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1. INTRODUCTION
In [1, Chap. 9], the well-known Hardy-Hilbert inequality is given as follows.

Theorem 1.1.Letp > 1, ¢ > 1, S+ 1 =1,am,0, 20, 0< 327 ah <00, 0< 37 b4 <
oco. Then

o~ amb, d S p s a %
(L1) 22 G S sntely) (Z’”> <Zb">

m=1 n=1 m=1

wherem is best possible.

The integral analogue of the Hardy-Hilbert inequality can be stated as follows

Theorem 1.2.Letp > 1, q¢ > 1, %—l—é =1, f(z),9(y) =20, 0 < [;° fP(x)de < o0, 0 <
J° 9%(y)dy < oo. Then

(-2 /0°° /0°° %g;y)dmy < m (/Ooo fp(x)dx); (/Ooo gq(y)dy); ,

Wherem Is best possible.

In [1, Chap. 9] the following extension of Hardy-Hilbert's double-series theorem is given.
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Theorem1.3.Letp > 1, ¢>1, ;4. >1,0<A=2—_—- =242 <1Then
1 1
[’ Ne"e} a b e ¢ P o0 q
Syt (Sa) (Su)
)\— m n ?
m=1 n=1 (m + TL) (m—l n=1

where K = K(p, q) depends om andq only.
The following integral analogue of Theor¢m|1.3 is also givenin [1, Chap. 9].

Theorem 1.4.Under the same conditions as in Theofend 1.1 we have

[ [ ([ ) ([ o)

whereK = K(p,q) depends om andq only.

The inequalities in Theorenis 1.1 gnd]1.2 were studied by Yang and Kuang(5ée [2, 3]). In
[4], /5], some new inequalities similar to the inequalities given in Theofem§ 1|1, 1.2, 1.3 and 1.4
were established.

In this paper, we establish some new inequalities similar to the Hilbert-Pachpatte inequality.

2. MAIN RESULTS

In what follows we denote bR the set of real numbers. LBt= {1,2,...},Nyg = {0,1,2,... }.
We define the operatdr by Vu(t) = u(t) — u(t — 1) for any functionu defined onV. For any
functionu(t) : [0, 00) — R, we denote by’ the derivatives of..

First we introduce some Lemmas.

Lemma 2.1. (see[2]). Letp > 1, ¢ > 1, i +§ = 1, A > 2 — min{p, ¢}, define the weight

functionw; (¢, x) as
o] 1 2=2
€T q
wi(q,x ::/ —(—> dy, x € [0,00).
@0 = | aer 00

g D ’

Then
(2.1) wi(q,z) =B (

whereB(p, q) is f-function.

Lemma 2.2. (see[3]). Letp > 1, ¢ > 1, % +§ = 1, A > 2 — min{p, ¢}, define the weight
functionw,(q, x) as

2—X
o0 1 x\ ¢
,x) = — (= dy, x € |0, .
alaa)= [ i (2) T dnoe o)
Then

1 [(q+A=2p+A—2\ |,
2.2 =—-B :
Lemma 2.3. Letp > 1, ¢ > 1, 1—17 + % =1, A > 2 — min{p, ¢}, define the weight function
w3<Qam) as

2—)

ws(q, m) :im(%) fome{l,2,...}.

n=1
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Then

-2 -2
(23) wS(Qam) <B (q+;\ 7p+; ) ml_/\a

whereB(p, q) is f-function.

Proof. By Lemmg 2.1, we have

2—X
o 1 m\ ¢ qg+A—2 p+ -2 1—x
ws(q, m </ —(—> dzB( , )m .
(e, m) o (m+y)*\y y q p

The proof is completed. O

Lemma 2.4.Letp > 1, ¢ > 1, % + % =1, A > 2 — min{p, ¢}, define the weight function
wy(q,m) as

[e.9]

wa(q,m) ::Z; (@)Q‘ZA’ me{l,2,...}.

