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Abstract

Let £ be areal Banach Space and K a nonempty closed convex (not necessar-
ily bounded) subset of E. Iterative methods for the approximation of fixed points
of asymptotically demicontractive mappings 7' : K — K are constructed using
the more general modified Mann and Ishikawa iteration methods with errors.
Our results show that a recent result of Osilike [3] (which is itself a gen-
eralization of a theorem of Qihou [4]) can be extended from real g-uniformly Appraximation of Fixed Points
smooth Banach spaces, 1 < ¢ < oo, to arbitrary real Banach spaces, and to the _of Asymptotically
more general Modified Mann and Ishikawa iteration methods with errors. Fur- Di":gt‘?gtr;a;g‘gmaspgg‘fjs'”
thermore, the boundedness assumption imposed on the subset K in ([3, 4]) are
removed in our present more general result. Moreover, our iteration parameters D.l. Ighokwe
are independent of any geometric properties of the underlying Banach space.
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Let £ be an arbitrary real Banach space and/léienote the normalized duality
mapping fromE into 2€° given by J(z) = {f € E* : (z, f) = ||z||*> = || f|I*},

whereE* denotes the dual space Bfand( , ) denotes the generalized duality
pairing. If E* is strictly convex, thery is single-valued. In the sequel, we shall

denote the single-valued duality mapping by

Let K be a nonempty subset df. A mapping7” : K — K is called
k-strictly asymptotically pseudocontractiveapping, with sequencék,} C
[1,00), hflnk” = 1 (see for exampled 4]), if for all x,y € K there exists

j(z —y) € J(z —y) and a constant € [0, 1) such that

(11) (I-=T"z - -T")y,j(x—y))

1

> U= R =T — (1= T~

2
forall n € N. T is called anasymptotically demicontractivenapping with
sequencé;,, C [0,0), limk,, = 1 (see for exampleq, 4]) if F(T) ={z € K :

Tx =z} # () and for allz € K andz* € F(T), there exists: € [0,1) and
j(x — 2*) € J(x — 2*) such that

(k= Dl = ylI*,

1 1
(1.2) (o —T"z,j(x —27)) 2 (1 = K)llz — T"z||* — §(k:§ = Dz — 2"

for all n € N. FurthermoreI" is uniformly L-Lipschitzian if there exists a
constantl > 0, such that

(1.3) [Tz = Ty|| < Lz —yll,
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forallz ,y € K andn € N.

It is clear that ak-strictly asymptotically pseudocontrative mapping with a
nonempty fixed point sek’(7") is asymptotically demicontrative. The classes
of k-strictly asymptotically pseudocontractive and asymptotically demicontrac-
tive maps were first introduced in Hilbert spaces by Qihdu [In a Hilbert
spacej is the identity and it is shown ir?] that (1.1) and (L.2) are respectively
equivalent to the inequalities:

(1-4) ||Tn:L’ - TnyH < kTQLHx - y”2 + k”(l - Tn)x - (I - Tn)y||2 Approximation of Fixed Points

of Asymptotically
Demicontractive M i i

and “Avbitrary Banach Spaces

(1.5) 1T — T"y|I* < kxlle — y)|* + [lo — T DI Igholawe

which are the inequalities considered by Qihé [ Title Page

In [4], Qihou using themodified Mannteration method introduced by Schu

[5], proved convergence theorem for the iterative approximation of fixed points Contents

of k;-stric_tly asymptotic_ally pseudocontractive mappinqs and asymptotically demi- pp >

contractive mappings in Hilbert spaces. Recently, Osilifegxtended the the-

orems of Qihou4] concerning the iterative approximation of fixed points:ef < 4

strictly asymptotically demicontractive mappings from Hilbert spaces to much Go Back

more general reaj-uniformly smooth Banach spacek,< ¢ < oo, and to o

the much more generaiodified Ishikawa iteration methoMore precisely, he ose

proved the following: Quit

Theorem 1.1. (Osilike [3, p. 1296]): Letg > 1 and letE be a realg-uniformly Page 4 of 24

smooth Banach space. LEtbe a closed convex and bounded subséef ahd
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T : K — K a completely continuous uniformlsLipschitzian asymptotically
demicontractive mapping with a sequerigeC |1, co) satisfyingd_ -, (k2 —
1) < o0o. Let{a,, } and{g,} be real sequences satisfying the conditions.

