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Abstract

Some weighted Ostrowski type integral inequalities for operators and vector-
valued functions in Banach spaces are given. Applications for linear operators
in Banach spaces and differential equations are also provided.
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In [17], Petaric and Sawvt obtained the following Ostrowski type inequality for
weighted integrals (see also, [Theorem 3]):

Theorem 1.1.Letw : [a,b] — [0, 00) be a weight function ofu, b] . Suppose
that f : [a,b] — R satisfies

(1.1) lf (@)= f(s)| < N|t—s|*, forallt,s € [a,b],

whereN > 0 and0 < a < 1 are some constants. Then for any [a, b]
b b a

[ w(t) f(t)dt <N [t — x| w(t)dt‘

[P (t) dt [P (t) dt
Further, if for some constantsand A

(1.2) f(x) -

0<c<w(t) <A forall t € a,b],

then for anyz € [a, b], we have

CJlw ) £ ()t AL (2) J (2)
(1.3) f (@) Pty di <N TG T 3T
where , -
a+
L= 300+ |- 5
and
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The inequality {.2) was rediscovered in!] where further applications for
different weights and in Numerical Analysis were given.

For other results in connection to weighted Ostrowski inequalities, Jee [

[2] and [10].

In the present paper we extend the weighted Ostrowski’s inequality for vector-
valued functions and Bochner integrals and apply the obtained results to oper-
atorial inequalities and linear differential equations in Banach spaces. Some
numerical experiments are also conducted.
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Let X be a Banach space anebo < a < b < oco. We denote byl (X)
the Banach algebra of all bounded linear operators acting .ohhe norms of
vectors or operators acting on will be denoted byj-|| .

A function f : [a,b] — X is calledmeasurabléf there exists a sequence
of simple functionsf,, :
where on|a, b] at f. We recall also that a measurable functipn [a,b] — X
is Bochner integrablef and only if its norm function (i.e. the function —
\f @) : [a,b] — R,) is Lebesgue integrable da, b].

The following theorem holds.

Theorem 2.1. Assume thab :
i.e.,

(2.1) 1B () -

whereH > 0 anda € (0, 1].
If f: [a,b] — X is Bochner integrable ofx, b], then we have the inequality:

(2.2) H /f ds—/ (5) f (s) ds

b
<H [ Je- s (5] ds
(b—t)* '+

a+1 .
([ i

la,b] — L (X) is Holder continuous offu, b],

B(s)|| < H|t—s|* forall t,s € [a,b],

f € Leo (la,0]; X);

=

p>1, +— 1
and feL([ ] X);

b— qa+1 t— aqa+1 .
< B x Qe gy

36— a) + [t = =42)° Il

\

la,b] — X which converges punctually almost every-
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for anyt € [a, b], where

[ llfa 61,00 := €55 sup [Lf ()]

tela,b]
and
b v
6l = ([ 15N a) s 21

Proof. Firstly, we prove that th& —valued functions — B (s) f (s) is Bochner S g KO IO
. . Inequalities for Operators and
integrable orja, b]. Indeed, let f,,) be a sequence of —valued, simple func- Vector-Valued Functions
tions which converge almost everywhere[anb| at the fungtlonf . The maps T iy pe—
s — B (s) f. (s) are measurable (because they are continuous with the excep- and S.S. Dragomir
tion of a finite number of pointsin [a, b]). Then

1B (s) fn(s) = B(s) f ()l < 1B (s)][ lfn(s) = f (s)| — O a.e. on[a, ] Title Page
whenn — oo so that the functios — B (s) f (s) : [a,b] — X is measurable. Contents
Now, using the estimate «“« NS

1B (s) f (s)ll SESI[lpb]HB(ﬁ)H F ()l foralls € [a,b], < >
€la,

it is easy to see that the functien— B (s) f (s) is Bochner integrable oja, b]. Go Back

