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Abstract:
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A family of optimal inequalities is obtained involving the intrinsic scalar
curvature and the extrinsic Casorati curvature of submanifolds of real space
forms. Equality holds in the inequalities if and only if these submanifolds are
invariantly quasi-umbilical. In the particular case of a hypersurface in a real
space form, the equality case characterises a special class of rotation hypersur-
faces.
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1. Introduction

B.-Y. Chen obtained manyptimal inequalities between intrinsic and extrinsic quan-
tities for n-dimensional Riemannian manifolds which are isometrically immersed
into (n+m)-dimensional real space forms, in particular, in terms of some new intrin-
sic scalar-valued curvature invariants on these manifolds, the so-éatl@datures

of Chen(see e.g. 4, 5, 6]). The §-curvatures of Chen originated by considering
the minimum or maximum value of theectional curvaturef all two-planesor the
extremal values of thecalar curvatureof all k-planes(2 < k£ < n), etc., in the
tangent space at a point of the manifold. These invariants provide lower bounds for
thesquared mean curvatuend equality holds if and only if the second fundamental
form assumes some specified expressions with respect to special adapted orthonor-
mal frames. For the corresponding immersions, these Riemannian manifolds receive
the least amount of “surface-tension” from the surrounding spaces and therefore are
calledideal submanifolds Such inequalities have been extended, amongst others,
to submanifolds in general Riemannian manifol fo Kaehler submanifolds in
Kaehler manifolds 7, 20, 22] and to Lorentzian submanifolds in semi-Euclidean
spaces1§].

Instead of balancingntrinsic scalar valued curvaturesuch as thecalar cur-
vatureor the more sophisticatedhen curvatureswith the extrinsic squared mean
curvature in the following, we will obtain optimal inequalities using tiasorati
curvatureof hyperplanes in the tangent space at a point. For a surfdéétime Ca-
sorati curvature is defined as the normalised sum of the sqparegipal curvatures
[2]. This curvature was preferred by Casorati over the traditional Gauss curvature
because the Casorati curvature vanishes if and only if both principal curvatures of a
surface inE3 are zero at the same time and thus corresponds better witiothieon
intuition of curvature.

In Section? we obtain a family obptimal inequalitiesnvolving thescalar cur-
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vatureand theCasorati curvatureof a Riemannian submanifold in a real space form.
The proof is based on an optimalisation procedure by showing that a quadratic poly-
nomial in the components of the second fundamental form is parabolic. Further
we show thaequalityin the inequalities at every point characterisesitivariantly
quasi-umbilical submanifoldsSubmanifolds for which the equality holds, will be
calledCasorati ideal submanifoldst turns out that they are all intrinsicalpyseudo-
symmetricand, if the codimension is one, they constitute a special classatfon
hypersurfaces
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2. Optimal Inequalities

Let (M", g) be ann-dimensional Riemannian manifold and denote/bgndr the
Riemann-Christoffel curvature tensand thescalar curvatureof M, respectively.
We assume that\/™, g) admits an isometric immersian: M™ — ]\7“’”(8) into an
(n 4+ m)-dimensional Riemannian space fo(M”*m(“) g) with constant sectional
curvaturer. TheLevi-Civita connectionsn M and M will be denoted bW andV,

respectively. Thesecond fundamental form of M in M is defined by the5auss
formula

ViV = VxY 4+ h(X,Y),
wherebyX andY” aretangentvector fields onl/. Theshape operatori, associated

with a normal vector field and thenormal connectiorV+ of M in M are defined
by theWeingarten formula

V€ = —Ae(X) + V&

Sinceg(h(X,Y),€) = g(A:(X),Y), the knowledge of the second fundamental form
is equivalent to the knowledge of the shape operatgior all {'s of a normal frame
onM in ]\7). -

A submanifoldM™ in a Riemannian manifold/"*™ is called (properlyuasi-
umbilical with respect to a normal vector fieldif the shape operatad, has an
eigenvalue with multiplicity> n — 1 (= n — 1). In this case{ is called aquasi-
umbilical normal sectiorof M. An n-dimensional submanifold/ of an (u + m)-
dimensional Riemannian manifold is calledtotally quasi-umbilicalif there exist
m mutually orthogonalguasi-umbilical normal sectiong, ..., &, of M. In the
particular case that thdistinguished eigendirectiortd the shape operator, with

respect tof,, i.e. the tangent directions corresponding to the eigenvalues of the
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matricesA, with multiplicity 1, are the same for afl,, the totally quasi-umbilical
submanifold under consideration is caliedariantly quasi-umbilica[1, 3].
The squared nornof the second fundamental formover the dimensiom is

called theCasorati curvature’ of the submanifoldV/ in J\7, ie.,
1 m n N
C= EZ <Z(hij)2> )
a=1 \i,j=1

wherehy; = g(h(e;,e;), &) are the components of the second fundamental form
with respect to an orthonormal tangent frafag, . . . , e, } and an orthonormal nor-

mal frgvme{fl, ..., &} of Min M. Thesquared mean curvatuef a submanifold
M in M being given by

m n 2
LY (Z h;;-) ,

from theGauss equation

m
_ [eR N6
Rijkl—E:( itk —

a=1

?k@) + E(Qilgjk - gikgjl>a

one readily obtains the following well-known relation betweengbalar curvature
thesquared mean curvatu@nd theCasorati curvaturdor anyn-dimensionabkub-

manifold M in anyreal space form\/ of curvaturec [3]:
7 =n?|H||* = nC +n(n — 1)c.

