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Abstract

Referring to previous papers on orthogonality preserving mappings we deal
with some relations, connected with orthogonality, which are preserved exactly
or approximately. In particular, we investigate the class of mappings approxi-
mately preserving the right-angle. We show some properties similar to those
characterizing mappings which exactly preserve the right-angle. Besides, some
kind of stability of the considered property is established. We study also the
property that a particular value ¢ of the inner product is preserved. We com-
pare the case ¢ # 0 with ¢ = 0, i.e., with orthogonality preserving property. Also
here some stability results are given.

2000 Mathematics Subject Classification: 39B52, 39B82, 47H14.
Key words: Orthogonality preserving mappings, Right-angle preserving mappings,
Preservation of the inner product, Stability of functional equations.
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Let X andY be real inner product spaces with the standard orthogonality rela-
tion L. For a mappingf : X — Y itis natural to consider therthogonality
preserving property

(OP) Ve,y € X :xly = f(z)Lf(y).

The class of solutions ofJP) contains also very irregular mappings (cf, [
Examples 1 and 2]). On the other handingar solution f of (OP) has to be a

On Some Approximate

linear similarity, i.e., it satisfies (cf1f Theorem 1]) Functional Relations Stemming
from Orthogonality Preserving
Proper
(1.1) If@I =~llzll, zeX pery

Jacek Chmielinski

or, equivalently,

(1.2) (f@Ify) =" (zly), ayeX Title Page
with somey > 0 (y > 0 for f # 0). (More generally, a linear mapping between Contents
real normed spaces which preserves the Birkhoff-James orthogonality has to pp >
satisfy (L.1) — see [].) Therefore, linear orthogonality preserving mappings are
not far from inner product preserving mappings (linear isometries), i.e., solu- < 4
tions of the functional equation: Go Back
(1.3) Ve,y € X (f(z)|f(y)) = (x|y) . Close

A property similar to OP) was introduced by Kestelman and Tissier (see Quit
[6]). One says thaf has theight-angle preserving propertif: Page 3 of 33

(RAP) Ve,y,z € X tox—zly—z= f(x) — f(2)Lf(y) — f(2).
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For the solutions ofRAP) it is known (see §]) that they must be affine, contin-
uous similarities (with respect to some point).

It is easily seen that if satisfies RAP) then, for an arbitrary, € Y, the
mappingf + y, satisfies RAP) as well. In particularf, := f — f(0) satisfies
(RAP) and f,(0) = 0.

Summing up we have:

Theorem 1.1. The following conditions are equivalent:
(i) f satisfiesRAP) and f(0) = 0;

(i) f satisfies OP) and f is continuous and linear;

(i) f satisfiesQOP) and f is linear;

(iv) fislinear and satisfie§l.1) for some constant > 0;
(v) f satisfieq1.2) for some constant > 0;

(vi) f satisfies QP) and f is additive.

Proof. (i)=(ii) follows from [6] (see above); (i (iii) is trivial; (iii) =(iv) fol-
lows from [1] (see above); (i¥>(v) by use of the polarization formula and
(V)=(vi)=(i) is trivial. O]

In particular, one can consider a real vector spacwith two inner prod-
ucts(-|-), and(:|-), and f = id|x a linear and continuous mapping between
(X, (-|-);) and(X, (:|-),). Then we obtain from Theorem 1
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Corollary 1.2. Let X be a real vector space equipped with two inner products
(-]-), and{(-|-), generating the norm - ||, || - || and orthogonality relations
14, 1o, respectively. Then the following conditions are equivalent:

() Ve,y,ze X cx—zlywyw—z=>ax—z1ly— z;

(i) Ve,y € X : L1y = zLloy;

(i) [|z]]2 = v||=|: for x € X with some constant > 0;

(iv) (z|y), = 7? (z]y), for z,y € X with some constant > 0; Funon Some Q{(’)ﬂrs(’xsimimg
f hogonali i
WMVr,y,zeX:ov—zLw—zer—210y— 2z fom Ort OQS?oi)g;reseN'”g
(Vi) Vo,y € X s xl1y & xlay. Jacek Chmielinski
Fore € [0, 1) we define arz-orthogonality by _
Title Page
ulfv e | (ulo) | <ellull||v]- Contents
(Some remarks on how to extend this definition to normed or semi-inner product 4 dd
spaces can be found if][) < >
Then, itis natural to consider an approximate orthogonality preserving (a.0.p.)
property: Co 2EES
Close
(e-OP) Ve,y e X rxly = f(z)L° f(y) o
ul
and the approximate right-angle preserving (a.r.a.p.) property: Page 5 of 33