We have successively Close

HB(t)/abf(g)ds—/abB(s)f(s)ds :‘/ab(B(t)—B(S))f(S)ds Pagf::m
< [IB @) - BE)se1as —_—

http://jipam.vu.edu.au
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< [1B @ - BENOlds <7 [ 10515 6] ds =

for anyt € [a, b], proving the first inequality in4.2).
Now, observe that

b
M) < H / It — sl ds

(b—t)* 4+ (t —
= H[flljap00 - P

and the first part of the second inequality is proved.
Using Holder’s integral inequality, we may state that

a)a+1

M) <

t)qa+1 + (t . a>qa+1
g+ 1

— H[(b_

proving the second part of the second inequality.
Finally, we observe that

b
MO < s s [l
se€|a, a
= Hmax{(b—t)",(t —a)"} |||f|H[a7bLl
1 a+0bll"
S SR | W

i (/:rt—swadsf (/:Hf(smpds)’l’

a
1 Mg 5

M (1)
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and the theorem is proved. O

The following corollary holds.

Corollary 2.2. Assume thaB : [a,b] — L (X) is Lipschitzian with the constant
L > 0. Then we have the inequality

wl?wwm—iﬁﬂ@ﬂ@%

b
SL/u—ﬂwwmw
(Lo +(t-

(2.3) |5

] f e S € Lo ([a,8]5 X)

b—t)at a q+ .
<Lx{ [emartat iy gy it p> 1,

[ 3 0—a)+ [t =2 1o
for anyt € [a, b].

Remark2.1 If we choose =
midpoint inequalities:

@@‘b(ﬁf}l?@ﬂwiwawwws

“T“’ in (2.2) and @.3), then we get the following

a+b

I1f (s)ll ds
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( m (b— a)aH |||f|||[a,b],oo if

1 b—a)ts
e 6= )™l

Lo (0= )" 11 jg

< H x <

and

@5)HB(“;b)/#H@ds—[wayﬂads

b
SL/ 5 — a+b (s)|| ds
( }I(b—a) 117,00 if  f€Lx(lab];X);
R A (e R [P SRS T
1 and 7 € 1, (.1 ):
L 2 (0= a) [ om0

respectively.

Remark2.2 Consider the functiod,, : [a,b] — R, ¥, (t) :=
€ (0,1). If fis continuous ora, b], thenV, is differentiable and

Welld — [ a—srirenass [ -0l ol

_ a[/at (tHfS)lHadS /t” (!If(;)lllads}'
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If to € (a,b) is such that

to b
[ 15 Gy [ I G,
a (to—s) to (s —to)
and ¥’ (-) is negative or{a, ty) and positive orty, b) , then the best inequality
we can get in the first part o2(2) is the following one

o) B [ reras— [ B0 s <a oIl

If « =1, then, for
b
W)= [ e sl o)l ds
we have

B = [urelas- [1reds ce @b,

d>W (t)
dt?

2[[f O =0, telab),

which shows that’ is convex on(a, b).
If ¢, € (a,b)is such that

[ ona- / 17 ()l ds,
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then the best inequality we can get from the first parto)(is

e B [rea- [ reas

b
gL/sm@—%wwwmw

Indeed, as

b
i [ le= sl (3] ds

tela,b

= [t = 5117 )
:i/mﬁm—stQWd&+Z (s = tm) | (5)l] ds

=%(mewmw—13vwmw)

b [Csirnas= [ sl

m

:L}w@m@—lwﬂﬂﬂws

—/Qm@—mmwwww

then the best inequality we can get from the first part2o8)(is obtained for
t=1tmn € (a,b).

On Weighted Ostrowski Type
Inequalities for Operators and
Vector-Valued Functions

N.S. Barnett, C. Buge, P. Cerone
and S.S. Dragomir

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 11 of 42

J. Ineq. Pure and Appl. Math. 3(1) Art. 12, 2002

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:neil@matilda.vu.edu.au
mailto:buse@hilbert.math.uvt.ro
mailto:pc@matilda.vu.edu.au
mailto:sever@matilda.vu.edu.au
http://jipam.vu.edu.au/

We recall that a functiot : [a, b] — L (X) is said to bestrongly continuous
if for all z € X, the mapss — F (s)z : [a,b] — X are continuous offu, b].
In this case the function — || B (s)|| : [a,b] — R, is (Lebesgue) measurable
and bounded {{]). The linear operatol. = ffF(s) ds (defined byLz :=

[P F (s) ads for all z € X) is bounded, because

b
| Lx| < (/ HF(S)HdS) -||z]| forall z € X.

