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Abstract

We consider a plane wave diffraction problem by a union of several infinite
strips. The problem is formulated as a boundary-transmission one for the
Helmholtz equation in a Bessel potential space setting and where Neumann
conditions are assumed on the strips. Using arguments of strong ellipticity and
different kinds of operator relations between convolution type operators, it is

shown the Well-pgsedness qf thle.problem in a smoothness neighborhood of Strongly Elliptic Operators for a
the Bessel potential space with finite energy norm. Plane Wave Diffraction Problem
in Bessel Potential Spaces
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This paper deals with the problem of diffraction of an electromagnetic wave by
a union ofn infinite magnetic strips from an operator point of view.
We will present a formulation that results from the investigation of plane

waves which propagate in a direction orthogonal to the edgey = 0, z € R.
Thus, the problem will be posed as a boundary-transmission one for the two-
dimensional Helmholtz equation where the dependence on one dimension is
dropped already. Moreover, also due to perpendicular wave incidence, the union .

Strongly Elliptic Operators for a

of n infinite strips will be represented by Plane Wave Diffraction Problem
in Bessel Potential Spaces

Q =]v1,7%2[U- - Uyan—1, 720l

Luis P. Castro

with0 =~ < --- <, andn € N.

We will use the Bessel potential spadég(R), with o € R, formed by the
tempered distributiong such that| || ;o ) = [|F 7' (1 + £2)°/? - Foll o) IS
finite (hereF denotes the Fourier transformation). In addition, we denote by
H?(Q) [17, §2.10.3] the closed subspace &f (R) defined by the distribu- << 33
tions with support contained 1 and 77 ($2) will denote the space of general-

Title Page

Contents

ized functions orf2 which have extensions inf& that belong to//?(R). The ¢ >
spaced 7(2) is endowed with the subspace topology, and&{(2) we put the Go Back
norm of the quotient spacd®(R)/H® (R\Q). In particular, we shall denote Close
by L*(R, ) andL? (R), the space&l°(R, ) and H°(R, ), respectively. All those Quit
definitions can be extended to the multi-index case (04, 03, ...,0,,) € R™
by taking the product topology. Page 3 of 20
The problem is inspired by the classical Sommerfeld type problems consid-
ered, for instance in/} 9, 10, 12, 13, 15, 16], for the half-line case instead of 3. Ineq. Pure and Appl. Math. 3(2) Art. 25, 2002
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the presenf). In fact, we present here a generalization of the problem treated

in [4] where a corresponding problem was taken into consideration for only

one strip. Several changes take place here, in particular, we notice the neces-
sity of different constructions of operator relations that can be found in the next

sections.

More concretely, we are interested in studying well-posedness of the prob-

lem to findu € L*(R?), with wg: € H(RY), € €]1/2,3/2], so that

(1.1) (A+F)u = 0 in  R%,
(1.2) uf = h on

+ —

ug —uy, = 0 =
(1.3) {Uf—uf _ 0 on R\Q,

whereR? represents the upper/lower half-plade= 9*/0z* + 9% /0y* stands
for the Laplace operatok, € C is the wave number, which, due to the assump-
tion of a lossy medium, is assumed to fulfill

Smk > 0,

uy = Upy—+o, U = (Ou/dy),_., and the elemerit € H<%/2(Q) is arbitrarily
given.

Strongly Elliptic Operators for a
Plane Wave Diffraction Problem
in Bessel Potential Spaces
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In order to study the existence and uniqueness of the solution of the problem, as
well as continuous dependence on the data, we will construct several operators

that are shown to be, in a sense, connected with the problem.

In the first stage, the problem can be described by the use of a linear operator

P . D(P) — HT3*Q),

if we defineD(P) as the subspace &f“(R%) x H¢(R? ) whose functions fulfill

the Helmholtz equationl(1) and all the remaining homogeneous transmission
conditions that appear froni @) — (1.3 whereas the actio®u = h results
from the non-homogeneous conditiorisd).

