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Abstract

In this note we give a short and elegant proof of the result ) "," glwttot?) — o(p)
for o not a rational multiple of &, uniformly in w. This was first proved by Hardy
and Littlewood, in 1938. The main ingredient of our proof is Van der Corput's
inequality. We then generalize this to obtain )", thewttat) — o(nf+1), where
7is a nonnegative constant.
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Hardy and Littlewood ] studied the series of the foriw_, ¢'“+**) and
other similar series associated with the elliptic Theta functions. It was noted
there that the behavior is interesting and difficult whes not a rational multi-

ple of 7. The main result proved in] can essentially be stated 5§’ , e*(“+o*")

= o(n) for a not a rational multiple ofr uniformly in w.

We became interested in this result, rather a generalization of it, while work-
ing on a problem of estimation of parameters of a chirp-type statistical model.
Although we hoped to find an easy proof of this result in the literature, we were
unable to find one. The purpose of this note is to give an easy proof of it. We
then generalize this to obtain a similar resultJof_, t?e"“*) wherej is a
positive constant.

The main ingredient of our proof is the following remarkable inequality.

Theorem 1.1 (Van der Corput’s Fundamental Inequality). [ 2, p. 25]:

Letu, - - - u, be complex numbers, and [Etbe an integer with < H < N.
Then

2

N
SHN+H-1)) |u,f

N
H? Zun
i i H-1 N—h
+2AN+H—=1)Y (H=h) > nlinin|.
h=1 n=1
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Theorem 2.1. Let 3 be a nonnegative real number. Thgy_, t7e!«+o*) =
o(nP*1), for a not a rational multiple ofr, uniformly inw.

Proof. By using Van der Corput’s inequality with fixel andu, = e*(“i+et®),
we obtain

2

n n

2
(21) H?2 Zez(wt+at2) < H(n + H— 1) Z ez(wt+at2)
t=1 t=1
H-1 n—h
h=1 t=1
for all n > H. Butw,ii,, = e~ "“h—h’~2w0th gnd so
n—h n—h
Z utat—i-h _ Z €—2zath .
t=1 t=1
Substituting this in the inequality?(1), we obtain
n 2 H-1 n—h
H? N ettt e < Hn+ H—1)n+2 Y (n+H—1)(H—h)|> e 2.
t=1 h=1 t=1

An Application of Van der
Corput's Inequality

K. Perera

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 4 of 10

J. Ineq. Pure and Appl. Math. 2(1) Art. 8, 2001

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:kanthi@engmath.pdn.ac.lk
http://jipam.vu.edu.au/

Thus

n

2
1 2 1 1 1
22 - (wt+at?) < -
@2 [t gl
H-1 n—h
n+H—1 <H_h> —2wath
oy ) D e,
h=1 t=1
Let An Application of Van der
n—h vt Corput's Inequality
_ —21at
Mn(a’ h) o ; € ’ K. Perera
Thus ifa is not a rational multiple of we can writeM,,(«, h) in the following
form. Title Page
M, (a,h) = e—zah(n—hﬂ)sm[@ _ h)O‘h]' Contents
sin(ah)
Then . « dd
M, (a, h s < >
Ml h)l < ST
. Go Back
If ko is the member of1,2,--- , (H — 1)} for which
Close
sin(aho)| = _min_ [sin(ah), Quit
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Substituting this in equatior2(2) we get

2

1 — 2 1 1 1
- y(wit+at?) < .
n ;6 - H * n nH
H-1
s (n+H-1)(H-h) 1
o n2H? |sin(c, ho)|
1 1 1 2
< E + ﬁ — I + - |sin(ah0)\ . An Application of Van der

Since this is true for alh > H, we obtain

2
1 < 2 1
li - 1(wttat?) <
J 2 <7
Since this is true for alH > 1, it follows that
1 A wt+at2 — 0
dn Z@ >

uniformly inw. That is, if« is not a rational multiple of,

(23) Zez(wt+at2) _ O(Tl),

uniformly in w.
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Now we will show that}"" | t#er@+at®) = o(nf+1) provideda is not a

rational multiple ofr. Let
QO(wa Oé) - 07
and, forn > 1,

n

Qn(w,a) = Ze’(“’t+at2) andS, (v, a) Ztﬁ Uwttat?),

t=1

Then

(2.4)  Sp(w,0) =Y t°[Qiw,q) = Qi1 (w, )]

n—1
= n7Q,(w, @) — Qo(w,a) Z [(t+1)° — t°1Qy(w, )
=1

[y

n—

= nﬁQn(w7Oé) - ft(w704)7

t=1

where

folw, ) =[(n+1)° = nfQu(w,a) for n=12 ...

By the mean-value theorem we have

(n+1)° —n’ =1  where n<a<n+l1.
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If 0 < B <1, theni#~! < nf~1 while if 3 > 1, thennf~! < (n+ 1) <
(2n)P-1. It follows that, for3 > 0,

2.5 n+1)° —nf < cgn’!
( B )
wherecg is a constant. Hence

[fa(w, @) < esn” " |Qn(w, @)

But by (2.3), if «is not a rational multiple of, then®,,(w, @) = o(n) uniformly
inw.
Thus if o is not a rational multiple of, then

[fa(w, )] < can”"lo(n),

So
Jalw, @) = o(n”).
uniformly in w. However,f, (w, ) = o(n?) implies that the mean

n—1 .
ﬁ Zt:l fr(w, ) is O(Hﬁ)-
Hence, ifa is not a rational multiple oft,

n—1
th(w,oz) = o(nft1),

uniformly inw. But by (2.4)

—_

n—

Sp(w, a) = n’Qu(w, a) — fi(w, a).

t=1
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It follows thatsS,,(w, ) = o(n?*1), for a not a rational multiple ofr, uniformly
inw.
This completes the proof of the Theorem. O
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