(e-RAP) Ve,y,z€ X tox—zly—z= f(z) — f(2) L f(y) — f(2).
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The class of linear mappings satisfying@P) has been considered by the
author (cf. [, 3]). In the present paper we are going to deal with mappings sat-
isfying (¢-RAP) and, in the last section, with mappings which preserve (exactly
or approximately) a given value of the inner product. We will deal also with
some stability problems. (For basic facts concerning the background and main
results in the theory of stability of functional equations we referjo) [The
following result establishing the stability of equatidh3) has been proved in
[3] and will be used later on.

Theorem 1.3 ([], Theorem 2). Let X andY be inner product spaces and I&t
be finite-dimensional. Then, there exists a continuous mapping, — R
such thatlim, o+ §(¢) = 0 which satisfies the following property: For each
mappingf : X — Y (not necessarily linear) satisfying

(1.4) | (f@)f) =y | <elzlllyl, zyeX
there exists a linear isometdy: X — Y such that

If(x) = I(x)| <o)z, =eX.
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Tissier [5] showed that a mapping satisfying the RAP) property has to be ad-
ditive up to a constanf(0). Following his idea we will show that a.r.a.p. map-

pings are, in some sense, quasi-additive. We start with the following lemma.

Lemma2.1.Let X be areal inner product space. Leta set of poits, ¢, d, e €
X satisfies the following relations, withe [0, £),

1) a—-bLlfc—b, b—clfd—c, c—dlfa—d, d—al®b—a;
(2.2) a—el’b—e, b—elfc—e, c—elfd—e, d—elfa—e.
Then,
e— 2 < Glla—c|
2

with § := 13‘25.
Proof. We have

le—el*=lle—a+a—c|*=lle = all* + la — c|* + 2 (e — ala — c)

whence ) ) )
_lle—ellP —lla—el® —lla —¢|

2

(e —ala—¢)
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Thus

a—|—02 +a—02
e— =lle—a
2 2
1
=He—wﬁ+jm—df+@—am—@
1 1 1
= Jle —alP + Zlla— el + Slle — el = Slla—el* = 3
1 1
= Slla— el + Slle—ell? = 7lla — <
Finally,
a—+c 2 1
@23) |le—"5=| =7 @la—el*+2lc—el* ~ fla—c|f)

and, analogously,

=~ (2o —ell* +2]|d —e]* = [Ib—d||) -

PR S

Adding the equalities:

la = b||* = lla—e+e—blI* = la—e|* + [le = bl|* + 2 {a — ele — b) ,
lo—cl*=lb—e+e—cl*=lb—ell*+lle—cl*+2(b—ele—c),
le=dlI* =lle—e+e—d|* =[le—e|* + [le = d||* + 2(c — ele —d) ,
ld—al*=ld—e+e—al>=ld—el*+ e —a* +2(d - ¢|e — a)

S lla—cll?
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one gets

(2.5) lla—bl*+ b —cl* + llc = d||* + ||d — al?
=2lla — el|* +2[[b — e]|* + 2llc — e]|* + 2[|d — e]|*
+2(a—ele—b)+2(b—ele—c)
+2{(c—ele—d)y+2(d—ele—a).

Similarly, adding

la—cl® =lla —b+b—c||* = fla—b* + b —cl* + 2 (a — blb - c),
la—cl* =lla —d+d—cl* = lla — d||* + ||d — c* + 2 {a — d|d — ¢},
Io—dll* =b—a+a—d|*=b—al*+]la—d|* +2(b—ala —d),
Io—dll* = b —c+c—d|* =[Ib—c|*+ llc = d|* + 2 (b - cle - d)

one gets

(2.6) fla—cl* + b —d]*
= lla = 0l* + [la — d|f* + [lc = 0||* + [|lc — d||?
+{a—0blb—c)+ (a—d|ld—c)
+(b—ala—d)+ (b—clc—d).
Using 2.3) — (2.6) we derive
2

a-+c
2

e —

2+ b+d
6_—
2
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34 2lla —e||* + 2|lc — el* + 2[|b — el® + 2]|d — e|® — |la — c|* — [Ib — d|*

