30

−130 −35

]
,

it is known that
tr(CD)3 = 44 > −20 = tr C3D3.

Via (2.9), we know that bothtr(AB)m andtr AmBm are real numbers when
m = 2t + 1, t ∈ N andA, B ∈ S(n). Thereby in Example4.3, it is indicated
that the positive and reverse direction of the question (1.9) certainly do not hold,
in which the question (1.9) is proposed by [9]; whenm is a nonnegative even
number, the question as posed by (1.9) is confirmed by Theorem4.2, thus we
completely resolve the question (1.9) of [9].
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