) 0<anf.<ln=1

(i) 0 <€< cual (14 LB,)? < {qg(1—k)(1+ L)@ D}— ¢, foralln > 1
and for some=> (; and

("l) ZZO:U ﬁn < Q. Approximation of Fixed Points
of Asymptotically

Then the sequende:,,} generated from an arbitrary, € K by Demicontractive Mappings in

Arbitrary Banach Spaces
Yn = (1 - ﬁn)l’n + ﬁnTnxnu n Z 17 D.l. Igbokwe
Tpr1 = (1 — o)y + @, T"yn, n > 1
converges strongly to a fixed point’Bf Title Page
. _ . . . Contents

In Theoreml.1, ¢, is a constant appearing in an inequality which character-
izesg-uniformly smooth Banach spaces. In Hilbert spages, 2, ¢, = 1 and 4 »
with 3, = 0 Vn, Theorems 1 and 2 of Qihod][follow from Theoreml.1 (see < >
Remark 2 of £]).

It is our purpose in this paper to extend Theorerhfrom realg-uniformly Go Back
smooth Banach spaces to arbitrary real Banach spaces using the more general Close
modified Ishikawa iteration method with errors in the sense of Agiven by Quit
(1.6) Yn = Gy + b, T T, + Cutin, n > 1, Page 5 of 24

/ / mn /
Tpt1 = @ Tp + 0, 1"y, + C,0n, 1> 1,
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where{a,}, {b.}, {c.}, {da,}, {V.}, {c,} are real sequences 0, 1]. a, +
b, + ¢, =1=a, + b, +d, {u,} and{v,} are bounded sequencesin If
we seth,, = ¢, = 0 in (1.6) we obtain thanodified Mann iteration method with
errorsin the sense of Xu{ given by

(1.7) Tpi1 = anxy + 0, T 2, + vy, n > 1.
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In the sequel, we shall need the following:

Lemma 2.1. Let £ be a normed space, angl a nonempty convex subsetiof
LetT : K — K be uniformly L-Lipschitzian mapping and let,. }, {0}, {c.},
{a..}, {,} and{c,} be sequences in, 1] witha,,+b,+c, = a,,+ b, +¢c, = 1.
Let{u,}, {v,} be bounded sequencesin For arbitrary z; € K, generate
the sequencéz,, } by
Yn = ApTy, + b, T" 2, + crtty,, n >1
Tpi1 = a,x, + 0 T "y, + v, n > 0.
Then
|2n — Tyl < |z — T 2| + L(1 + L)2||xn+1 - Tn_lxn—ln
+ L1+ L)ey,_y[|vn—1 — znall + L2(1 + L)en-1tn-1 — 24|
(2.1) + L, (vp1 — T .
Proof. Set\,, = ||z, — T"z,||. Then
|2y — Tay|| < |z — T"2n|| + LHTnilwn — Zy|
<A+ LQHxn — ZTpa|l + L“Tn_lfgn—l — Ty
=M+ L?||al,_yzn + 0, T Yy + ¢ 0 — 2|
+ L”a;z—lxnfl + b;z—lTn_lynfl + C;z—lvnfl — T gy |
=+ LQHb;z—l(Tn_lyn—l — Tp1) + ¢y (Vno1 — )|
+ Llla, (zp1 —T" 2 y) + 0, (T ey — T 2y y)
+ C/n—l(vn—l - Tn_lxn—l)”
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<k AT gy — |+ E o on s — o]
+ Lf|zp-1 — T"_ll’n—1|| + L2||yn—1 — T + Lej,_y[[vn-1 — 2n |
+ Le, wpoy — T |

=M+ LAi1 + L+ L),y [[vn1 — 2 || + LQHTn_lyn—l — ZTn-1|
+ L2Hyn—1 — Tl + Lej, || 1 — Tn_lxn—l)”

<M+ 20N, 1+ LA+ L), |vn1 — pa|l + L1+ L)||Yn1 — Tna]
+ LQHTn_lxn—l — T || + L), [|7n 1 — Tn_lmn—l)H

=+ L1+ L)\ + L1+ L)c), [Jvn—1 — zp ||
+ L2(1 + L)”bnfl(Tnilxnfl — Tp1) + Cno1(Un-1 — Tp-1)]
+ L), 4 [|7n -1 — T 'y |

<A+ L(LP+ 2L+ DAy + L1+ L), |[vn—1 — Tp |
+ L2(1 + L)cnallun—1 = wna|| + Lej, |1 — Tnilxnfl”v

completing the proof of Lemma 1. ]

Lemma 2.2. Let{a,}, {b,} and{J,} be sequences of nonnegative real num-
bers satisfying

(2.2) any1 < (14 6n)an + by, n > 1.

