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Abstract

A new approach for neutral Fredholm integro-differential equations in Banach
spaces, using the Perov’s fixed point theorem of existence, uniqueness and ap-
proximation is presented. The approximation of the solution and of its derivative
is realized using the method of successive approximations and a trapezoidal
quadrature rule in Banach spaces for Lipschitzian functions. The interest is
focused on the error estimation.
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Consider the neutral Fredholm integro-differential equation

b
(1.2) z(t) = / [t s,x(s),2' (s)ds+g(t), tE€]a,b

where f : [a, ] X [a,b] x X x X — X is continuousX is a Banach space and

g€ C'([a,b],X).

To obtain the existence, uniqueness and global approximation of the solu- _Application of a Trapezoid
Inequality to Neutral Fredholm

tion of (1.1) we will use Perov’s fixed point theorem. To this purpose, we dif-  integro-Differential Equations in

ferentiate the equatiori (1) with respect tot and assume that (-, s, u,v) € Banach Spaces
Cl ([a, 0], X), Vs € [a,b], Yu,v € X, wherez’ = y. Hence (.1) reduces to Alexandru Miahi Bica,
the following system of Fredholm integral equations: HERS LTI G B
orin Muresan
w(t)=[) f(t;s,2(s),y(s)) ds+ g (t)
(1.2) , tela,b. Title Page
b
y(t) = fa aa—{ (t,s,2(s),y(s))ds+ g (t) Contents
The Perov fixed point theorem will be applied to the systérd)(obtaining 2 >»
also the approximation of the solution df.{) and its derivative. < >

The Perov fixed point theorem appeared for the first timelii} &nd was
later used for two point boundary value problems of second order differential
equations in§]. The Perov fixed point theorem was also usedlih [1(], Close
[1€] and [L9]. Bica and Muresan have used the Perov fixed point theorem for Quit
delay neutral integro-differential equations id jand [/]. In this paper the
authors have constructed a method of approximating the solutioh Hfand Page 3 of 24

Go Back



http://jipam.vu.edu.au/
mailto:
mailto:abica@uoradea.ro
mailto:
mailto:
mailto:vcaus@uoradea.ro
mailto:
http://jipam.vu.edu.au/

its derivative using a sequence of successive approximations and a trapezoidal
guadrature rule fromd]. Some of the existing numerical methods applied to
Fredholm integro-differential equations can be found in the papgrgd], [4],
[90, [14], [17], [19], [14], [15], [17]. The tools utilised in these papers are:
the tau method, direct methods, collocation methods, Runge-Kutta methods,
wavelet methods and spline approximation.

In this paper, our interest will be focused on the error estimation of the
method presented in the Sectidn
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Consider the following conditions:

(i) (continuity): f € C ([a,b] x [a,8] x X x X, X),q € C*([a,b], X) and
f (G s,u,v) € CH([a,b], X) foranys € [a,b] ,u,v € X

(i) (Lipschitz conditions): there exiat;, o, 81, £2, 71,72, 01, 02,1 € R% such
that for anyt, ', s, s1, s2 € [a, b] andu, v, uq, ug, v1,v2 € X, we have:

(21) Hf(tvsaulvvl) - f(t757u27v2)||X
< apfjur —uallx + B flor —va

0
(2.2) Ha—{ (t,s,us,v1) — s (t,s,us,v9) ;
< g llur —usllx + B2 [lor — 02 x
(23) Hf(t,sl,u,'u) - f (tu 327u7U>HX < 4! |81 — 82,
0 0
(24) Ha_{(taslauﬂj)_a_{<t7327uav) . S72|81_32 ;

(25) Hf (t,S,U,U) - f (tlv 87U7U)HX S 51 ’t - t/| )
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of of )
. — - L < _
(2.7) 19" (1) =g )llx <n-[t—=1].

