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Abstract

In this paper, some new inequalities similar to Hilbert-Pachpatte type inequali-
ties are given.
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In [1, Chap. 9], the well-known Hardy-Hilbert inequality is given as follows.

Theorem 1.1.Letp>1, ¢>1, o+ 0 =1, a0, > 0,0 < 357, ab < o0,
0<> 2, bl <oo. Then

(1.2) ZZ m—i—n _sm 7T/p (Zap> (Z:;bg)

m=1 n=1
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where —7—— ( o) IS best possible. to Hilbert-Pachpatte Type
Inequalities
The integral analogue of the Hardy-Hilbert inequality can be stated as fol-
lows Zhongxue LU
Theorem 1.2.Letp>1, ¢>1, s+ =1, f(2),9(y) >0, 0< [~ fP(2)dz < Ttle Pa
ge
00, 0<fO 9%(y)dy < oo. Then
Contents

@2 [[ 1D gyt ) (o) “« @ »
< >

where " 7D is best possible.

In [1, Chap. 9] the following extension of Hardy-Hilbert's double-series SOl
theorem is given. Close
Theorem1.3.Letp > 1, ¢>1, ;+.>1,0<A=2— — .= _+_<1 Quit
Then i Page 3 of 19
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whereK = K(p, q) depends op andq only.

The following integral analogue of Theoreim3 is also given in [, Chap.
9].

Theorem 1.4.Under the same conditions as in Theorérmhwe have

[ [ ([ ) ([ o)

whereK = K(p, q) depends op andq only.

The inequalities in Theorenis1 and1.2 were studied by Yang and Kuang
(see P, 3]). In [4, 5], some new inequalities similar to the inequalities given in
Theoremsdl.], 1.2, 1.3and1.4were established.

In this paper, we establish some new inequalities similar to the Hilbert-
Pachpatte inequality.
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In what follows we denote bR the set of real numbers. L&t = {1,2,...},
No = {0,1,2,...}. We define the operat®¥ by Vu(t) = u(t) — u(t — 1) for
any functionu defined onN. For any functionu(t) : [0,00) — R, we denote
by «’ the derivatives of:.

First we introduce some Lemmas.

Lemma2.1.(see []). Letp > 1, ¢ > 1, 5 + . =1, A > 2 —min{p, ¢}, define
the weight function, (¢, z) as

& 1 T =
wi(q,x) == — | - dy, x € |0, 00).
Then

A—2 A—2
(2.1) wi(g,x) = B (q TATE P ) .
q p
whereB(p, q) is -function.
Lemma 2.2. (see []). Letp > 1, ¢ > 1, 1 +1 =1, A > 2 —min{p, ¢}, define
the weight function, (g, z) as

2—)
o0 1 x\ ¢
wo(q, ) = /0 pE— (§> dy, = € [0,00).

1 q+A=2p+A—=2Y\

Then

Some New Inequalities Similar
to Hilbert-Pachpatte Type
Inequalities

Zhongxue LU

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 5 of 19

J. Ineq. Pure and Appl. Math. 4(2) Art. 33, 2003

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
http://jipam.vu.edu.au/

Lemma 2.3.Letp > 1, ¢ > 1, ; + . = 1, A > 2 — min{p, ¢}, define the
weight functionws (¢, m) as
> 1 m\ 52
= — (=) 1,2,...}.

anlm) =3 e () T ome (2
Then
2.3) ws(qg,m) < B qFA=2ptA=-2 m!A
( q? q Y p )

whereB(p, q) is -function.

Proof. By Lemma2.1,we have

-

2

o0 1 m\ ¢
.m) < R d
ws{a,m) /0 (m+y)*<y> Y
:B(Q+A—2p+A—2>mka

9

q p
The proof is completed. O
Lemma 2.4.Letp > 1, ¢ > 1, ; +; = 1, A > 2 — min{p, ¢}, define the
weight functionw,(q, m) as
wi(gm) i;(ﬂ) me {12, ..}
4\q, '_n:1m)\+n)\ n ) gy Sy S
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Then

1 (q+A=2 p+A—2\
2.4 —B )

Proof. By Lemma2.2, we have

2—)

/ mwy ( )qdy

Q+)\—2 pP+A—2 i
gA pA '

_1p
A

The proof is completed. O

Our main result is given in the following theorem.