In this sense, we will say that the operafris associatedo the problem
and our aim is to prove th& is bounded and invertible for suitable orders of
smoothness. This goal will be achieved by the construction of several operator
relations that will allow us to understand better the structurg.of

To this end, we begin by introducing some notation. tetg, : H°(R) —
H?(2) be the restriction operator and let

) = (2 -#)"?  ceR,

denote the branch of the square root that tendsstoas¢ — +oo with branch
cuts alongtk + i, n > 0.

Theorem 2.1. The operatorP is equivalent to the convolution type operator
(2.1) Wig = reoF - F : HTV2(Q) — H3?(Q)

Y

i.e. there are bounded invertible linear operatd#sand /' so thatP = EW, o F'.

Strongly Elliptic Operators for a
Plane Wave Diffraction Problem
in Bessel Potential Spaces
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Proof. Analogously to what happens in the half-line casé€],[a functionu €
L*(R?), withup: € H*(R?), satisfies the Helmholtz equatioh {) if and only
if it is representable by

y) = Fo e O Fcud (2) x4 ()
+ Fol Y Foeug (z)x—(y)

for (z,y) € R?, whereF, .cu(z,y) = [ u(z,y)e**dx andy,, x— denote the
characteristic functions of the positive and negative half-line, respectively.
Let

—{(o,v) € (AR’

(2.2) u(z,

Co— e HVXQ), F 4 Flop+1) = o}.

Taking into account the representation formuta?), we have that the trace

operator,
T, : D(P) — Z

ug
u = Uy = E

Ug

is continuously invertible by the Poisson operakor u, — u defined by .2).
On the other hand, a direct computation leads us to

1
(23) P = _5 Wt,ﬂ Rl CT07

whereR); is the restriction operator to the first component @nsl the convolu-
tion operator (on the full line)

1 -1

_ -1
C=F {_t _

]uf:ZﬁﬁHmem}
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Thus, @.3) exhibits an operator equivalence betwe&erand the convolution
type operatoiV, o, defined in R.1), because?,CTj is continuously invertible
by KC~'[I 0]" (please note that, far € D(P), we haveu; = u; due to (L.29)
and (L.9). O
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In this section we will perform some operator extension methads [, 6, €],
translated by several operator matrix identities.

As a consequence, we will obtain certain operator relations that will help us
to arrive at the desired invertibility conditions.

Theorem 3.1. Let us consider the Wiener-Hopf operator
(31) W\p’R+ ITRHR_*_fil\I/‘F : ﬁg<R+> — HU<R+),

Strongly Elliptic Operators for a
Plane Wave Diffraction Problem
in Bessel Potential Spaces

T—(ya—v3) Luis P. Castro

T ('Y271,*'Y2n—1) T|t|e Page

T (e
(13=72) Contents

T—(yan—1—Y2n—2) 4« 44
t t Ts C.. tT’yzn—l Tro - Trjon_s Tyon | < >

where the empty entries (i.e., outside of the main diagonal and the last row) are

) Go Back
zero,7,(§) = et ¢ e Rando = (e —1/2,...,e—1/2,e—-3/2,...,e—3/2).
There are Banach spacés;, Y; and linear homeomorphisnis; and F; so Close
that Quit
Wia 0 | Wyr, 0 Page 8 of 20
o [Me 0 ]on["% 0
l.e., W, o andWy i, are operators which are equivalent after extension. J-Ineg. Pure and Appl. Math. 3(2) Art. 25, 2002
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Proof. An algebraic equivalence after extension betw&eénm, and Wy k. is
known from [2]. This means that we already have an identity like?)( but

without the guarantee that the invertible linear operafgrandF; are bounded.

Now, taking into account that bounded linear operators with closed ranges
and acting between Hilbert spaces are generalized invertible, the result is de-
rived from [1, Theorem 2] that claims that generalized invertible operators in
Banach spaces are equivalent after extension if and only if their defect spaces

are homeomorphic.