We use Perov’s fixed point theorem (se€][ [5] and [LO]):
Application of a Trapezoid
Inequality to Neutral Fredholm
Integro-Differential Equations in

Theorem 2.1. Let (X, d) be a complete generalized metric space such that

d(z,y) € R"for z,y € X. Suppose that there exists a functidn X — X
such that:

d(A(z), Ay) <Q-d(z,y)
foranyz,y € X, whereQ € M,, (R,). If all eigenvalues of) lie in the open
unit disc fromR? thenQ™ — 0 for m — oo and the operatord has a unique
fixed pointz* € X. Moreover, the sequence of successive approximatigns

A(x,,—1) converges ta* in X for anyz, € X and the following estimation
holds:

28)  d(m ") Q" (L, — Q)" d(zo,71),

wherel, is the unity matrix inM,, (R) .

for eachm € N*

We recall the notion of generalized metric, which is a functiart” x Y —
R™ on a nonempty sét with the properties:

a)d(z,y) >0, foranyz,y € Y;
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b) d(z,y)
c) d(y,x)
d) d(z,2) <

sSr=y,forx,yeY,

0
d(xz,y),foranyz,y € Y;
d(z,y)+d(y,z),foranyz,y,z €Y.

Here, the order relation dR” is defined by

r<yex; <y, in R, foreachi=1,n, ;5 €R

Application of a Trapezoid

forz = (21,...,2,),y = (y1,-..,y») € R". The pair(Y, d) denote a general- Inequality to Neutral Fredholm
ized metric space. Integro-Differential Equations in

. . . Banach Spaces
In the following, we will use the notation
Alexandru Miahi Bica,

Vasile Aurel Caus and
[l = max {[|u () : ¢ € [a,B]}, " Sorin Muresan

foru € C ([a,b],X).

We consider the product spake= C ([a,b], X) x C ([a,b], X) and define Title Page
the generalized metri¢: Y x Y — R? by, Contents
d ((ur,v1), (uz,v2)) = (lur — w2l [lor = 020, 14 dd
< >

for (Ul,?]l) , (Uz, U2> cv.
It is easy to prove thatY, d) is a complete generalized metric space. We Go Back
define the operatod : Y — Y, A = (A, A,) by,

Close
Quit
Page 7 of 24
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and

b
(29 As(x,y)(t) = / % (t,s,2(s),y(s))ds+gt(t), te€la,bl.

The following result concerning the existence and uniqueness of the solution

for the equationX.1) holds.
Theorem 2.2.In the conditions (i), 2.1), (2.2), if (ay + 32) (b — a) < 2 and

(2.10) 1+ (b—a)* (B — asf)’ + 20981 (b — a)* > (b—a)® (a? + 33)
then the operatord has a unique fixed poirt:*, y*) such that
z* € C' ([a,b], X), y* = (2%

andz* is the unique solution of the equatioh.{). Moreover, the sequence of
the successive approximations given by,

(2.11) (o (), 90 (1) = (g9 (t).g'(¥)), tE€lab]
(2.12) Ty () = / f(t s, xm (8),ym(s))ds+g(t), tEela,b
and
b
@13) (0= [ T s (5) () ds 9 ().t fabl,
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converges it to (z*, y*) and the following error estimation holds:

(2.14) d((@m,ym) (2", 9") < Q™ (Lo — Q)™ - d ((z0, %) , (x1,41)) ,
foranym € N*,

where
ar B
= (b— .
Q= (b—a) ( oy fo )
Proof. From condition (i) we infer tha#l (Y) C Y. For (uy,v1) , (ug,v2) € Y,
t € [a, b] we have

[ AL (ur, v1) (8) — Ay (u2,v2) ()] x

b
< / [ [Jug (5) — uz (S)HX + B |1 (s) — v2 (5)||x]

< (b—a)- o flur —usllc + Bi[lor — v2llc],  foranyt € [a,b]

and

[ Az (u1,v1) (t) — Ag (u2, v2) (8
< (b—a)- o fJlur —us|l o + B2 [Jur — va| ] for anyt € [a,b].

