J Journal of Inequalities in Pure and
I > <M Applied Mathematics

0 http://jipam.vu.edu.au/

Volume 7, Issue 5, Article 173, 2006

APPLICATION OF A TRAPEZOID INEQUALITY TO NEUTRAL FREDHOLM
INTEGRO-DIFFERENTIAL EQUATIONS IN BANACH SPACES

ALEXANDRU MIAHI BICA, VASILE AUREL C AUS, AND SORIN MURESAN

DEPARTMENT OFMATHEMATICS
UNIVERSITY OF ORADEA,
STR. UNIVERSITATII NO.1

410087, QRADEA, ROMANIA

abica@uoradea.ro

vcaus@uoradea.ro

Received 27 January, 2006; accepted 19 November, 2006
Communicated by S.S. Dragomir

ABSTRACT. A new approach for neutral Fredholm integro-differential equations in Banach
spaces, using the Perov’s fixed point theorem of existence, uniqueness and approximation is
presented. The approximation of the solution and of its derivative is realized using the method of
successive approximations and a trapezoidal quadrature rule in Banach spaces for Lipschitzian
functions. The interest is focused on the error estimation.
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1. INTRODUCTION

Consider the neutral Fredholm integro-differential equation

(1.1) x(t)—/ Fts,a(s), o (s)ds+g(t), € lab

where f : [a,b] X [a,b] x X x X — X is continuous,X is a Banach space and €
C' ([a,b], X).

To obtain the existence, uniqueness and global approximation of the solutjon|of (1.1) we will
use Perov’s fixed point theorem. To this purpose, we differentiate the eqyatipn (1.1) with respect
tot and assume that(-, s, u,v) € C* ([a,b], X), Vs € [a,b], Vu,v € X, wherez’ = y. Hence

ISSN (electronic): 1443-5756
(© 2006 Victoria University. All rights reserved.
028-06


http://jipam.vu.edu.au/
mailto:abica@uoradea.ro
mailto:vcaus@uoradea.ro
http://www.ams.org/msc/

2 ALEXANDRU MIAHI BICA, VASILE AUREL CAUS, AND SORIN MURESAN

(1.7) reduces to the following system of Fredholm integral equations:

= f:f(t,S,I(S) vy(s))d8+g(t)
(1.2) , t€la,bl].
y() = [, 5 (ts.0(s),y(s)ds +¢ (¢)

The Perov fixed point theorem will be applied to the sysfenj (1.2) obtaining also the approxi-
mation of the solution of (I]1) and its derivative.

The Perov fixed point theorem appeared for the first time_in [16] and was later used for
two point boundary value problems of second order differential equations in [5]. The Perov
fixed point theorem was also used in [1], [10], [18] ahd![19]. Bica and Muresan have used
the Perov fixed point theorem for delay neutral integro-differential equations in [6]and [7]. In
this paper the authors have constructed a method of approximating the solufionj of (1.1) and its
derivative using a sequence of successive approximations and a trapezoidal quadrature rule from
[8]. Some of the existing numerical methods applied to Fredholm integro-differential equations
can be found in the papers [2]] [3]) [4]) [9], [11], [12], [13], [14], [15], [17]. The tools utilised in
these papers are: the tau method, direct methods, collocation methods, Runge-Kutta methods,
wavelet methods and spline approximation.

In this paper, our interest will be focused on the error estimation of the method presented in
the Section 3.

2. EXISTENCE, UNIQUENESS AND APPROXIMATION

Consider the following conditions:
(i) (continuity): f € C ([a,b] x [a,b] x X x X,X),g € C'([a,b],X)andf (-, s,u,v) €
C! ([a, 0], X) foranys € [a,b] ,u,v € X
(i) (Lipschitz conditions): there exist;, as, 41, 52, 71,72, 01, 02,1 € R such that for any
t, ', s,s1,8 € [a,b] andu, v, uy, us, vy, v € X, We have:

(2.1) 1f (s s ur,v0) = f (L s, u2,02) || < anflur — ual[x + B flor — vl x
0
(2.2) (t,s,u1,v1) N (t,8,u2,v2)|| < g llur —ugl|y + Ba Jur — va 5,
X