= 4
1
9 2 (1ol + e~ dl + la — al + o — o]
—2(b—ele—c)—2(c—ele—d) —2(d—e|e —a)
—2(a—ele—0b) —|la—c|*—||b— d||2>

@9—i(m—bw—@+wa—du—cy+@—am—dy+@—qc—@
+2(b—e|e—c>+2(c—e|e—d)+2<d—e|e—a>+2(a—e\e—b)>.
Thus

2

a—+c
e_

2+ b+d
e_—
9

2

<1 (Ha—bb— )l +1a—did—) |+ | (b ala— )|
+|(b—cle=d)|+2[{(b—ele—c)|+2|{c—ele—d)]|
+mm—e¢—@y+mm—ew—mo.
Using the assumption& (1) and @.2), we obtain
_a+tc 2 b+d|?

2 ‘T

2.7) .

e

1
SZ€Ua—bwb—dHﬂm—de—d%H%—aWa—ﬂ
+ 10 = clllle = dll +2]|b = efllle = c|l + 2[lc = e]l[le - d]|
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+2|[d = elllle — all + 2[la —e]l[le — bl!)
1
= ZE((Hb —cll+lla=dl))(lla = bl + [lc = dI])

+2(|[b —ell + l[d = ell)([la = efl +[lc = 6H)>-

Notice, that for: = 0, (2.7) yieldse = 4f¢ = 4,
Let

¢ := max{[la—bl|, [b—cl|, lc—dI, |d—all, la—el|, [b—el[, [lc—el], |d—e] }.

It follows from (2.7) that

2
b+d 1
He—a—;c He—L Z(?Q 20+2-20-20) = 3e0”.
Then, in particular
a—+c 2
(2.8) e— < 3e0’

Since we do not know for which distance the valués attained, we are
going to consider a few cases.

Looe{lla—0bl[1b—cllle—dllld—al}.
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Suppose that = ||a—b|| (other possibilities in this case are similar). Then

la —cl*=lla—=b+b—c|
= |la—b|* +[|b—¢||* +2{a —blb — c)
> 0° +0—2ella —bl|[|lb — |
> 0* — 2e0® = (1 — 2¢)0°.

H 1
Assuminge < 3,
On Some Approximate

Q2 < Ha — C||2. Functional Relations Stemming
1—2¢ from Orthogonality Preserving
Using ©.8) we have Property
Jacek Chmielinski
a+cl? 3e ” I
e— < a—c
2 1 —2e Title Page
whence Contents
3 44 44
(2.9) e— 20 < /2 o=l
2 1-—2¢ | 4
Go Back
2. 0 € {lla—ellllc = ell}- ——
Suppose thap = |la — ¢|| (the other possibility is similar). Then, from Close
(2.3, we have Quit
Page 12 of 33
1 9 a-+c 1 9 1 o 1,
—|la—c e— =—lla—e —llc—e|ll” = =
o=+ le = 22| = Slla— el + 5lle — el = 5
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whence )
a—+c

1 2
Zla - 2
R ]

From it and 2.8) we get

a+62 a—+c

2

e —

3
o° a—c||* +6elle —
2

< s fla—e
—\ 2(1 —6¢) '
coe{llb—ellld—el}.

Suppose that = ||b — e|| (the other possibility is similar). We have then

<3ep” <

whence (assuming < :)

(2.10) _ate

Ib—al*=b—e+e—al
=b—e|*+le—al* +2(b—ele—a)
> 0"+ 0= 2b—ellle—a
> 0* — 260 = (1 - 2¢) %,

whence

1o —al* > (1 — 2¢)¢”
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Using this estimation we have

a—cl?>=lla—b+b—c|?
I |

= |la—b|* +[|b—¢||* +2{a —blb — c)

> (1 —2¢)0® +0—2¢|la—b||||b — ||
> (1 —2¢)0® — 2¢0?
= (1 - 4€)Q27
whence (for < 1)
1
2 - 2
0" < y—lla—C]
Using 2.8) we get
a+c 2 9 9
e— < 3ep” < la — ¢l

and

(2.11)

e —

<ol
-\ 1—4e '