In a similar manner to Theorei 1, we may prove the following result as
well.

Theorem 2.3. Assume thaf : [a,b] — X is Holder continuous, i.e.,
(2.8) IF (&) = f(s)| < K|t —s|” forall t,s € [a,b],

whereK > 0 andg € (0, 1].

If B : [a,b] — L£(X) is strongly continuous ofu, b|, then we have the
inequality:

(2.9) H(/:B(s)ds)f(t)—/abB(s)f(s)ds

b
SK/ t— 5|7 B (s)]] ds
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4 B+1 .
e [F: e it 1B ()| € Loo ([a,b] RS
p—¢)ah+1 qﬂ+1 .
< Koe] [Seat gy i s e do
and [|B ()| € L, ([a,b]; R,);
| E—a) + ]t =<2 1B

for anyt € [a, b].
The following corollary holds.

Corollary 2.4. Assume thaf and B are as in Theoren2.3. If, in addition,
f;’ B (s) ds isinvertible inL (X) , then we have the inequality:

(2.10) Hf(t) - (/abB(s) ds)
o (o0

Remark2.3. Itis obvious that the inequality2(10 contains as a particular case
what is the so called Ostrowski’s inequality for weighted integrals ($&2)(

_1/:B(S)f(8)ds

-1

b
/ it — s|? | B (s)]] ds

for anyt € [a, b].
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Let0 <a <b< ooandA € L(X). We recall that the operatorial norm df
is given by
[} = sup {[[Az]| - [l«]| <1}

Theresolvent sebf A (denoted by (A)) is the set of all complex scalaisfor
which AT — A is an invertible operator. Herkis the identity operator i (X).
The complementary set gf(A) in the complex plane, denoted lay(A), is

the spectrumof A. It is known thato (A) is a compact set if©. The series
<Zn20 %) converges absolutely and locally uniformly fore R. If we

denote by!4 its sum, then
e < el ¢ e R,

Proposition 3.1. Let X be a real or complex Banach spacé,c £ (X) andj
be a non-null real number such thats € p(A). Thenforall0 < a < b < c©
and eachs € [a, b], we have

- max {eﬁb, eﬁa} .

el — efa
g
1 b\ *
< A [1 o-af s (s-50)

Proof. We apply the second inequality from Corolldty? in the following par-
ticular case.

(3.1) S (61 + A)*l [eb(ﬁHrA) _ ea(ﬁl+A)]

B(r):=e f(r)=¢€"2, 7€a,b], v€X.
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For all¢, n € [a, b] there exists an betweert andn such that

iBEO-8mI = >

n=1

- e-may it

< Al e} g =l
< [lAf el je — ).

The functiont — ¢4 is thus Lipschitzian ora, b] with the constant., :=
| Al| e>!41, On the other hand we have

b b
/ e (eﬁTm) dr = / e (eﬁTIx) dr
= /b T AP 1 dr
— (Z + BI)! [HAHED _ col+BD)]

and
A M ap).00 = sup, e || = max {™, "} - |||
TE|a,
Placing all the above results in the second inequality frarf) @nd taking the
supremum for alk € X, we will obtain the desired inequality (1). O
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Remark3.1 Let A € £ (X) such thad € p (A). Taking the limit as? — 0 in

(3.1, we get the inequality
H(b_ a) 6sA . Afl [ebA . eaA} H

2
< JlAj 1. [i o-af s (s-250)

wherea, b ands are as in Propositiof. L

Y

Proposition 3.2.Let A € £ (X)) be an invertible operatot, > 0 and0 < s < ¢.

Then the following inequality holds:

2

Y (sA) — A2 [sin (tA) — tA cos (tA)] H

32 |5

< 253 + 223 — 3st?

1AL

In particular, if X = R, A =1 ands = 0 it follows the scalar inequality
t3
|sint — tcost| < 3 forall ¢ > 0.