The Casorati curvature of as-plane fieldiV, spanned bye 1, ..., €1w}, ¢ <
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n —w,w > 2, is defined by

1 m qtw .
c(W) = EZ ( Z (hij)2) :
a=1 \4,j=q¢+1

At any pointp of M™ in a Euclidean ambient spa&*™, (C(W))(p) is the Casorati
curvature afp of the w-dimensional normal sectiohjj, of A" in E"*™ which is
obtained by locally cuttingl/™ with the normal(w + m)-space inE"*™ passing
throughp and spanned by and7,-M: (C(W))(p) = Csw (p). For any positive
real number-, different fromn(n — 1), set

— 2 _p—

o(r) = (n—1)(r+n)(n*—n 7“)’

nr

in order to define theaormalized)-Casorati curvatures(r;n — 1) andgc(r; n—1)
of M in M as follows:

de(r;m—1) |, :== rC|, +a(r) - inf{C(W) | W a hyperplane of T,M },
if 0 <r <n(n-—1),and:

de(rin —1) | := rC|, +a(r) - sup{C(W) | W a hyperplane of T, M},
if r>n(n—1).

Theorem 2.1.For any Riemannian submanifold™ of any real space fornﬁ”*m(a,
for any real number such that) < r < n(n — 1):

(2.1) T <dc(r;n—1)+n(n—1)c,
and for any real number such that:(n — 1) < r:

(2.2) T <delrin—1)+nn—1)c
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Proof. Consider the following functiorP? which is a quadratic polynomial in the
components of the second fundamental form:

P=rC+a(r)C(W)—71+n(n—-1)c.

Assuming, without loss of generality, that the hyperpl@inénvolved is spanned by
the tangent vectors, e, . .. ande,,_1, it follows that

(23) P = Z{( n_1)§;<h3>2+§<hzn>2
(i) 2oy

(i) Y g

i=1 i,5=1(i#j)

Thecritical pointsh¢ = (hi,, hiy, ... AL ... W7, ... k™) of P are the solutions

of the following system of linear homogeneous equations:

oP roa(r
m¢_2(5+n—1) &9 z:h%_o

k#i,k=1
oP (- —
(2.4) aW”:zgmm—2§:m%:Q
op (r  a(r) o S,
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oP r N
ohe, 4 (n + 1) i = 0,

with i, 7 € {1,...,n— 1} anda € {1,...,m}. Thus, every solution® of (2.4) has
hg; = 0 for i # j (which corresponds to submanifolds witivial normal connec-
tion) and the determinant of the first two sets of equation2af (s zero (implying
that there exist solutions which do not correspontbtally geodesic submanifolgds
Moreover, the eigenvalues of the Hessian matri®aire

2 2(n —1
A =0, A, = — <r2 +n?(n — 1)); A==\ = %(r +n);
ra(r) . T .
oy Ay : @:4(_ 1) 1....n—1}).
)\7,] (n+n_1+ >7 (Z#.])7 )\zn n+ Y (Z7j 6{ ) 7” })

Hence,P is parabolic and reaches a minimuA{h®) = 0 for each solutiorh© of
(2.4), as follows from inserting4.4) in (2.3). Thus,P > 0, i.e.,

T<rC+a(r)C(W)+nn—-1)c.

And because this holds for every tangent hyperpldnef A, (2.1) and @.2) triv-
ially follow. O

Quasi-umbilical Submanifolds
Simona Decu, Stefan Haesen,

and Leopold Verstraelen

vol. 9, iss. 3, art. 79, 2008

Title Page
Contents
44 44
< >
Page 10 of 17
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:Stefan.Haesen@wis.kuleuven.be
mailto:Stefan.Haesen@wis.kuleuven.be
http://jipam.vu.edu.au

3. Characterisations of the Equality Cases

Equality holds in the inequalitieg (1) and @.2) if and only if

(3.1) B =0, (i#j€{l....n}),
and

r
(32) ?1 == hg—l,n—l = h‘a (Oé € {17 s >m})

n(n—1) ™

Equation 8.1) means that the shape operators with respect to all normal directions
£, commute, or equivalently, that tim®rmal connectiorV+ is flat, or still, that the
normal curvature tensoR*, i.e., the curvature tensor of the normal connection, is
zera Furthermore, {.2) means that there exist mutually orthogonal unit normal
vector fieldssy, . . ., &, such that the shape operators with respect to all directions
¢, have an eigenvalue of multiplicity — 1 and that for eacly, the distinguished
eigendirection is the same (namely), i.e., that the submanifold isvariantly quasi-
umbilical. Thus, we have proved the following.

