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ABSTRACT. In this note we investigate the relation between two theorems proved by Bor [2, 3]
on|N, p,|x summability of an infinite series.
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1. INTRODUCTION

Let Y a, be a given infinite series witfs, } as the sequence of its n-th partial sums. Let
{pn} be a sequence of positive constants such fhat py + p; + p2 + -+ + p, — o0 as

n — OQ.
Let

1 n
tn - Fn ;pysy'

The series) a,, is said to be summablgV, p,| if 377 [t, — t,—1| < oco. Itis said to be
summableN, p,|x, k> 1 [1]if

] P k—1
(1.1) (—”) ty — ta_1|® < o0,
S (2) =t

1 n

and boundedN, p,,|x, k > 1if
(1.2) > puls [t =0O(P), n — .
1

Concerning N, p,,| summability factors ob" a,,, T. Singh [6] proved the following theorem:
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Theorem A. If the sequencefp,, } and{\,} satisfy the conditions

(1.3) an])\n\ < 00,
1

(1.4) P,|AN,| < CpulAnl,
C'is a constant, and i} a,, is boundedN, p,]1, thenY" a, P, \, is summableN , p,,|.
Earlier in 1968 N. Singh [5] had obtained the following theorem.

Theorem B. If 3" a, is bounded N, p,]; and{)\,} is a sequence satisfying the following con-
ditions

(1.5) Yo "]’DA

n

(1.6) %mn — O,

thenY" a,\, is summableN, p,,|.

In order to extend these theorems to the summabityp, |., k¥ > 1, Bor [2,[3] proved the
following theorems.

Theorem C. Under the conditions] (1}2)[ (1.3) and (IL.4), the sefj€sy, P, A, is summable
|N pn|k, k > 1.

Theorem D. If 3" a,, is bounded N, p, ], k > 1and{\,}, is a sequence satisfying the condi-
tions (1.4) and[(1]5), thel a,,\,, is summableN, p, .

2. RESULTS

In this note we propose to examine the relation between Theofem C and Tteprem D.

We recall that recently Sarigol and Ozturk [4] constructed an example to demonstrate that the
hypotheses of Theore@ A are not sufficient for the summagiftyp,, | of 3" a, P, \,. They
proved that Theorein]A holds true if we assume the additional condition

From [1.4) we find that

AN, i Ant1 < Cpn7
An M | TP,
Hence
)\n—f—l /\n+1
= —14+1
" N ‘
S ‘1 o >\n+1 + 1
C n
P +1<C.

n

Thus|\,11| < C|A,|, and combining this witH (2]1) we get
(22) pn+1|>‘n+1| S Opnl)‘n|
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Clearly [2.1) and[(1]4) imply (212). Howevér (2.2) need not imply|(2.1) of (1.4). In view of
A(Pn)\n) = PoANy = Pny1dnt1

it is clear that if (2.2) holds, then the conditign (1.4) is equivalent to the condition

(2.3) IA(PA)] < Cpul Al

It can be easily verified that a corrected version of Thedrém A and Thédrem C and also a slight
generalization of the result of Sarigol and Ozturk o 1 can be stated as

Theorem 2.1.Under the conditiond (1]2), (1.3) (2.2) ajd (2.3) the se}iés, P, \, is summa-
ble‘Napnhﬂ; k > 1

We now proceed to show that Theorem| 2.1 holds good without condjtign (2.2).
Thus we have:

Theorem 2.2. Under the conditions (1}2)[ (1.3) and (P.3) the sefj€si, P\, is summable
|N7pn|k7 k> 1.

To prove Theorerp 22 we first prove the following lemma.

Lemma 2.3. Under the conditions of Theorgm P.2

(2.4) anp\ann\k = O0(1)asm — oc.
1

3. PROOFS
Proof of Lemma 2]3In view of (1.3) and[(2.3)

S TIANE) < CY  palal < o0,
1 1

so it follows that{ P, A\, } € BV and hencé’,|\,| = O(1).
Now

an/\ [EM ZAIA IzpulsulkﬂA Izpulsulk

-1

3

=0(1) ) [AN[ Py + O(|Am[ Prn)

~M

m—1
1

m—1

1) an|>‘n| +0(1) an+1|)‘n+1| +0(1)
_ 0(1).
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Proof of Theorerfi 2]2Let T,, denote thex™ (N, p,) means of the seri€s, a,, P, \,. Then
1 n 14
= Fn va Zarpr)\r
v=0 r=0

1 n
=& > (Pu—Pri)a, P,
=0
so that forn > 1

Tn_Tn—IZPp

I/—lal/Pl/)\l/

n—1

Pn
= A Pl/* Pl/>\l/ v n)\n n
PPy 2 (P, )Sy + PnAns

= [41 + Ly, say
Thus to prove the theorem it is sufficient to show that
] Pn k—1
Z (—) |L,|F < oo, v=12
=~ \Pn
Now

IA(P,_1PA)| < puP A+ BJA(PA)]
S Cpl/PV|)\l/’

in view of (2.3). So
m+1 P, k—1 . m+1 o n—1 k
> (32) i =03 gl (;pyﬂmusyr)
m+1 - k—1
=0y 5l (Zuw 4| py> (Zpy)

v=1

m+1 n—1

Pn
:O(]‘)ZPP 1ZP’/|AV|pV|SV|k
n=2 "Nl

1) Zp,,‘)\,,‘s,,|k =0(1)
v=1

in view of the lemma and,|\,| = O(1).
Also

m+1 P k—1 m+1
3 (p—) Lot = 0(1) S pulalFsa P
1

1 n

m+1
1) an’)‘nl‘sn’k
1

=0(1).
This proves Theoren 2.2.
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Thus a generalization of a corrected version of Thedrém C is Theoréem 2.2. Wxijtirg
w, P, the conditions[(1]5) andl (1.4) become

(3.1) > paltn] < o0,
1

3.2) |A(Bnpin)| < Cpalpn,
consequently Theorejm| D can be stated as:
If 3" a, is boundedN, P,J;, k > 1 and{yx,} is a sequence satisfying (8.1) afd {3.2) then
> @y Pty is summableN , p, |, k> 1.
Thus Theorenj D is the same as Theofen) 2.2 which is a generalization of the corrected
version of TheoremIC.
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