Proof. We apply the inequality from2(3) in the following particular case:

0o A2n+1
B(r)=sin(7TA) : Z (; :_1) T >0,
n

n=
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and
(3.3) f(r)=71-z, forfixedz € X.

For eacht,n € [0,t], we have

- n 5 - n azn n
1B© -Bm| = 4[> (e g
(2n)! on Weigh _
n=0 eighted Ostrowski Type
| lities for O t d
IA[[1€ = 7] - ||cos (aA)]| [ kel e

<
< HAH |5 - 77’ ) N.S. Barnett, C. Buse, P. Cerone
and S.S. Dragomir

wherea is a real number betweenandr, i.e., the functionr — B (1) :
R, — L (X) is ||A| —Lipschitzian.

Moreover, it is easy to see that UL TS
. Contents
/ B(r) f () dr — A2 [sin (tA) — tAcos (tA)] x «l »
0
< 4
and
¢ 253 + 2t3 — 3st? = B
(3.4) [l =l ol dr = =22 . Close
0
Quit

Applying the first inequality fromZ.3) and taking the supremum far € X

with ||z|| < 1, we get 8.2). 0 Page 17 of 42
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Consider the division of the interval, b] given by

(4.1) IL,:a=ty<ti <---<t,_1<t,=0b
andh; := t;.1 — t;, v(h) := max h;. For the intermediate points :=
i=0,n—1

(&0, -y &n1) With & € [t;,t;01], 7 = 0,n — 1, define the sum

n—1

(4.2) SO(B, f;1,,) =Y _ B(&)

i=0 ti

tit1

f(s)ds.
Then we may state the following result in approximating the integral

[ Beie s

based on Theore L

Theorem 4.1. Assume thaB : [a,b] — £ (X) is Holder continuous offu, b],
i.e., it satisfies the conditior2(1) and f : [a,b] — X is Bochner integrable on
la, b]. Then we have the representation

(4.3) / B (s) f(s)ds = SU (B, f; I,,€) + RV (B, f; I,,€) ,

whereS\" (B, f; I,,£) is as given by4.2) and the remainder'” (B, f; I,,, €)
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satisfies the estimate
IR\ (B, f;1,,€) H

(

< H x <

a+1 —
l
(qa + 1)
1 t; t;
2 i=0,n—1 2

1 «a
1 |||f|||[a,b},oo Z hz -
=

1
p>1, +5

D=

]uvmwm

—— /1l (th“)7 p>1
(m1+1) o
1 tiv +4[]°
{ﬁu(h) —f-i:noli)fl & — +T } |||f|||[a,b],1

o1 M ey e v (R

(b—a)t o
T )éleHlamp[ v (h)]

11,0 [ (R

111 100 Z[uﬂ—&f“+wa—uf“}

=1

1

gy {55 €7+ 6= 1] |

9
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Proof. Applying Theoremd.1on [z;, z; 1] (z =0,n— 1) , we may write that

tit1

f(s)ds

a+1 _
|:(t1+1 &) a_:i(fz t;) ] H|f‘

qa+ ]

tig1+t;
2

/t "B () f(s)ds — B(&)

i

[tutz+l] oo

< H x (tir1 =€) (&=
2+1

qa+1

[t — 10+ [e— oyt

Summing over from 0 to n — 1 and using the generalised triangle inequality
we get

z+1

1R (B 'fmﬁ f
1+1 Lit1
Z / F()ds—B@&) [ f(s)ds
—0 123 i

( n—1 41 41

— ZO [t =€) 4 (& =) T Mgy s )00
1
n—1
< H X (qaj_l)% {Zﬂ (ti1 — fi)qaﬂ + (& — tz)qaﬂ} |||f|||[tl tiv1]p

n—1
Z% [%h‘l _'_ ’fl - tl+]é+tl ] |Hf| [ti,ti+1],1 °

\ 1=
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Now, observe that

n—1

S [t — &) + (& — 1))

=0

z+1] oo

n—1

<M Moo S [irr — &)+ (& — )™ ]
1=0

On Weighted Ostrowski Type
< H |f‘ H [a,b],00 Z h;‘l+1 Inequalities for Operators and