Finally, assuming < %, we have

a+c
2

3e 3e 3e 3e
max { 4/ \/ =4/
1—27\[2(1—-6e)" V 1—4e 1—4e
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and it follows from @.9) — (2.19)

e fa—c
e i a— c|,
which completes the proof.
O
Theorem 2.2.Let X andY be real inner product spaces and lgt: X — Y On Some Approximate
satisfy ¢-RAP) withe < £. Thenf satisfies AT CITE (NEERI Sy
from Orthogonality Preserving
Property
+ +
(2.12) Hf (“’ y) f(z) : /) H <5\ f(x) - fy)| for zmyeX Jacek Chmielifski
with § = 54 Title Page
Moreover, if additionallyf (0) = 0, then f satisfies {-OP) and Contents
44 44
(213) [|f(x+v) = f(x) ~ )] « |
<26(|[f(x + )l + I/ (=) = fF(W)II), for z,yeX.
Go Back
Proof. Fix arbitrarily =,y € X. The caser = y is obvious. Assume # y. -
Chooseu,v € X such thatz, u, y, v are consecutive vertices of a square with ose
the center af}¥. Denote Quit
Page 15 of 33
r+y
= I, b= f, =), a0, e T (S5
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Sincer—uly—u,u—ylv—y,y—vler—v,v—xrlu—2xandr— ”yJ_u—‘TJQFy,
u— T Ly — Ty T g TR g 22 | g 28 it follows from (e-RAP)
that the condltlonsZ l) and @.2) are satlsfled The assertion of Lemma
yields 2.12).

For the second assertion, it is obvious tifasatisfies {-OP). Inequality
(2.13 follows from (2.12). Indeed, putting/ = 0 we get

_ 1)

HOES

‘ <dlf@l,  weX

Now, forz,y € X

1f(z+y) = f(a) = F(y)ll
e

/(5) 0 (5) 5
(“y)H”Hf(”y) a2 )

< 20[| f (= +y)ll + 20 f (=

Hf T +y)

]

Fore = 0 we obtain that iff satisfiesRAP) andf(0) = 0, thenf is additive.
The following, reverse in a sense, statement is easily seen.

Lemma 2.3.If f satisfies{-OP) and f is additive, thery satisfies{-RAP and
f(0) =0.
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Example 2 in [] shows that it is not possible to omit completely the addi-
tivity assumption in the above lemma. However, the problem arises if additivity
can be replaced by a weaker condition (e.g. by ). This problem remains
open.
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As we know from [], a right-angle preserving mappings are similarities. Our
aim is to show that a.r.a.p. mappings behave similarly. We start with a technical

lemma.
Lemma 3.1. Leta,z € X ande € [0,1). Then
(3.1) (a —x)Lf(—a—x)
if and only if
2
(3.2) el = Nal?] < =/ lallel? = (ale’.
Moreover, it follows fron(3.1) that
1—¢ 1+e¢

: < < .

(3.3) el < el < 4/ 7 —llal

Proof. The condition 8.1) is equivalent to:
[(a+zla—x)| <ella+ zflfla — ],
llall* = lz]?| < ev/llall? +2(alz) + 2>/ llal]® - 2 {alz) + [|z[|?,

(lal = 121)* < 2(lall® + o) + 2 (ala) (lall* + 2] - 2 (al2))
& ((lall? + 121/%)? = 4 (ale)* )
2 ((al® = lel®)? + 4llalal)® - 4 (ala)” ),
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and finally

(L =) (llall® = llz)*)* < 4¢* (lalll[|* — {alz)”)

which is equivalent to3.2).
Inequality 3.2) implies

2¢
21 = flalP| < —— ol
which yields
]l [lal 2
(3.4) ~ 4 <
lall - llzll| — VI —¢2

(we assume: # 0 anda # 0, otherwise the assertion of the lemma is trivial).

Denotingt := ”x” > 0 anda := —%—, the inequality 8.4) can be written in

Tlall Vi
the form )
It—t7 <a
with a solution
—a+Va?+ < <oz+\/oz2+4

2 - = 2 ’
Therefore,

1—c¢ |_ 1 + €

V1 \

whence 8.3) is satisfied. O
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Theorem 3.2.1f f : X — Y is homogeneous and satisfiesAP), then with
somek > 0:

1-c\? 1+e¢ :
@) k(1) Il <ls@l < ke (F55) el aex.

Proof. 1. For arbitraryr, y € X we have

2l = Iyl &z -yl —z—y.
It follows from (=-RAP) and the oddness ¢fthat
zll = [lyll = f(z) = f(y)L = fl2) = fy).