(23) ||f (tu Sl?”ﬂ”) - f (t,Sg,U, U)”X S 71 ’81 - 52| )

0
(24) t S1, U, U (ta SQ,U,U) S 72 ’81 - S2| )

T ot .
(25) ||f(t,s,u,v)—f(t’,s,u,v)HX <o |t_t/|7
(2.6) H (t,s,u,v) _o (t',s,u,v)|| <t —1],

at .
(2.7) 19" () =g E)llx <m-[t—1].

We use Perov’s fixed point theorem (see [16], [5] and [10]):
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Theorem 2.1.Let (X, d) be a complete generalized metric space such diat y) € R" for
x,y € X. Suppose that there exists a functidn X — X such that:

foranyz,y € X, whereQ € M, (R,). If all eigenvalues of) lie in the open unit disc frorik?
then@™ — 0 for m — oo and the operatorA has a unique fixed point* € X. Moreover, the
sequence of successive approximatiops= A (x,,_1) converges ta* in X for anyz, € X
and the following estimation holds:
(2.8) d(xm,2*) < Q™ (I, — Q)" -d(xg,21),  foreachm e N*
wherel,, is the unity matrix inM,, (R) .

We recall the notion of generalized metric, which is a functibn ¥ x Y — R" on a
nonempty set” with the properties:

a)d(x,y) >0, foranyz,y € Y;

b) d(z,y) =0 =y, forz,ycY,

c) d(y,z)=d(z,y),foranyr,y € Y;

d) d(z,2) <d(x,y) +d(y,2),foranyz,y,z € Y.
Here, the order relation dR” is defined by

r<y&szx; <y, in R foreachi=1,n, z;y €R

forz = (z1,...,2,),y = (Y1,.-.,yn) € R" The pair(Y,d) denote a generalized metric
space.
In the following, we will use the notation

[ulle = max {|lu(®)[|lx : t € [a,0]},

foru € C ([a,b],X).
We consider the product spate= C ([a,b] , X) x C ([a,b], X) and define the generalized
metricd : Y x Y — R? by,

d ((u1,v1), (u2,v2)) = (lur — wall o, lor = vallc)
for (ul,vl) , ('Ll,z, UQ) cY.
It is easy to prove thaty, d) is a complete generalized metric space. We define the operator
AY =Y, A= (AiAs) by,
b
:/ £t s (s).y (s)ds + g (1)

and
of

@9 AEy® - =

The following result concerning the existence and uniqueness of the solution for the equation

(1.1) holds.
Theorem 2.2. In the conditions (i),[(2]1)[ (2]2), {fa1 + 32) (b — a) < 2 and
(2.10) 1+ (b —a)! (a1 — asB)? + 20281 (b — a)® > (b—a)® (of + 33)
then the operator! has a unique fixed poirit:*, y*) such that

¥ € O ([a,b], X)), vt = (z%)

(t,s,x(s),y(s))ds+gt(t), te€]a,b].
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and z* is the unique solution of the equatidn ([1.1). Moreover, the sequence of the successive
approximations given by,

(2.11) (o (1) ;90 (1) = (g (t) 9" (1)), tE€lal]

(2.12) Ty () = / f(t s, xm(8),ym(s))ds+g(t), tE€]la,b
and

@13) (0= [ P tsan ) @) ds g @), telal]

converges it to (z*, y*) and the following error estimation holds:
(214) d(<xm7ym)7(x*7y*)> S Qm (In _Q)_l ‘d((x071/0)><551;y1>>7 for anym € N*v

where
@=o-a (i 5)

Proof. From condition (i) we infer thatd (Y') C Y. For (uy,vy1), (ug,v2) € Y, t € [a,b] we
have

[[A (ur, 01) (8) = Ax (ug,v2) ()] x

b
< / fon [lus (5) — s (5) [ + By [lon () — v2 (5)]] ]

< (b—a)-[ar[[ur — usllg + Bi[lvr — 2] foranyt € [a, ]
and
[ A2 (ur,v1) (1) — Az (u2,v2) ()| x
< (b—a)-|az||ur —usl|o + B2 ||v1 — vall ] s for anyt € [a,b].