If > 0, <ooandd 2 b, < oothenlim a, exists. If in addition{a, } has

n—oo

a subsequence which converges strongly to zero themn,, = 0.
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Proof. Observe that

An41 S (1+6n)an+bn
S ( )[<1+6n l)an 1+bn 1]+b
< H1+5 a1+H (1+96;) Zb

g 1

<JJa+s a1+H (1+6;) Zb < 0.
7=1

Hence{a, } is bounded. Lef\/ > 0 be such that,, < M, n > 1. Then
An1 < (1+5n)an+bn San—i_M(Sn_’_bn:an_’_o-n

whereo,, = MJ, + b,. It now follows from Lemma2.1 of ([6, p. 303])
thatlim a,, exists. Consequently, ifa,,} has a subsequence which converges

stronaly to zero thetim a,, = 0 completing the proof of Lemm2a.2, O

Lemma 2.3. Let £ be a real Banach space arid a nonempty convex subset of
E. LetT : K — K be uniformlyL-Lipschitzian asymptotically demicontractive
mapping with a sequendé;,} C [1, o), such thatim ,, = 1, and> >~ (k2 —

1) < oo. Let{a,}, {b,}, {cu},
{a,},{b,,} ., {c},} bereal sequences i, 1] satisfying:

() ap+b,+c,=1=a, +b, +c,
(i) >0, b, = oo,
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(iil) >0 (V)2 <00, > d, <00, > by, < oo,andd 7 e, < oo.

Let{u,} and{v,} be bounded sequencesfinand let{z, } be the sequence
generated from an arbitrary, € K by

Yn = GnTy + bnTnxn + Cplin, N > 17

Tpi1 = @y + 0, Ty + v, 0> 1,
thenlim inf ||z,, — Tz, || = 0.

Proof. It is now well-known (see e.g.1]) that for all z,y € E, there exists
j(z +vy) € J(z + y) such that

(2.3) lz +yll* < ll=ll* + 2(y, i (= + y)).

Letz* € F(T) and letM > 0 be such thafju,, — z*|| < M, |jv, — z*| <
M, n > 1. Using (L.6) and @.3) we obtain

i1 — 27|
= |(1 = b, = ¢)xn + b, Ty + con — I*HQ
(@ = 2") + b, (T"yn — 20) + ¢, (v — @) ||
< [[(zn — x*)HQ + 200, (T"Yn — ) + (v — T, 5 (Tps1 — 7))
= (w0 — 2)* = 20, (@41 — T" 21, (w1 — 27))
+ 20/ (py1 — T i1, §(Tp — 2°))
+ 20, (T"Yn — Ty §(Tpg1 — 7)) + 26, (Vy = T, §(Tn1 — 7))

= ||(zn

Approximation of Fixed Points
of Asymptotically
Demicontractive Mappings in
Arbitrary Banach Spaces

D.I. Igbokwe

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 10 of 24

J. Ineq. Pure and Appl. Math. 3(1) Art. 3, 2002

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:epseelon@aol.com
http://jipam.vu.edu.au/

= [[(zn — 2")|° = 26, (xps1 — T"Tpy1, § (Tpp1 — 7))
+ 20/ (xpy1 — T, j (X1 — 2¥))
+ 20 (T, — T i1, (T — 7))
(2.4) +2d (v — Ty, J(Tpe1 — 2¥)).
Observe that

Tpy1 — Tp = U (T"yn — 20) + ¢, (U — ).