Vector-Valued Functions

< 11/ (a,b],00 (b—a)v(h)]”. N.S. Barnett, C. Buse, P. Cerone

. . .. . . : and S.S. Dragomir
Using the discrete Holder inequality, we may write that

n—1
[Z (tig1 — &')qaﬂ + (& — t,-)an]
=0

1

Title Page

isli4-1],D
+1) Contents

|
—
hSAl

1 Nk 4 >
S [ ([(tiJrl - §i>qa+1 + (fz - ti)qa+1 q> ] [ titil]s ] <4 >

n—1 Go Back
= { : [(tig1 — &) + (& - qa“ } (/ 1f @1 dS) Close

-
Il
=)

(]

=0
n—1 q Quit
< ( h?"“) H‘f“’fa,b],p Page 21 of 42
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< (b _ a)é H ’f’ H (b [V (h)]o‘ . J. Ineq. Pure and Appl. Math. 3(1) Art. 12, 2002

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:neil@matilda.vu.edu.au
mailto:buse@hilbert.math.uvt.ro
mailto:pc@matilda.vu.edu.au
mailto:sever@matilda.vu.edu.au
http://jipam.vu.edu.au/

Finally, we have

n—1 1
> [§h -
1=0
<
<

tiy1 +1;

[tistiv1],1

2

[

[1

— max h; + max
1=0,n— 1=0,n—1
[v (h)]* |||f|||[a,b],1

and the theorem is proved.

The following corollary holds.

Corollary 4.2. If B is Lipschitzian with the constart, then we have the rep-
resentation 4.3) and the remainderz

6 -

2

(4.4) 1R (B, £ 1, €)]|
(e [ E 1245 (6 S22y’
i d oM, {5 [ g™

j%@+mmm RS

i=0,n—1

(&
1
p>1, 54‘

Mwm

liv1+t

Q=

]Hmmw

mﬂy

=1

(B, f; I,,€) satisfies the estimates:

)
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n—1
o 2 hi

()

t t
{% + max |£l ‘“J”

( illlflll[ab] (

( 1
5 1 M,

(¢+

Mmmm
— ) ()

1
<L .
< L X | (H%H’fw[ab]p v (h)

(Ml v () -

) [ (s)ds

The second possibility we have for approximating the inteﬁ?ﬂ (s
is embodied in the following theorem based on Theofein

Theorem 4.3.Assume thaf : [a,b] — X is HOlder continuous, i.e., the condi-
tion (2.8) holds. If B : [a,b] — L (X) is strongly continuous ofx, b], then we
have the representation:

b
(4.5) /B@f@% @ (B, f:1,,6) + R? (B, [:1,.€).
where
(4.6) @ (B, f11,,€) : (M1 7 &)
=0 /tl )
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and the remainderR'? (B, f; 1, &) satisfies the estimate:

(4.7) R (B, f; 1, )|

( n—1

#7 11Bllagy o0 & [ =€) + (6 — 1))

1

n—1 q
_ ¢)\aBtl _ 4 \ab+1 On Weighted Ostrowski Type
< K x (gB+ 1) |H ||| [a.8].p { ZO [( 1 &) T <§l tl) ] } ! Inequal:ties for Ope;,\al\tolrs an
- B p>1, 1 L, 1_q Vector-Valued Functions
3 P / N.S. Barnett, C. Buge, P. Cerone
and S.S. Dragomir
)+ ma e — 2| 1181l
L i=0,n—1 B
Title Page
( 1 n—1 B+1
B+1 |||B|||[a,b],oo Z h; Contents
1=0
: 44 44
<K x 1Bl thﬁ“ p>114l=1;
(aB+ l)q [a,b],p - ) ’ q ) < >
tigitts Go Back
1000+ m, Jo— 5] 1Bl
\ - Close
(31 1Bl 0 = @) v (W) ou
1
b P 24 of 42
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If we consider the quadrature