We infer that

d (A (ur,v1), A(ug,v2)) < Q- d((ur,v1), (uz,v2)),
forany (ui,v1), (us,v2) €Y,
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where
( (b—a)ay (b—a)p )
Q= :
(b—a)ay (b—a) B
It is easy to see that the eigenvaluegbére real. The inequalitie® (10 and
(ay + 3) (b—a) < 2lead tou, s € (—1,1), wherey, and i, are these

eigenvalues. From the Perov fixed point theorem we infer {ffat— 0 for
m — oo and the operatod has a unique fixed poirit:*, y*) € Y. Then,

b
a:*(t):/f(t,s,:z:*(s),y*(s))ds+g(t), Vt € [a, b]

and
Pof /

Y (t) = E(t,s,x* (s),y"(s)ds+g'(t), VteE]a,b].
Since f (-, s,u,v) € C'(la,b],X), foranys € [a,b], u,v € X andg €
C' ([a,b], X) we infer thatz* € C*([a,b],X). If we differentiate the first
equality with respect toé we obtainy* = (z*)". Thena* is the unique solution
of (1.1). From the relations2.12) and ¢.13 and from @.9) we infer that the

sequences given ir2 (12, (2.13 fulfil the recurrence relation

(xm+17ym+1) = A((xmaym)) ) Vm € N.

Now, the inequality 2.14) follows from the estimation4.8). SinceQQ™ — 0 for
m — oo in My (R) we infer that

Jim d (@ 0,) . (a",97) = (0,0).

This proves the theorem. O
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To compute the terms of the sequence of successive approximations we use

in the calculus of integrals ir2(12), (2.13 the trapezoidal quadrature rule for
Lipschitzian functions fromd]:

b
(3.1) /F(x)dx
(b

n—1 .
a) i(b—a)
= F 2 F F F
o (a) + ; (a—i— - )+ ()| + R (F)
with
32) IR ()] < 20
' " X = dn 7
whereL is the Lipschitz constant of' : [a, b] — X.
In this respect consider the uniform partition[@f?]
(3.3) Ata=tog<ti < - <th1<t,=0b
with ¢, = a + @, i = 0,n and computez,, (t;),Ym (t;), 7 = 0,n, m €
N*

From 2.12 and .13 we have

(3.2) e (1) = / F(tir 5,2 () sy (5)) ds + g (£1)
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and

(B5)  Ymi (L) = b % (i, 8,7 (8) s ym (5)) ds + ¢ (t:)
' foranyi =0,n, m € N.
We define the functions
Fois Gy o |a, b — X, m € N, i=0,n
by

Fm,i (5> = f (tia S, Tm (S) y Ym (8))
(3.6) , foranys € [a,b].

Gm,i(s) = % (tis s, @m (), Ym (5))

Definition 3.1. AsetZ C C ([a, b], X) is equally Lipschitz if there exisfs > 0
such that for any, € 7,

\h(t)—=h(t)|y <L-|t—1|, for eacht,t’ € [a,b].
Theorem 3.1. The subsets
{{Fm,i}m€N7 i :O,_TL} C C([au b]7X)

and
{Gmitpen, 1=0,n} CC([a,b],X)

defined in 8.6), are equally Lipschitz, if the conditions (i) and.{) — (2.7) are
true.
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Proof. Let
p=1g'llc =max{|lg’ @)l :t € [a,b]}.
Form € N* andi = 0, n we have

[ Foni (81) = Fonsi (82) |l
< i ls1 = sof + an [ (51) = 2 (82)ll x + B1 [|[Ym (51) — ym (82| x
<y lsy—so| +ar 61 (b—a)+ p] - |51 — saf
+ B1[02 (b —a) - |s1 — sa| + |lg" (51) — g’ (s2)l x]
< +op+Bin+(b—a) (b + Bi12)] - [s1 — s2f

for anysy, ss € [a,b] and

[Gmi (1) = G (52) | ¢
< 21— sao| + ag ||z, (1) — T (Sz)Hx + B2 [|Ym (51) = Ym (Sz)Hx
< [v2 4+ agp + Bon 4 (b — a) (26 + 202)] - [s1 — 52,

for anysy, so € [a,b]. Moreover, for anyi = 0, n we have,

HFO,i (81> - F()J' <82>HX S (’71 -+ o1l + 617])'|81 — 82| , for eaChSl, S9 € [CL, b]

and

HGO,i <81> — Goﬂ' (SQ)HX < (’72 -+ Qo b + 627])"51 — 82| s for eaChsl, S9 € [CL7 b] .