Using this and1.2) in (2.4) we have R
Hxn'H - QJ*HQ Demicggﬁ?é?v‘gol\;igzlpl))i/ngs in
< H(l'n . x*)H2 . b;’l,<1 . k)”xmrl . Tnxn+1H2 Arbitrary Banach Spaces
+ 0 (K2 — D)z — 2% D.I. Ighokwe
+ Q(bgm)z(Tnyn - xmj(xn—i-l - fk))
+ 260 Ty, — T" i1, J (Trgr — %)) Title Page
+ 3¢, (Un = T, j(Tng1 — 7)) Contents
< (@ = 2P = 0, (1 = K)llzns — T2 |1 « >
+(k’?l,_ D|znsa —IL’*H2 < >
+ 200,17y — zallllwnss — 27|
+ 26, L Zns1 — Ynll||Tng1 — 27 Go Back
+ 3¢y 1o — ol |20 — 2] Close
= H(xn - x*)||2 - b;z(l - k)”‘rn—&-l - T”In+1||2 Quit
+ (k2 — Dl|per — 2%+ 202 | T yn — 0| Page 11 of 24

(2.5) + 26, Ll w1 — ynll + 3 llvn — @nll]llzn 1 — 27
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Observe that

[y — %[ = |lan(zn — %) + 0 (T" 20 — %) + cnluy — 27)||
< lwn — 2| + Lljlzn — 27| + M
(2.6) = 1+ L)||z, —z"|| + M,
so that
1Ty — 2l < Lllyn — 2" + |20 — 27)|
< L[(l + L)H:Ijn — a;'*H + M] + Hxn — x*H Approximation of Fixed Points
f A toticall
2.7) < [1+ L1+ L)|||x, —x*|| + ML, Demicgntrz)é?vzow;g;a)p)i/ngs in
(
Arbitrary Banach Spaces
lwis =2l = (i — 2%) + BT — ) + iyt — )] o1 Igboove
< |l@n — 2" + Lllyn — || + M
< o, — 2™ + L1 + L) ||z — 2™|| + M]+ M Title Page
(2.8) = [+ LA+ L)lf|xn, — 2™+ (1 + L)M, Contents
and « 33
%041 = Ynll = llan(Tn = Yn) + 0, (T"Yn — Yn) + (v — y0) || < >
/ n ok ok
< o = ll+ 01T~ "]+ = 1 S
+ cylllon — 2| + llyn — 2] o
n / * ose
= [[0n(T"xp — 2n) + cn(un — ) || + UL [Ll|Yyn — @all + [lyn — "] _
+ M+ g — 2| out
< bo(1+ L)||zn — 2| + caM + cp||xn — 2| Page 12 of 24

+ ,(1+ L)+ llyn — 2| + ¢, M
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< (1 + L) + cpll|lzn — 27| + e M
+ b, (1+ L)+ )1+ L)z, —z*|| + M] + ¢,M
<{[bn(1+ L) +c,] + b, (1 + L)+ ](1+ L)}z, — 2%
(2.9) + MV, (14 L) +2¢, + ¢,
Substituting 2.7)-(2.9) in (2.5) we obtain,
[k
< |l(@n — ) * = b, (1 = F)[|zns — T"enpa?
+ (k2 = D{[1 + L + D)lwpyr — 2™ + M(1 + L)}?
{1+ L+ D)]llzn — ™[] + ML] + 3¢, [M + ||z, — 2]
+ 20, L{[b,(1 + L) + ¢,] + [b,(1 + L + ¢, ](1 + L)]||x, — 2|
+ MV, (14 L)+ 2, +c,]H{[1+ L(1 + L)]||xp, — 2*|| + M(1+ L)}
< |[(@n — 212 = b,(1 = k) [[@n 1 — T2 a1
+ (ki = D{1 + L1 + L) ||l — 2|2
+2M(1+ L)1 4 L(1 + L))||zn — 2*|| + M?*(1 + L)*}
+2(0,)%[[1 + L+ LD)]|a — 2*|| + ML)[1 4 L(1 + L)] ||z, — 2|
+ M(1+ L)] +3c,[M + ||z, — 2*||]J[[1 + L(1 + L)]||zn, — =¥
+ M(1+ L)] + 20, L{[[bn(1 + L) + ¢,]
+ [0, (L + L) + c,J(1 + L), — 27

+ M, (1+ L)+ 2¢, + e, {1+ L(1 + L)]||z, — 2*|| + M(1+ L)}.