4.8) MY (B, £ 1,) ZB(t ”z“) (s ds
t;

then we have the representation
b
(4.9) / B(s) f(s)ds = M{" (B, f; I,) + R (B, f; 1),

and the remaindeR)” (B, f; I,) satisfies the estimate:
(4.10) [|[R (B, f: L)
(

n—1

m H|f|”[a,b],oo 20 h?JFl

——TT T [z h} e Llalou
) 0

2¢

ax [V ()" A g0

\

( gty (b= @) 1l 7 ()"

(b—a o
< H x j:%”‘f‘”[ab,p[ ()] ) p>1,%—|—%:1;

(3w M1 Mg [ ()7
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provided thatB and f are as in Theorem. L
Now, if we consider the quadrature

n—1 tit1 ' '
(411)  MP(B.fiL) =Y < [ re ds) ; (%) |
i=0 ti

then we also have

b
On Weighted Ost ki T
(4.12) (/ B(s) f (s)ds = M (B, f: 1) + R (B. f: 1) inequaites for Operators and

Vector-Valued Functions

and in this case the remainder satisfies the bound NS, Barmet, C. Buse, P Cerone
dS.S. i
(4.13) HR1(12) (B, f; In)H an Dragomir
( Title Page
B+1
BH H‘B’Hab] z%)h Contents
1
< K x n—1 q pp >
B e I R R R ¢
2ﬁ(qﬂ+ it Bl (Z% i P p ) ,
B
| & [ (W) 11BI . o
Close
(
26(54-1) (b—a)|l[B] H[a,b},oo v (h)]ﬁ ouit
1
et Page 26 of 42
= A 2;( Bl b ) P> 1 4= 2ge 260
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providedB and f satisfy the hypothesis of TheorefrB3.
Now, if we consider the equidistant partitioning|af b],

b— _
En:ti::a—i—( a)~i, 1=0,n,

n

thenM" (B, f; E,) becomes

n—1 1 b—a a+2=2(i+1)
(4.14) MW ( = z:OB( ( 5). - )/ﬁb;a.i f(s)ds
and then
b
(4.15) | B 16 ds =MD (B.5) + B (B.5),

where the remainder satisfies the bound

el (V1] [

(1) a
(4.16) R (B, )] < Hx § o=a™t oy s,

b—a
o 1 gy -

Also, we have

b
(4.17) / B(s) f(s)ds = M® (B, f) + R® (B, f),
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where

n—1 a —(Z ) —
MO (B, f) = </+ i B(s)ds>f(a+(i+%),bna>’
a+b=a

Tﬁ

and the remaindeR’” (B, f) satisfies the estimate

( b B+1
—2% 5 1Bl 00

(4.18) |[RY (B, f)| < K x ¢ La_© 511 25 1Bl a5

(b— a)?
1B g1 -

\ 25n5
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We recall that a family of operatoté = {U (t,s) : t > s} C L(X) with¢,s €
Rort,s € R, is called arevolution familyf:

(i) U(t,t)=1TandU (t,s)U (s,7) =U (t,7)forallt > s > 7; and

(i) foreachr € X, the function(¢, s) — U (t, s) x is continuous fot > s. On Weighted Ostrowski Type
Inequalities for Operators and
. . . . Vector-Valued Functi
Herel is the identity operator ir (X) . celorvaied Funeions

An evolution family{U (t, s) : t > s} is said to beexponentially boundeid, N.S. Barnett, C. Buse, P. Cerone
and S.S. Dragomir

in addition,
(i) there exist the constanid > 1 andw > 0 such that Titie Page
(5.1) U (t,8)|| < Me*t=9 ¢ > s. Contents
Evolution families appear as solutions for abstract Cauchy problems of the 4« dd
form < >
(5.2)
W(t) =AM u(t), u(s) =, z, € D(A(s)), t > s, t,s € R (OrR,), Go Back
Close
where the domai® (A (s)) of the linear operatod (s) is assumed to be dense _
in X. An evolution family is said to solve the abstract Cauchy probler8) (f Quit
for eachs € R there exists a dense subd&tC D (A (s)) such that for each Page 29 of 42

x, € Y, the function
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is differentiableu (t) € D (A(t)) forall ¢t > s and

d
au(t):A(t)u(t), t>s.