We infer that
d (A (ul,vl) ,A (Ug, ’Ug)) < Q . d((ul, U1> , (UQ, UQ)) , for any (Ul, Ul) , (UQ,’UQ) c Y,

where
0 ((b—a)al (b_a)51>
(b—a)as (b—a)Bs )
Itis easy to see that the eigenvalueg)are real. The inequalitiels (2]10) afwd + 32) (b — a) <
2 lead toyu,, 2 € (—1,1), whereu,; andp, are these eigenvalues. From the Perov fixed point

theorem we infer tha®)™ — 0 for m — oo and the operatorl has a unique fixed point
(z*,y*) € Y. Then,

b
:/f(t,s,a:*(s),y*(s))ds—|—g(t)7 Vt € [a,b]
and
/at (t:5,27 (s),y" (s)) ds + ¢ (), Vi€ [ab].

Sincef (-, s,u,v) € C'([a,b],X), foranys € [a,b], u,v € X andg € C' ([a, ], X) we
infer thatz* € C* ([a, 0], ) If we differentiate the first equality with respecttave obtain
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y* = (z*)'. Thenz* is the unique solution of (1.1). From the relatiops (2.12) and {2.13) and
from (2.9) we infer that the sequences giveri in (R.12), (2.13) fulfil the recurrence relation
(Tmt1s Ymr1) = AT Ym)),  Ym €N

Now, the inequality[(2.74) follows from the estimatign (2.8). Sidge — 0 for m — oo in
M (R) we infer that

lim d((xma QM) ) (l’*, y*)) = (Ov 0) :

m—0o0

This proves the theorem. O

3. THE MAIN RESULT

To compute the terms of the sequence of successive approximations we use in the calculus of
integrals in[(2.1R)[(2.13) the trapezoidal quadrature rule for Lipschitzian functions|from [8]:

b n—1 .
_(b—a) i(b—a)
(3.1) /aF(x)dx— o F(a)+2iZIF at+—— +F()| + R, (F)
with
L(b—a)
. < —
(3.2) IR (Pl < =,
whereL is the Lipschitz constant of : [a,b] — X.
In this respect consider the uniform partition[@f?] ,
(3.3) Aca=tog<ti < - <t,_1<t,=0b
witht; = a+ 2% j =0, and computer,, (;),ym (t;), i=0,n, m e N,
From (2.12) and (2.13) we have
b
(34) Tm+41 (tz) = / f (tia S, Tm <8) » Ym (S>) ds + g (tz)
and
of : o
(35) Ym+1 (tz) = E (tia S, Tm (8) » Ym (5)) ds + g (tz) ) for anyZ - 07 n, m € N.

a

We define the functions
Friy G a,b] — X m € N, i=0,n

by

Fini(8) = f (ti 8, 2m (5) , ym (5))
(3.6) , foranys € [a, b].

Gm,i (5) = % (tza S, Tm (S) » Ym (S))
Definition 3.1. AsetZ C C ([a,b], X) is equally Lipschitz if there exists > 0 such that for
anyh € 7,

|h(t)—h({)||x <L-|t—1t], for eacht,t’ € [a,b].

Theorem 3.1. The subsets
{{mei}mgNa Z:O,_TL} C C([a>b]?X)

and L
HGmitmen: ©=0,n} C C([a,b],X)
defined in[(3.6), are equally Lipschitz, if the conditions (i) gnd]|(2.1) 1 (2.7) are true.
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Proof. Let
p=gllc=max{llg’ ()| x : t € [a,b]}.
Form € N* andi = 0, » we have