Sincel||z, — z*|| < 1+ ||z, — 2*||*, we have

(2.20) flzpr = 2" * < 14 0alllwn =27 * + 00 = b, (1= F) g1 = T |,
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where
6=k —D{1+LA+L)*+2M1+ L)[1 + L(1 + L)]}
+ 20 {1+ L1+ L)+ M1+ L)[1+ L(1 + L)]
+ML[1+ L(1+ L)]}
+3d {1+ L(1+L)]+M1+LA+L)]+M1+L)}
+ 20, L{{[bn(L + L) + ¢,)) + [W,(1 + L)+, ](1 + L)}
x{1+L(1+L)]+M1+L)}
+ MV, (1+ L)+ 2¢, + ¢,][1 + L(1 + L)]}
and
on= (k2 —1D{2M(1 + L)1+ L(1 + L)) + M*(1 + L)*}
+2) {1+ LA+ L)M(1+ L)+ ML[1+ L(1+ L)+ M>L(1+ L)}
+ 3 {M1+ L(1+ L)+ M*(1+ L)+ M(1+ L)
+ 20 L{[[b,(1 + L) 4+ ) + [V,(1 + L) + ¢, J(1 + L)|][M(1 + L)]
+ Mb, (14 L)+ 2¢, +¢,][[1 4+ L(1+ L)] + M(1+ L)]}.
Since} ™7 (k2 — 1) < oo, condition (jii) implies thatd_>> 4, < oo and
Yoo 0n < 00. From Q.10 we obtain

Jss = 2* 2 < [+ 6]z — 2" +

< . ﬁ1+6 |x1—x||2+H1+5 Zaj

[e.9]

[T+ 6z — 2 ||2+H1+5 Zaj<oo

J=1 J=1

IN
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sinced " 0, < oo and) > o, < co. Hence{||z, — z*||}22, is bounded.

Let ||z, — 2*|| < M, n > 1. Then it follows from @.10 that
(2.11) ||zpyy — 2| < ||z — 27 ||* + M35, + 0,
= b, (1= B)[wner — Tan|?, n > 1
Hence,
O (1= k)21 = Tz | < Nl — 2|1 = llwn — 27| + pa,
wherep,, = M?6, + o, so that,

(1= k) Villzjen — Tajal® < o — 2P+ uy < oo,

j=1 j=1
Hence,

(o)

Z%H%H - zﬁnxn-HH2 < 00,

n=1

and condition (ii) implies thalim inf ||z,+1 — T"z,41]| = 0. Observe that

2041 = T zpa 2 = (1 =0, = ) wn + 6,7 Yo + on — T2 ||
= ||z — Tz + b, (T "y — xp) + T"xp — T x4
(2.12) +c, (v — )|

For arbitraryu, v € E, setx = u + v andy = —v in (2.3) to obtain

(2.13) [ +ull* > flell® + 2(v, j(w).
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From .12 and .13, we have
H'rn-ﬁ—l - Tn-rn-H H2
= ||xp — T"%p + b (T, — ) + Tz — Ty + (V0 — 20) |2
> ||z — T2 ||* + 200, (T "y, — ) + T2y — T"T0 11
+ C;L(Un - $n)>j(xn - Tnxn»

Hence
Ty — T Approximation of Fixed Points
|| " ”2 f A toticall
n n of Asymptotically
< ||~Tn+1 =T Jin+1||2 + 2||b;L(T Yn — xn) Demicontractive Mappings in
+ Tnxn . Tnl'nJrl + C;(’Un . xn) H H»’Un . Tnan Arbitrary Banach Spaces
< ||l‘n+1 - Tn$n+1||2 + 2{b;z||Tnyn - xn” + LHIn-‘rl - $n|| Dl Igbokwe
+ e llvn =zl Hzn — T, | .
< ||@ns1 — T Tpia |* + 200, | T"yn — || + LU, T Y0 — 24| Title Page
+ Leyllon — @l + cllon — @[ Hlan — T2, Contents
< Nwngr = T"epia I + 21+ L) |2y — 2| « 13
X {1+ L)0LT "y — @nll + (1 + L)cp [lvn — @} p R
< |Zng1 — T"Tpsa || + 2(1 + L)z, — 27| .
X {(1+ L)V, [[1 + L(1 + L)]||x, — z*|| + M L] Go Bac
+ (L4 L)cy, [M + ||z, —27]], (using @.6)) Close
< |Zng1 — T | Quit
+2(1+ L)M{(1+ L)V,[[1 4+ L(1 + L)]M + M L] Page 16 of 24

+ (14 L)d,[M + M]}, (since ||z, —z*|| < M)
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(2.14) = || Tns1 — Ty ||* + 20, (1 + L)*M? + 4, (1 + L)* M.