Let
Li =y +ap+ Bin+ (b—a) (a1 + Bi1d2),
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Ly =y + agpi + Bon + (b — a) (azd1 + Badz) .
From the above, we infer that for any= 0, n, we have,

| Fni (51) = Finyi (82)|lx < Ly - |s1 — s2|, foreachs;,s; € [a,b]
and
|Gy (1) = Gy (52) || < La-|s1 — 2|, for eachsy, sy € [a,b] andm € N.
This concludes the proof of the theorem. O

Applying in (3.4), (3.5 the quadrature rule3(1) — (3.2) we obtain the nu-
merical method:

(3.7) o (ti) = g (t:) . yo (t:) = ¢’ (L), fori =0,n

(3.8) @y (ti) =g (t:) + (bz—na) ’ [f (tis a, Tm-1 (@), Ym-1(a))

n—1
+ 23 f (it ot (1) Ymor (85)) + f (i by 1 (0) Y (b))
j=1

+ R, fori=0,nandm € N*

and

(3.9) ym (t:i) =g (t:) + o™ — (ti,a, 21 (@), Ym-1 (@)

(b—a) [af
ot
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n—1 P 9
+2 ; a_}]: (tis s mr (1) Ym—1 () + a_}]: (ti, b, Ty (D) , Y1 (b))

+ Ry, fori=0,nandm € N*.

with the remainder estimations

Ll (b - a)2 * . ~
(3.10) | Rmill x < — foranym € N*andi = 0, n,
n
Lo (b—a)>
(3.11) lwmill x < #, oranym € N* and: = 0, n.
n

These lead to the following algorithm:

zo (ti) = g (t:) ,yo (t:) = ¢’ (L),

+2)  f(titg(ty) . g (1) + f (b0, () g (1) | + R

=71 (ti) + Ray,
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: {f (tisto, @1 (to) + Rio, 71 (to) + wip)

Alexandru Miahi Bica,
Vasile Aurel Caus and

+22f it T + le’yl( )+W1,j) Sorin Muresan
Title Page
+ f(ti, tn, T1 (tn) + R, U1 (tn) + wl,n):| + Ry g
Contents
(b—a) o
=g(t:) + Ton f (ti, to, 71 (to) , 71 (o)) <4< (33
n—1 4 }
+22f(ti;tj7$_1(tj)am(tj)) Go Back
j=1
_ Close
tiatny_ tn 7_ tn R 7 .
1t T (6) TR ()| + P -

= T3 (t;) + Ry, Page 16 of 24
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—— (ti, to, @1 (to) + R, U1 (to) + wiy)

L (b-a) [af

n—1
0
+ 22 or (tists, @1 (8) + R g, U1 (8) + w1 j)

£ ot
of _ _
+ E(th tm T1 (tn) + Rl,n: U1 (tn) + Wl,n) + Wa i
! b— 8 J— _
=g () + ( Qna) . [8_{ (tisto, 71 (to) , 71 (t0))
n—1
0
125 Wty 7). 7 1)
j=1
0
+ 8_{ (tia t’mTl (tn> 7% (tn>> + w?,i
=% (t) + @25,  wheni =0, n.

By induction, form > 3, we obtain fori = 0, n that

: [f (tz', to, Tm—1 (to) + Rm—1.0, Um—1 (to) + wm—l,O)
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n—1

+2 Z F (it Tt (6) + Rn1j> U1 () + Tmo15)

j=1
+ f (tw tna Tm—1 (tn) + Em—l,n; Ym—1 (tn) + wm—l,n) + Rm,i
b—a
=g (t:) + ( o ). [f (tisto, Tm—1 (to) , Um—1 (t0))
n—1 Application of a Trapezoid
Inequality to Neutral Fredholm
+2 Z f (ti; tj? Lm—1 (tj) y Ym—1 (tj)) Integro-Differential Equations in
j=1 Banach Spaces