We shall use the functiong, (&) = diag [(£ £ k), ..., (£ £ k)],
aswell agl” = A\ A",

Theorem 3.2. The Wiener-Hopf operatdly r, is equivalent to

B3) Wep, =re—p, F Wy - F : [LAR)]" — [LAR)],

where

Yy = ¢

=

G (ya—s)
« CST_(“/Zn_'Vanl)
C ST—(Wa—Wz)
CisT_(’)Qn—l_'YQn—Q)
L 1 T e Tyon—1 CisT’Yz T CisT'YQn—Q

O
S

CiST’YQn .
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witha = (e —1,...,e —1)ands = 1/2.
Proof. Let us consider the operators

By =rp_p, F N7 Fly ¢ [LXR))" — H(R,)
Fy=lorp . F N - F o HO(Ry) — [L2(R)]™,

wherel, : [L2(R)]*" — [L% (R)]*" is the zero extension operator.
These operators are bounded invertible (se¢ §2.10.3]). Moreover, at- .
Strongly Elliptic Operators for a

in Bessel Potential Spaces

Wyr, = By Wy, r, Fo,

Luis P. Castro

which demonstrates operator equivalence betw&er, andWy, . . O

Corollary 3.3. The convolution type operatd¥, o, and any of the Wiener-Hopf Title Page

operatorsWy g, , Wy, r, belong to the same regularity class]{ More pre- Contents
cisely, any of these three operators is invertible, one-sided invertible, Fred-

holm, semi-Fredholm, one-sided regularizable, generalized invertible or nor- « dd
mally solvable, if and only if one of the others enjoys that property. < 4
Proof. From the above relations we derive that W; o, ker Wy g, andker Wy, g, Go Back
are isomorphic and that the ranges of these operators are closed only at the same Close
time. In addition, the presented relations allow us to conclude that Quit
ul
e— . o . 2n ;.
HQ)/imWyo, HO(Ry)/imWyp,, [LX(Ry)]™/im Wy, g, Page 10 of 20

are also isomorphic. Thus, the statement follows. O
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Let us consider then x 2n matrix function

(% = diag [V L AR R

(where the first elements in the main diagonal are equal and the:laégments e e e e

are also all equal). We introduce the auxiliary operator in Bessel Potential Spaces

Luis P. Castro

(4.1) Wesgor, = ra—p, F ("0 F [Li(R)]Qn - [LQ(RJr)]Qn-

This new operator will help us to arrive at the desired invertibility conditions. Title Page
For this purpose, first, let us present some symmetries in the structure of Contents
Wes :
e «“« Y
Theorem 4.1. The Wiener-Hopf operatdiV sy, &, is equivalent to < >
2n 2n
W\Ill,R+ lo W\p27R+ lg W‘ITl,RJr . [L?&- (R)} — [L2 (R.,.)] Go Back
Close
where, forj =1, 2, .
Quit
W\y].7R+ = T‘R_,R+F_1\I’j -F o [Li (R)} an — [LQ(R_F)} 2n7 Page 11 of 20
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7-_’7271,
T_'YQn—Q

2

\Ij 1= T*’YZn

Strongly Elliptic Operators for a
T—3 Plane Wave Diffraction Problem
n 1 1 -1 in Bessel Potential Spaces
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and
Title Page

[ 1 Mmoo (20T Contents
<4< 44
Uy = : < >

Go Back

1 Close
Quit
Proof. From the identity Page 12 of 20
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_ ] -
1
(Pl = 1 Uy Uy Uy
1
= 1 -
1/” _1/n e _1/n 1 Strongly Elliptic Operators for a
1 Plane Wave Diffraction Problem
in Bessel Potential Spaces
y 1 Luis P. Castro
1/n
1 Title Page
Contents
1
- - 44 >
it follows thatWsy, r, and < >
_ e 2n 2n Go Back
Wowwrm, = Meor, F 000 - F o [LE(R)]™ — [LY(Ry))] 0=ac
Close
are equivalent operators. Quit
Therefore, in order to obtain the present result, we only have to observe that
the “minus" and “plus" semi-almost periodic entrieslofand¥,, respectively, Page 13 of 20
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lead us to

qul%\li,ﬂh
= (re—r, F 101 - F) by (reop, F 0o - F) by (rp—p, F 10y - F)
= W\IILRJr lo W\pQ’RJr lo Wﬁ,ﬂhﬁ

[

We recall that an essentially boundedx m matrix-valued function)(¢)
[4:;(€)] is said to bestrongly ellipticif there exist constantg € C andC' > 0
so that

Re 0y i ©uimi > CY |wil®,  Yu=(u,..., pm) € C™
=1

ij=1
Theorem 4.2. The Wiener-Hopf operator introduced if. (),

Werggr, © [LAR)]" — [LARL)]™,

is an invertible operator.