%—i—é =1l,andf(z),g
o0), respectively, and lef(0)

Theorem 2.5.Letp > 1,
functions defined of,

(y) be real-valued continuous
=¢(0) =0, and

0o rT 0y
0< / / |/ ()" drdxr < o0, 0 < / / |9’ (8)|? dody < .
o Jo o Jo

Then
)| g(y)]
25) / / qxpl+pyq Doty W

= Snlr/ppa sin 77/17 pq (/ / @ de$>;

([ [aor dadyf
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In particular, whenp = ¢ = 2, we have

eo [* [ Ll
gg( / / \f’(T)!Qde:vf( a /j|g'<6>|%wozy)é

Proof. From the hypotheses, we have the following identities
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(2.8) 9(y) = / g9'(0)ds :
0 Contents
for z,y € (0,00). From @.7) and @.8) and using Holder’s integral inequality, <« 9
respectively, we have p >
1 r ’ Go Back
(2.9 sl <at ([ i)
0 Close
and Quit
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for z,y € (0,00). From @.9) and .10 and using the elementary inequality

p q 1 1
(211) Z122§Z_1+Z_27 21207 Z2207 _+_:17p>17
p q p q

we observe that

rllstl < otob (17 dT)f’ ([ 6)1%15)3
(2.12) < (9‘3’;1 n Z/qq‘l) (/Ox|f/(7)|pd7)é (/Oy SO d5>;

for z,y € (0,00). From .12 we observe that

< ([ |pdf)1(/oy|g'<5>rqd5);
Hence

2)|19(y)]
(2.14) / / T 1+pyq 1)(I+y)dxdy
< l/ /OO fO |f/ |pd7—); (fO |g |qd5)adxdy

P9 Jo

\f( ) 9()
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By Hdlder’s integral inequality and?(1), we have

(5)]" ds)

/ < (e 1P )P dr)? (3 lg'6

dxdy

(Jo lg'(d ‘qd‘s)% ( )”lq dzdy
x

Tr+vy
(z+y)i

L LS
([ [ ) o)
(LR ey
< ([ [rors)} ([ [ woraw)

by (2.14) and .15, we get £.5). The proof of Theorem.5is complete. [J

(2.15)

In a similar way to the proof of Theore@® 5, we can prove the following
theorems.

Theorem 2.6.Letp > 1, % + % =1, A > 2 — min{p, ¢}, and f(z), g(y) be
real-valued continuous functions defined|[6ro),respectively, and lef(0) =
g(0) =0, and

o0 T S Y
0< / / o) drdr < 00, 0< / / y g (0)|? dédy < oo,
o Jo o Jo
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then
)
@) [ [ o et

<q+A 2 HU (/ / A (T |pd7'dx)
X (/0 /Oyl‘klg’@)lqd&ly)é

<

In particular, whenp = ¢ = 2,

(2.17) / / x+|y|gm dady
PG ([ [ o i)
—_—s 2 drd
<=2 2 ([ [ a2 s
Y A ’52d5d>2.
X(A.Ay 1§/(6)[ dsdy

Theorem 2.7.Letp > 1, 1+ 1 =1, A > 2 —min{p, ¢}, and f(x), g(y) be
real-valued continuous functions defined[0o), respectively, and let(0) =
g(0) =0, and

00 x oo Y
0< / / M) drde < 00, 0 < / / y g (0)|? dody < oo.
o Jo o Jo
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Then

)\ 19()]
(218) / / qxp1+pyq EFTR

<q+>\ 2 p—l—)\ 2

< ’ (// N f(r I”drdw)