This later definition can be found in§]. In this definition the operatord (¢)
can be unbounded. The Cauchy problén2)is calledwell-posedf there exists
an evolution family{U (¢, s) : t > s} which solves it.

It is known that the well-posedness &f.%) can be destroyed by a bounded On Weighted Ostrowski Type
and continuous perturbationd]. Let f : R — X be a locally integrable func- Inequalities for Operators and
tion. Consider the inhomogeneous Cauchy problem: Vector-Valued Functions

N.S. Barnett, C. Buge, P. Cerone

B3 wut)=A)u®)+f({t), u(s)=z,€ X, t>s, t,s € R(OrR,). and S.S. Dragomir
A continuous functiont — u (t) : [s,00) — X is said to amild solutionof
the Cauchy problem5(3) if u(s) = z, and there exists an evolution family Title Page
{U (t,7) : t > 7} such that Contents
(5.4)

t 44 44

u(t) =U(t,s)zs —|—/ Ut,7)f(r)dr, t>s, zs€ X, t,s € R(orR,).
5 < >
The following theorem holds. Go Back

Theorem 5.1.Let!d = {U (v,n) : v > n} C L(X) be an evolution family and Close
f : R —X be a locally Bochner integrable and locally bounded function. We _
assume that for alt € R (or R, ) the function) — U (v,7) : [v,00) — L (X) M
is locally Holder continuous (i.e. for alt,b > v, a < b, there existv € (0, 1] Page 30 of 42

and H > 0 such that
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We use the notations in Sectiérior a = 0 andb = ¢ > 0. The mapu (-) from
(5.4) can be represented as

tiy1

fs)ds+ RV U, f,1,,,€)

i

(5.5) u(t)=U(t,0)z0+ > U(t&)
=0
where the remaindeR." U, f, 1, €) satisfies the estimate

H n—1
IR WU, f,1n,6)|| < P 1 10,47,00 ; [(tip — &)+ (& — ).

Proof. It follows by representationd(3) and the first estimate after it. O
Moreover, ifn is a natural numbet,€ {0,...,n}, ¢; := & andg; = 2”1) ,
then
2+U s
(5.6) wu(t)= tO:r;o—l—ZU( ' )/ f(s)ds+ RV

n

and the remaindeRff) satisfies the estimate

ta+1

H
(5.7) \m9H§a+ A1 0,41,00

1 20.pa

The following theorem also holds.
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Theorem5.2.Let!d = {U (v,n) : v > n} C L (X) be an exponentially bounded
evolution family of bounded linear operators acting on the Banach spaaned

f : R —X be alocally Holder continuous function, i.e., for allb € R, a < b
there exist? € (0,1] and K > 0 such that 2.8) holds. We use the notations of
Sectiord for a = 0 andb =t > 0. The mapu (-) from (5.4) can be represented
as

7,+1

(5.8) u(t) = fo Iy §)

U (t,0) IO+Z<

U, f, 1,,€) satisfies the estimate

Ult.7) dr) fE) + RO U

where the remaindeR'?

H

KM —
||R7(12) (Z/{7f7 [n7£)H S ﬁ—i— 1 Wt E |: i+1 —5@ ﬂ+1 (51 tl)6+1] .
=0

Proof. It follows from the first estimate in4(7) for B (s) := U (t, s), using the

fact that
|||B(-)|||[07t]7 = SUP U (t,7)|| < sup Me*t=7) < Me®t,
T€[0,t T€[0,¢]
O
Moreover, ifn is a natural numbet, € {0,...,n}, t; := % and¢; := (2z2+n1)t
then

(1+1)

(5.9) u(t) = t0x0+z</

n

Ul(t,1) dT) f (—(22 ;1)t> + Rﬁf’
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and the remaindeﬁff) satisfies the estimate

(5.10)

1821 <

KM _, %
et .
B+1 26 . np
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1. LetX =R? z = (£,n) € R?, ||z]|, = V& + n* We consider the linear
2-dimensional system

Uy (1) = (=1 —sin®t) uy (t) + (=1 +sint cost) us (¢) + e

(6.1) U (t) = (1 +sintcost) uy (t) + (=1 — cos? t) ug (t) + e~ *;
If we denote

—1 —sin%t —1 +sintcost
Alt) = ,
1+4sintcost —1—cos?t

ft) = (e_t, e_2t) , x=(0,0)
and we identify(¢, ) with 157
The evolution family associated with (¢) is
U(t,s)=P{#)P ' (s), t>s, t,sER,
where

e tcost e Zgint
P(t) — )

—e~tsint e ?cost

(6.2) t e R.