Proof. The nonnegative mean motions/] of the semi-almost periodic entries
of ¥ ensure us (see {, Theorem 1]) the left invertibility ofV/g; . .
Moreover, we observe thadt, is strongly elliptic. In fact, from

1/2

i S%“Mﬂ + %) J=n+1,....2n,

Strongly Elliptic Operators for a
Plane Wave Diffraction Problem
in Bessel Potential Spaces
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it follows that, forW, (&) = [@ij(g)]

2n
Re > O04(um > Z| pil® = — Z (I* + 1)
i,j=1 j =n+1
2
= Lp +Zluyl +(1-5) Sy
= j=n+1
> §Z|“j|2’ Strongly Elliptic Operators for a

Plane Wave Diffraction Problem
in Bessel Potential Spaces

forall (ju1, ..., pe,) € C*.
Consequently, for» € [L2(R,)]*", we have

Re((Wy, g, lo) Wasr lo) War g, l0)Y, ¥)

Luis P. Castro

Title Page
= Re((Wy, . lo) W g, lo) s W, lo)¥) Contents
= §R€<(TR_>R+.?_1\I/2 . fl(]) (W\I/ ]R_JO) (W ) > ‘4 ’>
= 8%€<\112 : FZO(WTI’RJJO)@D)?ZO( T, R+l0)?/]> < >

5 HJTZO(VVxIJ1 R, 0 WHQ Go Back

1

= 5 W g, lovll Close

1 Quit

Olllwll
Page 15 of 20

whereC; > 0is prowded by the left invertibility o#V; , . This inequality al-
IOWS us to C0nC|Ude tha/V\Iil,RJF lOWqIQ,R+ ZOWFLR_‘F . [L%,_ (R)]Qn N [L2 (R+)]2n J. Ineq. Pure and Appl. Math. 3(2) Art. 25, 2002
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is a left invertible operator.
Applying the same reasoning to the conjugate operator

*

(lo Wy, r oW, g, ZOW\I/T,HM) B (lo W\IT,IM) (ZOW‘I/%RJr) * (lo W, r, ) *
= lquthJOW@,RJOW\IT,RJr

we obtain that this is also a left invertible operator.
Thus Wy, g, loWw, g, loWg; g, is an invertible operator and from Theo-
rem4.1our goal is achieved. ]

Strongly Elliptic Operators for a
Plane Wave Diffraction Problem
in Bessel Potential Spaces

Corollary 4.3. The Wiener-Hopf operatdi/y, . , defined in 8.3), is a Fred-

holm operator with zero Fredholm index. LIS [ R
Proof. From Theorem4.2 we know thatW sy, r, is an invertible operator. p———
Thus (see e.g.l[l, Chapter 1, Theorem 3.11]), the result is a consequence of 2
Wyor, andWesy, r, being homotopic operators in the class of Fredholm op- Contents
erators acting fromz2 (R)]*" to [L2(R,)]*". O <« by
Theorem 4.4. The operatorP (associated to the problem) is bounded invert- < >
ible and, therefore, our problem is well-posed for all orders of smoothness
Go Back
€ €]1/2,3/2].
. Close
Proof. Due to the fact that, for negative parametergand anys € R,
Quit
reew, F T F 0 H(Ry) — H*(Ry) Page 16 of 20
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are nothing more than left shift operators composed with the restriction operator
rr—r,, We have that these operators are surjective. Therefore, taking into ac-
count the structure of (see §.1)), we obtain thail'y i, is a surjective operator
whenever

Wig, = re_r, F 't-F : HTVX(R,) — HR,)

is a surjective operator, which is true for allAs a consequence, the codimen-
sion of the image oWy g, is zero.

Thus, from Corollary3.3and Corollary4.3, we have thatl, , is invertible.
Therefore, the result is obtained if we take into consideration The@rém [J

Strongly Elliptic Operators for a
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