Since lim b, = 0, lim ¢, = 0 andliminf ||z,+; — T"x, 41| = 0, it follows

n—oo n—oo n—

from (2.14) thatlim inf ||z,, — T"x,|| = 0. It then follows from Lemma 1 that
liminf ||z, — Tx,|| = 0, completing the proof of Lemma 3, O

Corollary 2.4. Let E be a real Banach space arid a nonempty convex subset
of . LetT : K — K be ak-strictly asymptotically pseudocontractive map
with F(T') # 0 and sequencék,} C [1,00) such thafim#k,, =1, > >7 (k2 —

1) < co. Let{a,}, {bn}, {cn},{a,}, {V.}, {c,}, {u.}, and{v,} be as in
Lemma2.3and let{x,} be the sequence generated from an arbitraryc K

by
Yn = ATy + bnTnxn + Cplly, N > 17
Tpyr = a, + b0 T "y, + v, n > 1,

Thenligglf |zn — Txy|| = 0.
Proof. From (1.1) we obtain
(I =Tz — (I =T")ylll|lz -y
> %{(1 —R)I(I =T — (I = T")y|I* = (ky — Dz — ylI*}
= VIR =T — (T =Ty
+ k2 =1z = yl]IVI =Kl = T")a = (I = T")yll = VI = 1]}z = y]]
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>

VI =KI[(I =T")z = (I =T")yl]
V1=K =Tz = (I =T")y| = VF = 1]}z = y]]

N | —

so that
VI RVI R = ") — (I = Tyl] = VB~ Tz — ] < lz — .
Hence
=T — (1 =y < AL DYy,
Furthermore,
[T Tyl ~ o=yl < (=T~ (1 —T")|
< AL BE D,y

from which it follows that

70—yl < 1+ ZACZNE Dby

Since{k, } is bounded, let,, < D, ¥n > 1. Then

e -1y < e AL Dl
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where

2+ V{(1—k
1—k
HenceT is uniformly L-Lipschitzian. SinceF'(T) # (), thenT is uniformly

D?—1)}

L=1+

L-Lipschitzian and asymptotically demicontractive and hence the result follows

from Lemma2.3. O]

Remark 2.1. Itis shown in [3] that if £ is a Hilbert space and” : K — K is
k-asymptotically pseudocontractive with sequeficg} then

D
|T"x — Try|| < Jr\/_||:zc—y||Var y € K, where k, < D,Vn>1.
1- vk

Theorem 2.5. Let E be a real Banach space and a nonempty closed con-
vex subset oFf. LetT : K — K be a completely continuous uniformly
L-Lipschitzian asymptotically demicontractive mapping with sequéhgk C
[1,00) such thaﬂizn k,=1land> > (k2—1) < oo. Let{a,}, {bu},{cn}, {a,},

{v.}, {.}, {u.}, and{v, } be as in Lemma.3. Then the sequende:,} gen-
erated from an arbitraryr; € K by
Yn = ATy + 0, T"x, + cpiy,, n > 1,

Tpy1 = a,xn, + 0T "y, + v, n>1,
converges strongly to a fixed point’Bf

Proof. From Lemma2.3, lim inf ||z,, — Tz, || = 0, hence there exists a subse-
quence{z,, } of {z,} such thalim ||z,, — Tz, || =0
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Since{z,, } is bounded and’ is completely continuous, thefi'z,,, } has a
subsequencgl'z;, } which converges strongly. Hen¢e,,, } converges strongly.
Supposehm Tn, =p. Then hm Twx,;, =Tp. lim |Zn;, — Ty, |

= [lp— TpH = (0 sothatp € F( ) It foIIows from (2 17) that

[z = pII* < Nz = plI* + pn
Lemma2.2 now implies lim ||z, — p|| = 0 completing the proof of Theorem
2.5 0

Corollary 2.6. Let E be an arbitrary real Banach space arfld a nonempty
closed convex subset bt letT : K — K be ak-strictly asymptotically pseu-
docontractive mapping witli'(T") # () and sequencék,, } C [1,00) such that
lim kb, = 1, and3 77 (k7 — 1) < oo. Let{an}, {bn}, {cn}, {ar}, {b,}, {c,},
{u,}, and{v,} be as in Lemm&.3. Then the sequende:, } generated from
an arbitrary x; € K by

Yn = QpTy+ bnTnxn + Cup, N 2> 17
Tpy1 = a,xy, +0,T"y, + v, n>1,
converges strongly to a fixed point’Bf
Proof. As shown in Corollary2.4, T is uniformly L-Lipschitzian and since

F(T) # () thenT is asymptotically demicontractive and the result follows from
Theorem?2.5. O

Remark 2.2. If we seth,, = ¢, = 0, Vn > 1in Lemma2.3 Theoren.5and
Corollaries 2.4 and 2.6, we obtain the corresponding results for the modified
Mann iteration method with errors in the sense of X [
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Remark 2.3. Theorem2.5 extends the results of Osilik&][(which is itself a
generalization of a theorem of Qihot]) from real ¢g-uniformly smooth Banach
space to arbitrary real Banach space.