Lemma3.lyields

(3.6) ]l = Tyl =

— &
T M@= 11fy ||f

2. Fix arbitrarilyz, # 0 and define for > 0, o(r
(3.6) we have

Hf (Hz H""C°>H Using

1+e¢

=r=
] = r —

“o(r) < |1 f(@)] <

o(r),

1+e

whence

BN el S 1@ < [ Tellel), we X,

On Some Approximate
Functional Relations Stemming
from Orthogonality Preserving

Property

Jacek Chmielinski

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 20 of 33

J. Ineq. Pure and Appl. Math. 7(3) Art. 85, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:jacek@ap.krakow.pl
http://jipam.vu.edu.au/

3. Fort > 0 and||z|| = r we have

1—¢ 14+¢

t —(t

\/HEsO( T)q/l_gw( 7“)]

1—¢ 1+4+¢

t t )
T o)1/ — w(r)]
On Some Approximate

Sincer(tﬂf)H = tHf('T)H (homOQeneity Off): Functional Relations Stemming

from Orthogonality Preserving
1—¢ [14+¢ [1—¢ 1+4+¢ Property
1+ ggo(t'r’), 1— ggo(tr)] n 1+ Et(p(?”), 1— Etg&(?’)] 7£ Q) Jacek Chmielinski

If ()l

and

tlf (@)l e

Thus there exish, i € [\/%, \/}—%j] such that\p(tr) = ute(r), whence Title Page
I— e e Contents
g 51590(7“) < p(tr) < - gw(?") pp >
In particular, forr = 1 andk := ¢(1) we get 4 d
(3.8) - Zk;t <p(t) < 1 fikt t>0. G;S::k
4. Using B.7) and (3.9, we get Quit

Page 21 of 33
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and

1—¢ l—¢ 1-—¢
@) 2 T=elllal) = /5= - To=klle]

whence 8.5) is proved. ]

Fore = 0 we get||f(z)|| = k||z|| for z € X and, from @.13), f is additive
hence linear. Thug is a similarity.
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The stability of the orthogonality preserving property has been studied.in [

We present the main result from that paper which will be used in this section.

Theorem 4.1 ([3, Theorem 4]). Let X, Y be inner product spaces and |at
be finite-dimensional. Then, there exists a continuous funétiori0,1) —

[0, +00) with the propertylim. .+ 6(¢) = 0 such that for each linear mapping
f: X — Y satisfying €-OP) one finds a linear, orthogonality preserving one
T : X — Y such that

1f =TIl < 6(e) min{|[ £], | T[]}

The mapping depends, actually, only on the dimension’of Immediately,
we have from the above theorem:

Corollary 4.2. Let X, Y be inner product spaces and I&tbe finite-dimensional.

Then, for eachi > 0 there existss > 0 such that for each linear mapping

f: X — Y satisfying (=-OP) one finds a linear, orthogonality preserving one
T : X — Y such that

1f =TI < omind | £, 1T}

We start our considerations with the following observation.

Proposition 4.3. Let f : X — Y satisfy RAP and f(0) = 0. Suppose that
g : X — Y satisfies

() = g@) < M|[f(2)|l, — zeX
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with some constant/ < . Theng satisfies {-OP) with ¢ := 212 gnd

(A-M)?
(4.1) g(z+y) —g(x) — g < 2ve(llg(@)]l + [lg@w)I)),

x,y € X,
(4.2) lg(Ax) = Ag(@)|| < 2VENlg(x)l, ze X, AeR

Proof. It follows from Theoreml.1 that for somey > 0, f satisfies {.2) and
(1.1). Thus we have for arbitrary, y € X:

| (g(2)|g(y)) =~ (z]y) |

= [{9(z) = F(@)lg(y) = f(y)) + (9(z) = ()| (y))
+{f(@)]g(y) = fy) |

< lg(=) = f@)llllgCy) = FWI + llg(z) = F@)IILf )]
+ £ @)lllgCy) = f)ll

< MP|LF @)@+ MILF @)L @I+ ML @)L )]
= M(M + 2)7°||z|l[ly]]-

Using [1, Lemma 2], we get, for arbitrary,y € X, A € R:
lg(z+y) —g(x) — gl < 2/ MM + 2)y([|lz]| + [[y[])
MM+ 2)(Lf ()| + L))
lg(Az) = Ag()]] < 2/ M(M + Z)W\HxH
=2/ M (M + 2)|\||| f(x
Since|| f(z)[| = lg(x)[| < M| f(@)],

(@)l <
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Therefore

()l ~* (ol | < =@ llato)],
Puttinge := J‘é%ﬁ) we haver Ly = g(z) 1 ¢(y) and

lg(z +v) — g(x) — g(w)|| < 2ve(llg(@)] + llgw)ll)
lg(Ax) — Ag(z)|| < 2ve[A]llg(2)].
0

Corollary 4.4. If f satisfies RAP), f(0) = 0 (whencef is linear) andg : X —
Y is a linear mapping satisfying, with/ < i

(4.3) If =gl < M| 11,
theng is (-OP) (and linear) whence=(RAP.