Alexandru Miahi Bica,
+ Rmﬂ' Vasile Aurel Caus and
Sorin Muresan

+ f (tza tn; Tm—1 (tn) y Ym—1 (tn))

=T (L) + Ry

Title Page
and
Contents
(3.17) ym (t:) «“ >
b—a)l0 _
=g (ti) + ( o ) {8_{ (tz‘7 t0s Tm—1 (to) + Rim—1,0, Um—1 (to) < >
n—1 of Go Back
+ wmfl,o) +2 Z ot (tiS tj, Tm—1 (t;) Close
i=1
’ Quit

‘|’Em—1,ja Ym—1 (tj) “’wm—ld’) =) 18 of 24
age 18 0
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of

+ = (tza tna Lm—1 ( n) + Emfl,na Ym—1 (tn> + wmfl,n) + wm,i

ot
b— 0
g+ [ 10, T (1), T ()

n—1

+23° a1y, 7 () T (1)
j=1
0

+ a{ (tzatnaxm 1( ) Ym— 1( )) +w_m,z

= Ym (t;) + Wini-

At the remainder estimation we have for any 0, n

Application of a Trapezoid
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Sorin Muresan

Ly (b—a)’ Ly (b—a)’
[ Rl x < — lwiill x < F— Title Page
Using in (3.14) the Lipschitz property4.1) we obtain: Contents
Lo o XX >
[Roil| <11+ (b= a) (e + 8)]- ==, foranyi =0,n < >
Using in (3.15) the Lipschitz propertyZ.2) we obtain: EYIEES
) Close
L — _
|@oil| <1+ (b—a)(az+ Ba)] - Q(Z—na), for eachi = 0, n. Quit
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By induction, we obtain forn > 2 andi = 0, n,

(3.18) [Fo| < [1+ (06— a) 01 4 B0) + -+ (b= 0" (o + )"

Ly (b—a)®
. 4n
_1=(b=a)" (a+p)" Li(b—a)
1= (b—a)(a+B) 4n
and
(3.19) [l S [L+(b—a) (az+Ba) + -+ (b—a)" " (az+ B)" ']
Ly (b—a)’
. 4n
C1=(b—a)" (aa+B)" La(b—a)
1—(b—a)(az+ 52) 4dn '

Finally, we can state the following result:

Theorem 3.2.With the conditions (i),4.1) — (2.7), (2.10, and if (b — a) (a1 + 1)
< land(b—a) (a2 + B2) < 1, then the solution of the systein) is approxi-
mated on the knots of the uniform partitidngiven in @3.3), by the sequence

(@ (), G (83)) Yo »

obtained in 8.12 — (3.17) and the following error estimation holds:

(3.20) ( [l () (t)l x

ly™ (£:) — U (£:)ll x

1=0,n

) < Q" (I~ Q) d(zo, 1)
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Ly (b—a)?

+ 4n[1£b(:)(c;;wl)] , foreachm € N* andi = 0, n.
2(b—a

4n[1—(b—a)(az+52)]

Proof. Follows from @.14), (3.18 and (.19 since

[ (8) = T (8[| < M7 (8) = @ (8)[|x + 12 (&) = T (83)]] x

for eachm € N* andi = 0, and,

1y (t) = T ()l x < Ny" () = ym )|l x + llym (8) — T ()] x
for eachm ¢ N* andVi = 0, n. O

Remark 1. Whenf (¢,s,u,v) = H (t,s) - f (s,u,v) with H* € C ([a, b’ . X)

we obtain the existence, uniqueness and approximation of the solution for
Hammerstein-Fredholm integro-differential equations in Banach spaces. More-
over, in the particular casé{ (t,s) = G (t, s) , the Green function, we obtain

a new approach for two point boundary value problems associated to second
order differential equations in Banach spaces.

Remark 2. For X = R™ we obtain a new method in analysing systems of Fred-
holm integro-differential equations and fof = R we obtain similar results
for the approximation of the solution of a scalar Fredholm integro-differential
equation.
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