Corollary 3.1. Let M™ be a Riemannian submanifold of a real space fafiti ™ (¢).
Equality holds in 2.1) or (2.2) if and only if M is invariantly quasi-umbilical with
trivial normal connection inM and, with respect to suitable tangent and normal
orthonormal frames, the shape operators are given by

3.3)  Al= OA 0 L A= aAm ),
0 ... 0 ™Mo=by
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From a result in11] it follows that every totally quasi-umbilical submanifold of
dimension> 4 in a real space form isonformally flat In [10] it is shown that every
n(> 4)-dimensionaktonformally flat submanifold with trivial normal connection
a conformally flat space of dimensiant- m is totally quasi-umbilical ifn < n — 2,
and in R1] it is shown that every:(> 4)-dimensionalsubmanifold inE"*™ with
m < min{4,n — 3} is totally quasi-umbilical if and only if it is conformally flat.
Thus, in particular, we also have the following.

Corollary 3.2. The Casorati ideal submanifolds fo?.() and (2.2) withn > 4 are
conformally flat submanifolds with trivial normal connection.

We remark that abstructionfor a manifold to be conformally flat in terms of
thed-curvatures of Chen was given ifj|[

The pseudo-symmetric spacegre introduced by Deszcz (see e.dl3,[15])
in the study of totally umbilical submanifolds with parallel mean curvature vector,
i.e. of extrinsic spheresn semi-symmetric spaces. A pseudo-symmetric manifold
has the property thak - R = L (A, - R), wherebyR - R is the (0, 6)-tensor ob-
tained by the action of the curvature operattitX, Y') as a derivation on th@), 4)
curvature tensorjp, - R is the (0,6) Tachibana tensor, obtained by the action of
the metrical endomorphisnY A, Y as a derivation on thé), 4) curvature tensor,
and L is a scalar valued function on the manifold, called $keetional curvature of
Deszczsee 19 for a geometrical interpretatiomf this curvature). It follows from
(3.9, by a straightforward calculation, that the Casorati ideal submanifadldls 1/
are pseudo-symmetric spaces (see dg}) whose sectional curvature of Deszcz is
given by L = m [12]. Thus, we also have the following.

Corollary 3.3. The Casorati ideal submanifolds &f.() and 2.2) are pseudo-symmetric
manifolds whose sectional curvatufeof Deszcz can be expressed in terms of the

Quasi-umbilical Submanifolds
Simona Decu, Stefan Haesen,

and Leopold Verstraelen

vol. 9, iss. 3, art. 79, 2008

Title Page
Contents
44 44
< >
Page 12 of 17
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics
issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:Stefan.Haesen@wis.kuleuven.be
mailto:Stefan.Haesen@wis.kuleuven.be
http://jipam.vu.edu.au

Casorati curvature as

L= e o+n [rn=2)+ 200 = 1)]€* +

(=1
n+1

A rotation hypersurfacef a real space form/n+! is generated by moving an
(n — 1)-dimensional totally umbilical submanifold along a curvelh[17]. If M™
is a Casorati ideahypersurfacen 1\7”“(6), it follows from [16, 17] that M™ is a
rotation hypersurface whogwofile curveis the graph of a functiorf of one real
variablez which satisfies the differential equation

(3.4) pt e+ MY

(e—cf*—f?) =0,
wherebye = 0, 1 or —1 if ¢ < 0 (the rotation hypersurfacé/” is parabolical
sphericalor hyperbolical respectively), and = 1 if ¢ > 0.

Corollary 3.4. The Casorati ideal hypersurfaces of real space forms are rotation
hypersurfaces whose profile curves are given by the solutiorisdf (

By way of examples, we finally list a few solutions di.{) for some special
values ofc, € andr.
If c=0,e=1andr =2n(n —1):
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ifc=—1,e =0andr =2n(n — 1):

f(0) = 3l — e e

ifc=—1,e=—1andr =2n(n —1):

T 2 z\2 ,—T
1 de” 4 (1 + ce”) e o .
ZL‘) = 3 Quasi-umbilical Submanifolds
461 Simona Decu, Stefan Haesen,
and Leopold Verstraelen

wherebyc, andc, are integration constants. vol. 9, iss. 3, art, 79, 2008

Title Page

/ / Contents
/ « »
w0 \\ 20 //
» \ s / < 4
/4,,,,/77} 72: T \\ ) / Page 14 of 17

Go Back

Full Screen

Figure 1: The profile curve on the left i5(z) = w and on the right isf(z) = Close
e " (1—e”)?
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