[ Fomi (1) = Finsi (s2) [ x
< st = sa| + an[[zm (51) = @ (82)[[ x + 51 [Ym (51) — Y (82) |
<181 — so| +ay [0 (b—a) + p] - |51 — so
+ b1 02 (b—a) - |s1 — so| +[|¢' (s1) — g (s2)]Ix]
<y A ap+ Bin+ (b —a) (@16 + 1d2)] - [s1 — s,

for any sy, ss € [a,b] and

[Gimi (51) = G (52)]] ¢
<y ls1 = so| + an |7 (1) = T (82) [ x + B |Ym (51) — Ym (52) | x
< [y2 4+ aapr + Bon + (b — a) (ady + PB2d2)] - |51 — sa2f,

for anysy, s, € [a,b] . Moreover, for anyi = 0, n we have,
|1 Fo;i (s1) — Fo, (s2)|ly < (1 +oap+ Bim) - |s1 — so|, foreachsy, s, € [a, b]
and
1Go,i (s1) — Goy (52)|| x < (72 + aopn+ Fam) - |s1 — so|,  for eachsy, s, € [a,b].
Let
Ly =m+oap+ 6in+ (b—a) (a1dy + Bids),
Ly =y + agpr + Bon + (b — a) (azd) + Badz) .
From the above, we infer that for any= 0, n, we have,
| Finsi (81) — Fji (82)[]x < L1 -|s1 —s9|, foreachsy, s, € [a,b]
and
|G (51) = G (52)|l ¢ < Lo - |s1 — s2|, foreachsy, s, € [a,b] andm € N.
This concludes the proof of the theorem. O

Applying in (3.4), [3.5) the quadrature rufe (B.1) — {3.2) we obtain the numerical method:

(3.7) zo (t:) = g (t:) w0 (t:) = ' (1), fori=0,n

(b—a)

2n

(3.8) zm (t:) =g (i) + N f (i a, T (@) Y1 (a))

n—1
+23  f (it 1 (1) ymet (6)) + f (E by 1 (0) Y1 (B))
j=1

+ R, fori=0,nandm € N*
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and
(B.9) ym(t:)) =g (t:;) + (b;na) ) g_{ (tiya, Tpm_1 (@), Ym_1(a))
n—1 a a
+2 ; a—{ (tis by, Tm—1 (t5) , Yym—1 () + a_{ (ti,b, 21 (B) , Y1 (b))

+ Ry, fori=0,nandm € N*.

with the remainder estimations

Ll (b — CL>2 —_—
(3.10) | Rl x < —4—» foranym e N"andi=0,n,
Ly (b—a)’ _
(3.11) |wm,illx < — oranym € N*andi = 0, n.
n

These lead to the following algorithm:

zo () = g (t:) , o (t:) = ¢’ (t:)

(3.12) r1 () = g(t;) + (b;n@ : [f (ti,a,g(a), g (a))
F2Y F it (6),6 (1) + £ (5,9 0) 6/ 0) | + Rus
=71 (t;) + R,
313w =g )+ [‘3—{ (t0,9 (0). ¢ (a)
n—1 a a
+25° W tt15,0(0).0 1)) + 55 (09 )9 ) | + e,
=71 (t;) + w1,
(- a) _ N
(314) X2 (tz) =g (tz) + 271 . [f (ti, to, I (to) + Rl,O) U1 (to) —+ wl,o)
F237 F sty (1) + R, T (1) + ) + 1t 75 (1)

+ Riy, U1 (tn) +win)| + Ray
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=g () + o [f (ti;to, 71 (to) , 71 (t0))

n—1
+2>  f (it ()51 () + f (ti b, T (8) 01 (8) | + Ras

(3.15) s (t;) =g (t;) + (b=a) [8f (ti, to, 1 (to) + R0, 71 (o) +wip)

2n ot
+22 () + Bus g (65) + wns) + 2Lt 60,75 ()
Jo 5 ot iy bny n
+ Rin, 01 (t) +win) | + way
b— 0
:g/ (tz) ( Qna) a_{(tlat(]?‘r_l(t(])?m(t()))

+2§%(ti;tj,x—1(tj>,m(t ) + 2{ (tis o, T3 () 71 (E0)) | + @24

=7 (ti) + Way, wheni = 0, n.
By induction, form > 3, we obtain fori = 0, n that

b _
=g (t:) + on [f (ti, to, Tm—1 (to) + Rin—1.0 Um—1 (t0) + Wm—1,0)