The above result yields a natural question if the reverse statement is true.

Namely, we may ask if for a linear mapping: X — Y satisfying €-RAP)
(with somes > 0) there exists a (linear) mappingsatisfying RAP) such that
an estimation of the4(3) type holds.

A particular solution to this problem follows easily from Theorér.

Theorem 4.5.Let X be afinite-dimensional inner product space andn arbi-
trary one. There exists a mappiig [0,1) — R, satisfyinglim, g+ 6(¢) = 0
and such that for each linear mapping satisfyingAP) ¢ : X — Y there
existsf : X — Y satisfying RAP and such that

(4.4) 1f = gll < o(e) min{ [ £, [[g]]}-
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Proof. If ¢ is linear and satisfies{(RAP), theny is linear and satisfies{OP).
It follows then from Theorerd.1that there existg linear and satisfying@P),
whence RAP), such that4.4) holds. O

Corollary 4.6. Let X be a finite-dimensional inner product space arican
arbitrary one. Then, for each > 0 there existg > 0 such that for each linear
and satisfying{-RAP) mappingg : X — Y there existsf : X — Y satisfying
(RAP and such that

17 = gl < swin{|1f]. g} CI D LT

Functional Relations Stemming
from Orthogonality Preserving

It is an open problem to verify if the above result remains true in the infinite Property
dimensional case or without the linearity assumption. Jacek Chmielifski
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The following considerations have been inspired by a question of L. Reich dur-
ing the 43rd ISFE. In this sectioRX andY are inner product spaces over the
field K of real or complex numbers. Lgt: X — Y and suppose that, for a
fixed number € K, f preserves this particular value of the inner product, i.e.,

(5.1) Vx,y e X: <x|y) =Cc= (f(x)|f(y)> = C. On Some Approximate
Functional Relations Stemming

" . . from Orthogonali i
If ¢ = 0, the condition §.1) simply means thaf preserves orthogonality, B e A

i.e., thatf satisfies OP).
We will show that the solutions o6(1) behave differently for: = 0 and for

Jacek Chmielinski

c # 0.

Obviously, if f satisfies {.3) then f also satisfiesH.1), with an arbitraryc. it Peee
The converse is not true, neither with= 0 (cf. examples mentioned in the Contents
Introduction) nor withc # 0. Indeed, ifc > 0, then fixingzy, € X such that
|zo||* = ¢, a constant mapping(x) = x, € X satisfies §.1) but not (.3). K L
Another example: leK = Y = C and let0 # ¢ € C. Define | >

¢ Go Back
f(z)=2, 2eC\{0}; [f(0):=0.
< Close
Then, forz,w € C\ {0} Quit
|c|2 Page 27 of 33
(f()If(w)) =
(z|w)
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and, in particular, if z|w) = ¢, then(f(z)|f(w)) = ¢. Thusf satisfies %.1) but
not (1.3).

Let us restrict our investigations to the class of linear mappings. As we will
see below (Corollar.2), a linear solution of%.1), with ¢ # 0, satisfies {.3).

Let us discuss a stability problem. For fixéd# ¢ € K ande > 0 we
consider the condition

(5.2) Va,y € X {aly) = e = | {f@)|f () - ol <e.

Theorem 5.1. For a finite-dimensional inner product spageand an arbitrary
inner product spacé” there exists a continuous mapping R, — R, sat-
isfyinglim. o+ 0(¢) = 0 and such that for each linear mapping: X — Y
satisfying(5.2) there exists a linear isometdy: X — Y such that

If =11l < é(e).