X (/0 /Oyl‘klg’(5)|qd5dy>é

In particular, whenp = ¢ = 2,

(2.19) / / y) xl'y)d:cdy
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Theorem 3.1.Letp > 1, % + % = 1, and{a(m)} and {b(n)} be two se-
qguences of real numbers whete n € Ny, anda(0) = b(0) = 0, and0 <
2 omm1 2o [Va(m) [ < 00,0 <3507, 555 [VB(0)| < oo, then

|G |On|
(3.1) Z Z gmP~—t 4 pna=1)(m + n)

-

to Hilbert-Pachpatte Type
Inequalities

1 " -
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1 k=1

= Sinlr/png (Z Zai)
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In particular, whenp = ¢ = 2, we have

|a | ]b | o m L a i Title Page
(3.2) X:I zzl mm+ n)? (2:1 ; a ) (2:1 2; bf) : Contents
B T «“« 33

Proof. From the hypotheses, it is easy to observe that the following identities

hold < 4
m Go Back
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for m,n € N. From @3.3) and @.4) and using Hoélder’s inequality, we have

1
P

(3.5) | < 0 (Z |Va(7)|p> :

and

(3.6) Iba| < nv <Z be(5)|q>
6=1

for m,n € N. From (3.5) and @3.6) and using the elementary inequaliB/11),
we observe that

q

1

|| |b| < mian» <Z|Va ) (ZN?) )
3.7) < (ZL ) (Z |Va<7>|p>p (Z |Vb<6>\q)q

=1 6=1

for m,n € N. From @3.7), we observe that

|@m] [0n]
B8) TS o (Zwa ) <Z|Vb )

Q=
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Hence

| |bn|
(3.9) Z Z (gmP=1 4+ pna=1)(m + n)

m=1n=1
ioo oo(
SPIPS

S [Va()P)r (S, (VeI

= = m+n
By the Holder inequalit;/n and(3)
i fl (S0, [Va(r >|2 Eé VB(6)[)
(X [Va(n)P)F rmy s (S0, [VB() 1) 0y
_ ;;@T&\angw () (Zé(mlj n();m (2)
(SEESER))
(SEEmerey)
(3.10) <Sln ) (;;m ) (;;Wb )

by (3.9 and @.10, we get 8.1). The proof of Theoren3.1is complete. [
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In a similar manner to the proof of Theoresi, we can prove the following
theorems.

Theorem3.2.Letp > 1, 4+ =1, A > 2—min{p, ¢}, and{a(m)} and{b(n)}
be two sequences of real numbers where: € Ny,anda(0) = b(0) = 0, and

0< Y > m'Va(r)P

m=1 =1
_ Some New Inequalities Similar
0< Z Z ' |Vb(0)]* < o0, to Hilbert-Pachpatte Type
n=1 6=1 Inequalities
then Zhongxue LU
G11) 3 Z ] 10 Title Page
p—1 q—1 A
m=1n=1 (gm?™" + pn=)(m + 1) Contents
B(q—i—)\ 2 ptA— 2) - m 1
< (Z Z mi—> Va(r ) 44 44
m=1 t=1 4 >
1
[ee) n q
Go Back
X (ZZnH |Vb(6)|q> .
n—1 6—1 Close
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l\') NI>’

B(3:3) (iim”lw ) (Z Y n'=> |Vb(é ))é.

m=1 =1

Theorem 3.3.Letp > 1, 141 =1, A > 2—min{p, ¢}, and{a(m
be two sequences of real numbers where: € Ny, anda(0) =

[e.e] m
0< E E m' ™ |[Va(r)]P < oo,
n Some New Inequalities Similar
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0< E nt=? |Vb((5)’q < 00, Inequalities

Zhongxue Lu

)}
and

)} and{b(n
b(0) = 0,

then

am| |bn Title Page

(gmP=1 4 pna=t)(m* + n?) Contents

m=1n=1

B(W 2,1’“ 2) » «“ b
< >3 o)
<m 17=1 < 4
© n % Go Back
1 A
(Z |Vb )| ) ’ Close
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