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Abstract

In this note we investigate the relation between two theorems proved by Bor
[2, 3] on | N, p, ;. summability of an infinite series.
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Let > a, be a given infinite series withs,, } as the sequence of its n-th partial
sums. Let{p,} be a sequence of positive constants such Byat py, + p; +
P2+ -+ p, —> 00 asn — oo.

Let
1 n
by, = Fn Vz:;pusu-

The series) a,, is said to be summableV, p,| if 7 [t, — t,_1| < oo. It
is said to be summabléV, p, |, k£ > 1 [1] if

00 P k—1
(1.1) > (—”) Ity — tn_1|" < 00,

— \Pn
and boundedN, p,, |, k > 1if
(1.2) Zpl,|sy|k =O0(F,), n — o0.
1
Concerning N, p,,| summability factors of$" a,,, T. Singh [] proved the fol-

lowing theorem:

Theorem A. If the sequencefp,,} and{\,} satisfy the conditions

(1.3) > palAal < o0,
1
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(1.4) PolAN,| < CpplAnl,

C'is a constant, and i§_ a,, is boundedN, p,];, thenY_ a, P, )\, is summable
IN, pnl.

Earlier in 1968 N. Singh-{] had obtained the following theorem.

Theorem B. If 3" a,, is bounded N, p,,]; and{)\, } is a sequence satisfying the
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following conditions
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= n )\n
(1.5) Zp}')n | < o, _
1 Title Page
Contents
P,
(1.6) p—AAn = O(|Aal), <« >
_ ~ < >
then> " a,\, is summabléN, p,|.
_ Go Back
In order to extend these theorems to the summabiétyp,,|,, & > 1, Bor -
[2, 3] proved the following theorems. ose
" : it
Theorem C. Under the conditions1(2), (1.3) and (L.4), the seriesy _ a,, P, \,, o
is summableN, p, |, k > 1. Page 4 of 11

Theorem D. If Y a, is boundedN,p,]., & > 1 and{\,}, is a sequence Ny ——————
satisfying the conditionsL(4) and (L.5), then)_ a,,\,, is summableN, p,, |x. http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sm_mazhar@hotmail.com
http://jipam.vu.edu.au/

In this note we propose to examine the relation between TheGrand Theo-

remD.

We recall that recently Sarigol and Ozturq [constructed an example to
demonstrate that the hypotheses of Theofeane not sufficient for the summa-
bility |N,p,| of >_ a, P, \,. They proved that Theorer holds true if we as-

sume the additional condition

(2.1) Pn+1 = O(pn).

From (L.4) we find that

AN, _ 1_)\n+1 < Cpn’
A Ao | TOPB,
Hence
)\n—‘rl )\n-i-l
= —1+1
" N ‘
)\nJrl
< |1 - 1
_\ |
<m0

n

Thus|\,+1| < C|A,|, and combining this with4.1) we get

(22) pn-i—l’)‘n-i-l‘ é Cpn|)\n|
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Clearly 2.1) and (.4) imply (2.2). However £.2) need not imply 2.1) or (1.4).
In view of
A(PnAn) = PnAAn — pn+1>\n+1

it is clear that if .2) holds, then the conditioril(4) is equivalent to the condi-
tion
It can be easily verified that a corrected version of Theofeand TheorenC

and also a slight generalization of the result of Sarigol and Ozturk ferl can
be stated as

Theorem 2.1.Under the conditionsl(2), (1.3) (2.2) and @.3) the series  a, P\,
is summableN, p, |, k> 1

We now proceed to show that Theoréhi holds good without condition
(2.2).
Thus we have:

Theorem 2.2. Under the conditionsi(.2), (1.3) and @.3) the seriesy _ a,, P, \,,
is summableN, p,|x, k > 1.

To prove Theoren2.2we first prove the following lemma.

Lemma 2.3. Under the conditions of Theorein?2

(2.4) an|)\n\|sn]k =0(1) as m — oc.
1
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Proof of Lemm&.3. In view of (1.3) and .3

D AP < C Y paln] < o,
1 1

so it follows that{ P, \,,} € BV and hence’,|\,,| = O(1).
Now

m m—1 n m
an)‘n||5n|k = Z A|)‘n| ZPV|SV|k + |)‘m| Zpl/|5u’k
1 _ —

=0(1)

3

|A)\ | Py 4+ O(|Am| Pr)

~M

-1

Z |A(FAn)| +pn+1’)‘n+1|) O(1)
1

m—1

ZP [An| +O(1 an+1‘)\n+1|+0( )
=0(1).

]

Proof of Theoren?.2. LetT,, denote the:™ (V, p,,) means of the seri€s, a, P\,
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Then

1 n
Tn = Fn VZ:OpVZarPr/\T

14
r=0

1 n
== Z (P, — P,_1) a,P,\,.
" y=0

so that forn > 1
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n—1 .
Dn Title Page
- A PV—IPV)\V Sy + pnAnSn
P.,P, 1 ; ( ) Contents
= L1+ Ly, say <« »
Thus to prove the theorem it is sufficient to show that 4 >
© s p okl Go Back
Z (_n> |L,|" < o0, v=12 Close
— \Pn
Quit
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in view of (2.3). So
m+1 P k—1 —
n E
2 () k=0 > (Zpyp A |rsy|>
s, P n—l k—1
=03 5 (Zm . p,,) (m)
n=2 " n-1 =1

m+41 n—1
n=2 n—l 1

1) Zp,,])\y‘sl,]k =0(1)
v=1

in view of the lemma and®,|\,| = O(1).

Also
m+1 P k—1 m+1
3 (—) Lol = 0(1) S pul s FPE
1 Pn 1
m—+1
1) anMnHSn‘k
1
=0(1).
This proves Theorer.2 O

Thus a generalization of a corrected version of Theoteism Theorem?.2.
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Writing A\,, = u,, P, the conditions 1.5) and (L.4) become

(3.1) an|yn| < 00,
1
(3.2) |A(Patin)| < Cpnlpnl,
consequently Theoreim can be stated as: A Note on Summability Factors
If 3" a, is boundedN, B, k> 1 and{, } is a sequence satisfying.() S M. Mashar
and (3.2 then>_ a,, P, uu,, is summableN | p, |, k& > 1.
Thus Theorend is the same as Theorefr? which is a generalization of the _
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