, then the above system is a Cauchy problem.
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The exact solution of the system®.{) is u = (uy, us) , where

uy (t) = (e "cost) By (t) + (e *sint) Es (t)
up (t) = — (e 'sint) By (t) + (e > cost) By (t), t €R,

and
: L _, , 1
E (t) = smt—|—§e (cost+smt)—§,
1 1
Ey(t) = sint+ §et (sint — cost) + 2

see P, Section 4] for details. The function— A (¢) is bounded orR and
therefore there exist/ > 1 andw > 0

U (t,s)|| < Me!*=*! forallt,s € R.

Let¢ > 0 be fixed and, s > £. Then there exists a real numhebetweent
ands such that

|U(&:8) =U (& )l = [t = s [|U (& p) A(w)]] < Me* [JAC) | - [ = s,

that is, the functiom — U (&, n) is locally Lipschitz continuous of, o).
Using (6.2, it follows

a1 (t, 8) a12 (t, S)
Ult,s) = :

921 (t, S) a92 (t, S)
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where

an (t,s) = el Dcostcoss+ 2D sintsin s;

ap (t,s) = —elDcostsins + %e%t) sint cos s;
an (t,s) = —elDsintcoss+ 2™ costsin s;
ag (t,s) = e Dsintsins + %(32(8_” cost cos s.

n—1 .
(20 4+ 1)t ( (it _g)
t = — t - - n — n
uy (t) 0 {au ( , 5 e e

1 214+ 1)1 i i
+ -ap (t, w) (e_w — 6_27tl>:| + Rglq)z
2 2n ’

n—1 .
2 1)t i i
uy (t) = — {azl (t, —( Z;Ln ) > (e_w —e_%)

1 20+ 1)t i i
+ zag | t, —( i+]) (e_%(n“) — 6_2%> + RSBL,
2 2n ’

where the remaindeR” = (R(l) R§12L> satisfies the estimaté.() with o =

1,n

1, H= Me“"|||A ()|||oo and|||f‘||[0,t},oo <2
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1.6e-06+
1.4e-057
1.2e-051
1e-051
Ge-07 1
Be-07 1
4e-07 1
2e-07 1

t~ B g 10

Figure 1: The behaviour of the errey (t) := H (Rf}“ Réﬂi) ‘2 for n. = 200.
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Figure 1 contains the behaviour of the erray (t) := H (R&lﬂb, RS%)
n = 200.

2. LetX =RandU(t,s) := tjrl t > s > 0. Itis clear that the family
{U(t,s):t>s>0} Cc L(R) is an exponentially bounded evolution family

which solves the Cauchy problem

1
L
@) =7

Consider the inhomogeneous Cauchy problem

u(t), u(s)=zs€R, t>s5>0.

U (t) = ggu(t) +cos[In(t+1)], t>0

(6.3)
u(0) = 0.

The solution of 6.3) is given by

u(t):/Otf_:llcos(ln(7+1))d72(t+1)sin[ln(t+1)], t > 0.

From (6.9) we obtain the approximating formula for(-) as

n+ti+t (2i+1)t
)=(t+1) 1 In|l+-—— R,,
+ Zn{ n+ti ] os{n[+ 2n ]}+

whereR,, satisfies the estimaté.(L0) with K = M = w = § = 1. Indeed,

t+1

< ¢t
s+1—

, forallt >s>0

‘ for
2
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and

1
. sin[ln (¢ + 1)]| < |t — 5|

|cos[In (t 4+ 1)] —cos[ln(s+ 1)]| = |t — s "

forallt > s > 0, wherec is some real number betweemandt.
The following Figure2 contains the behaviour of the erroy (¢) := | R, | for
n = 400.
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