— m*+n* \n
Then
1 qg+A—2 p+ -2 1o
2.4 —B :
2.4) ailgm) < 3B (RS2 A2 )
Proof. By Lemmé& 2.2, we have
2—A
<1 my ¢ 1 qg+A—2 p+A-2\ |,
B dy = ~B :
</0 m“r@(?/) T ( g\ pA )m
The proof is completed. O

Our main result is given in the following theorem.

Theorem 2.5. Letp > 1, l + l = 1, and f(z), g(y) be real-valued continuous functions
defined orf0, o) respectlvely, and lef(0) = ¢g(0) = 0, and

O</ /|f )W drdz < o, O</ /|g (6)|* dédy < oo.
Then

)| g9(y)|
(25) / / qxp1+pyq 1) (atg) Y

= Sin(r/p)pa Sm(ﬂ/p)pq (/ / S @F dexy </0°° /oy lg/@'q%d‘y);

In particular, whenp = ¢ = 2, we have

co [ [ Uil
<2([ / o) ([T |g’<5>|2cwdy)é

Proof. From the hypotheses, we have the following identities
@7) f@) = [ 1o
0
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and
(2.8) 9(y) = /O g'(0)ds

for z,y € (0,00). From [2.7) and (2]8) and using Hélder’s integral inequality, respectively, we
have

@9) sl et ([ ir@par)
and
@10) s <ot ([ 10@ras)
for z,y € (0, 00). From [2.9) and (2.30) and using the elementary inequality
(2.11) o< A2 S0 ms0 te o e,
p q p g

we observe that

ol <aob ([ |f'<¢>|pd7)’l’ ([ |g'<a>|qd5)3
e = (ﬂ;l " yqql) (/0 (D) dT>; </oy |9’(5)|qd5);

for z,y € (0,00). From ) we observe that

F@)lg(y) " A
(2.13) qrP~ + pya- 1 _pq (/ 7@l dT) (/o 9) dé)

Hence

)| l9()|
(2.14) / / xw+pyq TR
1 e (1) \Pdﬂ%(fo 19(0)|" o)
Spq//o ey

By Hoélder’s integral inequality anfm 1), we have

// Ui L7/ dr)* (3 19/ lqdé)ddy

r+y

S ) S
(L g @WY

([ B 1) )
sin(r (/ /If |pdrdx)( /|g |qd(5dy)
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by (2.14) and[(2.15), we g€t (2.5). The proof of Theofem 2.5 is complete. O

In a similar way to the proof of Theorgim 2.5, we can prove the following theorems.

g(y) be real-valued
0, and

Theorem 2.6.Letp > 1, © + ¢ = 1, A > 2 — min{p, ¢}, and f(z)
continuous functions defined {m oo),respectively, and let(0) = ¢(0)

[e'e) T oo Yy
0</ /:L'lA]f'(T)\pdea:<oo, 0</ /yl’\\g'(d)\qdédy<oo,
0 0 0 0
then

)\ 19(v)]
(216) / / qxp1+pyq (a1 g

B<Q+H HH (/ / =M (7 |pd7dx)
([ [ |g'<é>|qd(5dy)é

<

In particular, whenp = g = 2,

o [
< B2 (// P |chd:c)%(/OOO/OyylAm'<5>r%wdy)é

Theorem 2.7.Letp > 1, 1 +1 =1, X > 2 — min{p,¢}, and f(x), g(y) be real-valued

continuous functions defined @ oo), respectively, and let(0) = ¢(0) = 0, and

o px o ry
0< / / e ()P drdr < 0o, 0 < / / y' g (8)|* dédy < oo.
o Jo o Jo
Then

) 19()]
(218) / / qxp1+pyq EFTR

B <q+>\ 2 p+,\ 2

< | (// G |pdnzx)
([ [ |g'<5>|qd6dy);

In particular, whenp = ¢ = 2,

@) [ [ Sy
%(// G |drdx)é(/Omfoyyl—wg'(éwédy);
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3. DISCRETE ANALOGUES