Furthermore, our Theore.5 is proved without the boundedness condi-
tion imposed on the subséf in ([3, 4]) and using the more general modified
Ishikawa Iteration method with errors in the sense of XJu Also our iteration

parametersa,}, {b.}, {c.},{a.}, {0}, {c,}, {u.}, and{v, } are completely
independent of any geometric properties of underlying Banach space.

Remark 2.4. Prototypes for our iteration parameters are:

1 |
b/ = - / - - /:1_ b/ /
" T By T B L et
1 1
bn = n T 57 . av\9) nzl_—a > 1.
“ = 3mr12"” 312 "

The proofs of the following theorems and corollaries for the Ishikawa itera-
tion method with errors in the sense of Litj] are omitted because the proofs
follow by a straightforward modifications of the proofs of the corresponding
results for the Ishikawa iteration method with errors in the sense of’Ku [

Theorem 2.7.Let £ be a real Banach space and [Bt: £ — E be a uniformly
L-Lipschitzian asymptotically demicontractive mapping with sequéhgk C
[1,00) such thatlimk, = 1, and} > (kZ — 1) < oco. Let{u,} and{v,} be

sequences it such thaty_>° | [ju,|| < ccand} >, ||v,| < oo, and let{a,,}
and{g,} be sequences if, 1] satisfying the conditions:

(i) 0<ay,, B, <1L,n>1;
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(i) > 0y om =00
(i) Y7, a2 <occand) >, 3, < .
Let{x,} be the sequence generated from an arbitrayye E by
Yo = (1= Ba)zn + BT @0 + tn, n 2 1,
Tor1 = (1—ap)xn + Ty, + v, n > 1,
Thenligio:gf |zn — Tx,|| = 0.

Corollary 2.8. Let E be a real Banach space and [Bt: £ — FE be ak-strictly
asymptotically pseudocontractive map witi7") # () and sequencék, } C
[1,00) such thatlim &, = 1, and>_>7 (k2 — 1) < oo. Let{u,}, {v.}, {an}

and{f,} be as in Theorerd.7and let{x, } be the sequence generated from an
arbitrary z, € E by

Yo = (1= Bp)Tn + BT Ty + Uy, n > 1,
Tpt1 = (1 - Oén)xn + OznT”yn +v,, N> 1,

Thenlim inf ||z, — Tx,| = 0.

Theorem 2.9.Let E, T, {u,}, {v.}, {a,} and{g3,} be as in Theoren2.7.
If in additionT : £ — E is completely continuous then the sequeficg}
generated from an arbitrary, € E by

Yo = (1= B)zn + BT T + tn, n > 1,
Tpny1 = (1 - Oén)xn + anTnyn + Up, N 2 1,

converges strongly to a fixed pointBf

Approximation of Fixed Points
of Asymptotically
Demicontractive Mappings in
Arbitrary Banach Spaces

D.I. Igbokwe

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 22 of 24

J. Ineq. Pure and Appl. Math. 3(1) Art. 3, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:epseelon@aol.com
http://jipam.vu.edu.au/

Corollary 2.10. LetE, T, {u,}, {v.}, {a,} @and{3, } be as in Corollary2.8. If
in additionT is completely continuous, then the sequefcg generated from
an arbitrary x,y € E by

Yn = (1= Bn)ry + BT 2y +up, n > 1,
Tpy1 = (1—op)z, + 0Ty, + vy, n > 1,

converges strongly to a fixed point’Bf

Remark 2.5. (a) If K is a nonempty closed convex subseb@ndT : K —
K, then Theorem&.7 and 2.9 and Corollaries2.8 and 2.10 also hold
provided that in each case the sequeficg} lives in K.

(b) If we set3, = 0, Vn > 1in Theoremg.7 and 2.9 and Corollaries2.8
and2.10 we obtain the corresponding results for modified Mann iteration
method with errors in the sense of Liv] [
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