+2 Z f (ti§ tj, Tt (t;) + R, Y1 () + wm—l,j)

j=1
+ f (tza tna Tm—1 (tn) + }_%m—lﬁum (tn) + wm—l,n) + Rm,i
=g () + (b2—na) . [f (ti, to, Tm—1 (to) , Um—1 (t0))
n—1
+ 23 f (it Tt (8) Tt (6) + f (it Tt (£0) Tt () | + R
j=1
= Ty () + le

(8.17) ym () =4 (t;) + Gl [g{ (i, to, Tm—1 (to) + Rim—1,0,Um—1 (to) + Dm-10)
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of _ N
+2 Z n (tist, Tt (t5) + Rin—1.js Yt (£5) + Win—1,5)

0 _
+ (9.:: (tza tn> Lm—1 ( n) + Rm—l,na Ym—1 (tn> + wm—l,n) + Wm,i
, b—a 0
— (1) + 00 [ O (et (10) T (1)

nla
+zza{ (15t Tt (1) i (1))

0
9t T (1) T () |+ T
t
= Ym (i) + Dini-
At the remainder estimation we have for any 0, n
L1 (b — CL)2 L2 (b — CL)2
1Rually < ———  lwnilly < ———

Using in [3.14) the Lipschitz property (2.1) we obtain:

Ly (b—a)? -
4n

Using in (3.15) the Lipschitz property (2.2) we obtain:

[Reil| <1+ (b= a) (o + )]

2
[l <1+ (b—a)(az+ Ba)] - W, for eachi = 0,n
By induction, we obtain forn > 2 andi = 0,n
2
3.18) ||Bmi| <1+ (—a)(ar+B)+--+(b—a)" " (a1 +5)""]- #
— (b — Cl)m (Oél + ﬁl)m ] L1 (b — CL)2
—(b—a) (a1 + /) 4n
and
2
(B19) @il S [14+(b—a) (a4 B)+ -+ (b—a)" " (a2 + )" '] - W

L= (b—a)" (a2 + )" La(b—a)’
—(b—a)(az+ () dn

Finally, we can state the following result:

Theorem 3.2. With the conditions (i),[(2]1) 4 (2.7), (2! 7'10) and(tf— a) (a; + 1) < 1 and
m (

(b —a) (aa + (2) < 1, then the solution of the system (1.2) is approximated on the knots of the
uniform partitionA given in [3.B), by the sequence

{(m (tz) s Um (tz))}meN ) 1= 0,
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obtained in[(3.12) {(3.17) and the following error estimation holds:

[ (t:) — T () L OV d (e x
(3.20) (Hy* ) — e (s ) <Q"(I;— Q) d(xo,11)

La(b—a)
dn[1—(b—a)(az+062)]

Proof. Follows from [2.14),[(3.18) and (3.119) since

[l (t:) — T (8) [l x < Nl2™ () = 2 (8) L + Nl (8:) — T ()]
for eachm € N* andi = 0, n and,

ly" (t) = T ()l x < Ny" () = ym ()]l x + [[ym () — T ()] x
for eachm € N* andVi = 0, n. O
Remark 3.3. Whenf (¢, s,u,v) = H (t,s) - f (s,u,v) with H* € C ([a,]*, X ) we obtain the
existence, uniqueness and approximation of the solution for Hammerstein-Fredholm integro-
differential equations in Banach spaces. Moreover, in the particulari€dses) = G (¢, s),

the Green function, we obtain a new approach for two point boundary value problems associated
to second order differential equations in Banach spaces.

Li(b—a)?
+ ( 4nfl-(b=a)(ey +51)] ) , foreachm € N* andi = 0, n.

Remark 3.4. For X = R™ we obtain a new method in analysing systems of Fredholm integro-
differential equations and fak = R we obtain similar results for the approximation of the
solution of a scalar Fredholm integro-differential equation.
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