Theorem 3.1. Letp > 1, Il? + % = 1, and {a(m)} and {b(n)} be two sequences of real
numbers wheren,n € Ny, anda(0) = b(0) = 0, and0 < > ° > |Va(r)[’ < oo,
0<> 2 >  IVDh(0)]? < oo, then

) [ FENAY
3.1) ZZ mp*1+pnq*1)(m+n)_sm 7r/ppq <ZZ ) <Zzbr>

m=1 n=1 m=1 k=1 n=1 r=1

In particular, whenp = ¢ = 2, we have

(3.2) Z Z |§1mj|u|i nl o g (i iai)

m=1 n=1 m=1 k=1

N

(£54)

Proof. From the hypotheses, it is easy to observe that the following identities hold

(3.3) U = i Va(r)
=1

and

(3.4) by = Vb(5)

for m,n € N. From [3.3) and (3]4) and using Holder’s inequality, we have

1

p

(3.5) (| < mos (Z |Va<f>rp) ,

and

(3.6) by| < v (Z IVb(é)Iq)
6=1

for m,n € N. From [3.%) and (3]6) and using the elementary inequélity (2.11), we observe that

|| [bp| < mine (ZlVa ) (ZWb )

(3.7) g(”il " 1) <Z|Va )(ZWb )

for m,n € N. From [3.7), we observe that

a1 (L A A%
(3.8) prves +pnq_lsp—q<;|wm|> <Z|Vb<5>|> -

0=1

3=

Hence
6y S50l
' = e (gmP~! + pn?~t)(m + n)

1 o= (7 [Va(n) P Y
p_qzz S Va(n)[P)7 (05 | @)

Q=

m n
m=1 n=1 +
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By the Holder inequality andl (J.3)
Z > rer [Va(r)[")r (3251 [VO(S)]%)

Q=

m—1 n—1 m+n
s (0 Va(m) ) omy g (S5 (VB
mZZ (m+n)r () (m +n)t (&)
N oy [Va(m)P omyi )’ S5 |Vb(0) L\

= (;; m—+n ( ) ) (WLZI; 6m+n (E) )

(3.10) — W/p (ZZ|V@ ) (ZZM )
m=1 t=1 n=1 §=1

by (3.9) and|(3.7)0), we g€t (3.1). The proof of Theofen 3.1 is complete. O

In a similar manner to the proof of Theor¢m|3.1, we can prove the following theorems.

Theorem 3.2.Letp > 1, - + . = 1, A > 2 — min{p, ¢}, and {a(m)} and {b(n)} be two
sequences of real numbers wheten € Ny,anda(0) = b(0) = 0, and

0< Z Zml_)‘ |Va(r)|?

m=1 =1
0<> ) n' V()| < oo,
n=1 /=1
then
|am| |bn|
3.11
G 23 e

m=1 n=1

ESE

n

RS

B(q—‘,—)\ 2 ptA— 2> o m
q 1 A
Va(r
Pq (Z 2:: | )
In particular, whenp = ¢ = 2, we have

m | bn
12) Y3 el

m=1 n=1

S >

=1 =1

n'™ |Vb(5)|q>

=

A A o0 m n
; 2 (ZZml M Va(T) > ( n'=* |Vb(6) >
n=1 §=1

1 7=1

Theorem 3.3.Letp > 1, - + . =1, A > 2 — min{p, ¢}, and {a(m)} and {b(n)} be two
sequences of real number wheten € Ny, nda( ) =0b(0) =0, and

f:f: m' |Va(r) P < oo,

0<> ) n' V()| < oo,

n=1 /=1
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then
|| |0
A
B<q+/\2 A= 2) 1 e L
P
<— (szl X |Va(r) ) (Z nl‘A\Vb((S)]q>
m=1 =1 n=1 /=1

In particular, whenp = ¢ = 2, we have

|@m] [0n
(3.19) ZZ m—i—z ’77’1’\’4—71)‘)

m=1 n=1
5 (S o]
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