Proof. Let 0 # d € K. If (z]y) = d, then(<z|y) = c and hence, using>(?)
and homogeneity of, |d|] (f(x)|f(y)) —d| < e. Therefore we have (fat # 0)

(5.3) (zly) = d = | {f(2)f(y)) —d| < T

Now, letd = 0. Let0 # d, e K andlim,, ., d, = 0. Suppose thatr|y) =
d = 0andy # 0. Then<x + i |y> = d,, and thus, from%.3) and linearity of

‘<f() W ) - d,

] <,
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Lettingn — oo we obtain(f(z)|f(y)) = 0. Fory = 0 the latter equality is
obvious.
Summing up, we obtain that

Ty
@)~ (el | < KT
whence also
£ On Some Approximat
(5.4) | {(f@)f () — (zly) | < HH%H lyll. e FET o G
from Orthogonality Preserving
Property

Letd’ : R, — R, be a mapping from the assertion of Theoré® Define -
5(e) := &'(¢/|c|) and notice thatim._,q+ 6(¢) = 0. Then it follows from £.4) Jacek Chmielinski
that there exists a linear isometfy X — Y such that

Title Page
g
I =11 <5 () =t —
44 44
O
< | 2
For e = 0 we obtain from the above result (we can omit the assumption
concerning the dimension df in this case, considering a subspace spanned on Co 2EES
given vectorse, y € X): Close
Corollary 5.2. Let f : X — Y be linear and satisfy5.1), with some) # ¢ € Quit
K. Thenf satisfieq1.3). Page 29 of 33
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Notice that forc = 0, the condition %.2) has the form

(zly) = 0= [(f(@)|[f(y) | <e.
If (x|y) = 0, then also{nx|y) = 0 for all n € N. Thus|(f(nz)|f(y))| < ¢,
whence| (f(z)|f(y)) | < £ forn € N. Lettingn — oo one gets
Ve,y € Xt (zly) = 0= (f(2)|f(y)) =

i.e, f is a linear, orthogonality preserving mapping.
Now, let us replace the conditiof.@) by

(55)  Vaye X:(zly) =c= | {f@)f(W) = <ellf@)If W)

Forc = 0, (5.5) states thaf satisfies {-OP).

Let us consider the class of linear mappings satisfying) (vith ¢ # 0.

We proceed similarly as in the proof of Theoréni. Let0 # d € K. If
(zly) = d, then(<z]y) = c and hence, using(5) and homogeneity of, we
obtain ¥ ¥

,d‘l (f(@)|f(y)) —d| < 1l
Therefore we have (faf # 0)

(5.6) (zly) = d = | (f(2)[f(y)) —d] < el F@)[IF W)l

Now, suppose thate|y) = d = 0. Let0 # d,, € Kandlim, ., d, = 0. Then
<:c + Hdz»/Llin‘y> = d, and thus, from%.6) and linearity off,

‘<f() W )~ d,

LA @) @)II-

<e¢

flz) +

! H 179)
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Lettingn — oo we obtain| (f(x)[f(y)) | < el f(z)||]|f(y)]]. So we have

(@ly) = 0= [{(f(@)f W) ] < el F@IILf @)

Summing up, we obtain that

6.7 @I y) = &ly [ <elf@Ilf I, 2yeX

[zl

Putting in the above inequality = y we get|| f(z)]| < for z € X, which

- vi-e On Some Approximat
gives c Functi(r)]nalolgeelatiF())Fl)*lrs(,J g?;?n(r;ing
_ from Orthogonality P i
[{(F@I @) = el | < T—lallllyll, @y € X, s iy Bl
i.e., f satisfies {.4) with the constant=. Jacek Chmielifski
Therefore, applying Theorei3, we get
Theorem 5.3.If X is a finite-dimensional inner product space arican arbi- Title Page
trary inner product space, then there exists a continuous mappimg, — R, Contents
with lim, o+ 0(¢) = 0 such that for a linear mapping : X — Y satisfying
(5.5), with ¢ # 0, there exists a linear isometdy: X — Y such that « dd
< | 2
If =11l < d(e).
Go Back
A converse theorem is also true, even with no restrictions concerning the Close
dimension ofX. Let] : X — Y be alinear isometry and : X — Y a _
mapping, not necessarily linear, such that QU

Page 31 of 33
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with § = | /42 — 1 (for a givens > 0). Reasoning similarly as in the proof of
Proposmon4.3 one can show that

[ ()] f () = (ly) [ <606+ 2)|lz[lyll,
which implies X
ol € == @
and finally
{F@IFw)) — {aly)| < %w( )l
= ellf@If Wl

Thus f satisfies .5) with an arbitraryc.

Remark 1. From Theorem$.1and5.3one can derive immediately the stability
results formulated as in Corollarie$.2 and4.6.
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