Journal of Convex Analysis Volume 6 (1999), No. 1, 1–11

A New Subdifferential in Quasiconvex Analysis

J. E. Martínez-Legaz^∗

Departament d’Economia i d’Història Econòmica and CODE, Universitat Autònoma de Barcelona, Edifici B, 08193 Bellaterra, Barcelona, Spain.

e-mail: JuanEnrique.Martinez@uab.es

P. H. Sach^†

Departament d’Economia i d’Història Econòmica and CODE, Universitat Autònoma de Barcelona, Edifici B, 08193 Bellaterra, Barcelona, Spain.

e-mail: phsach@ioit.ncst.ac.vn

Received May 21, 1996 Revised manuscript received February 9, 1998

We introduce a new notion of subdifferential, which we call Q-subdifferential, for functions defined on subsets of normed spaces. The Q-subdifferential is a subset of the Greenbeg-Pierskalla quasi-subdifferential and is therefore useful in quasiconvex analysis.

Keywords: Greenberg-Pierskalla quasi-subdifferential, Fréchet subdifferential, quasiconvexity

1991 Mathematics Subject Classification: Primary 26B25, Secondary 28A15

1. Introduction

Since the pioneering work of Greenberg and Pierskalla [8], who introduced the notion of quasi-subdifferential, there have been several attemps to define an appropiate notion of subdifferential in quasiconvex analysis. Crouzeix [5] introduced the tangential, which shares with the quasi-subdifferential the drawback of being a too large set; indeed, both are cones and therefore they give too little information on the function. Smaller sets are the lower subdifferential of Plastria [18] and its variants, the α-lower subdifferentials [15], but they are still unbounded. Trying to reproduce the pattern of convex analysis, where the support function of the subdifferential coincides with the directional derivative, the weak lower subdifferential was introduced in [14] in such a way that it partially fulfills this condition. But this set is even bigger than the lower subdifferential of Plastria. Thus, up to now, the problem of defining an appropriate subdifferential for quasiconvex functions remains open. By “appropriate” we mean that it should satisfy at least two properties: its nonemptiness on the domain of a function to imply quasiconvexity and, on the other hand, to be a small set.

The aim of this paper is to provide a new notion of subdifferential, suitable for quasiconvex

�Financial support from the Dirección General de Investigación Científica y Técnica (DGICYT) under the grant PB 95-0679 and from the Comissionat Interdepartamental de Recerca i Innovació Tecnològica (CIRIT) under the grant SGR96-75 is gratefully acknowledged.

yFinancial support from the Dirección General de Investigación Científica y Técnica (DGICYT) under the grant SAB94-0243 is gratefully acknowledged.

ISSN 0944-6532 / $ 2.50 cfl Heldermann Verlag

2 J.E. Martínez-Legaz, P.H. Sach / A new subdifferential in quasiconvex analysis

functions. To this aim, we define what we call the Q-subdifferntial, whose nonemptiness on a dense subset of the domin of a lower semicontinuous function implies its quasiconvexity. So our sufficient condition for the quasiconvexity of f is different from those given in [1, 3, 4, 7, 9, 10, 11, 12, 16, 17], where the generalized convexity of f is assured by the generalized monotonicity of its directional derivatives or subdifferentials. The Q-subdifferential has also the advantage, in comparison with other subdifferentials of quasiconvex analysis, of being a rather small set, as it is always contained in the Fréchet subdifferential.

The organization of this paper is as follows. In the second section we give some properties of the Q-subdifferential, including its relations with the Greenberg-Pierskalla quasisubdifferential and the Fréchet subdifferential. In the third one we provide the relationship between the quasiconvexity of f and its Q-subdifferential.

2. Q-subdifferential: definition and properties Let X be a normed space with topological dual X^∗. Denote by ⟨., .⟩ the canonical bilinear form between X^∗ and X. Let f : X → R̄ = R ∪ {±∞} be a given function and x_0 ∈ X be such that |f(x_0)| < +∞. We begin with a new notion of subdifferential. Definition 2.1. The Q-subdifferential of f at x_0, denoted ∂^Qf(x_0), is the set of all x^∗ ∈ X^∗ such that f(x) ≥ f(x_0) + φ(⟨x^∗, x − x_0⟩) ∀x ∈ X, (2.1) where φ : R → R̄ is a function depending on x^∗ and having the following properties:

φ is non-decreasing : t_1 ≥ t_2 ⇒ φ(t_1) ≥ φ(t_2), (2.2)

φ(0) = 0, (2.3)

φ^′(0) := lim_{t→0} φ(t) − φ(0) t = 1. (2.4)

Definition 2.2. The Greenberg-Pierskalla subdifferential of f at x_0, denoted ∂^{GP} f(x_0), is defined by

∂^{GP} f(x_0) = {x^∗ ∈ X^∗ : ⟨x^∗, x − x_0⟩ ≥ 0 ⇒ f(x) ≥ f(x_0)}

(in [8], ∂^{GP} f(x_0) is called the quasi-subdifferential of f at x_0).

A relationship between Def. 2.1 and Def. 2.2 is given in the next proposition, which shows that the problem of finding a Q-subdifferential in normed spaces reduces to that in the real line.

Proposition 2.3. The following statements are equivalent: (i) x^∗ ∈ ∂^Qf(x_0), (ii) x^∗ ∈ ∂^{GP} f(x_0) and 1 ∈ ∂^Qh(t_0),

J.E. Martínez-Legaz, P.H. Sach / A new subdifferential in quasiconvex analysis 3 where t_0 = ⟨x^∗, x_0⟩ (2.5) and h(t) = inf {f(x) : ⟨x^∗, x⟩ ≥ t} . (2.6) Proof. (i) ⇒ (ii). By taking t_1 = ⟨x^∗, x − x_0⟩ and t_2 = 0 we derive from (2.2) and (2.3) that ⟨x^∗, x − x_0⟩ ≥ 0 ⇒ φ (⟨x^∗, x − x_0⟩) ≥ φ (0) = 0

⇒ f(x) ≥ f(x_0) (see (2.1)).

Therefore, x^∗ ∈ ∂^{GP} f(x_0); in other words, f(x_0) = h(t_0). (2.7) Since, by assumption, |f(x_0)| < +∞, we get |h(t_0)| < +∞. Now let t ∈ R and set A_t = {x ∈ X : ⟨x^∗, x⟩ ≥ t}. If A_t ≠ ∅ then, for x ∈ A_t, by the non-decreasing property of φ we have φ (⟨x^∗, x − x_0⟩) ≥ φ(t − t_0), which, by (2.1), implies h(t) ≥ h(t_0) + φ(t − t_0) = h(t_0) + φ(1(t − t_0)). (2.8) If A_t = ∅ (i.e., if x^∗ = 0 and t > 0) then (2.8) also holds because in this case h(t) = +∞. This proves that 1 ∈ ∂^Qh(t_0), since t ∈ R is arbitrarily chosen.

(ii) ⇒ (i). Assume that (2.8) holds for all t ∈ R, where φ : R → R̄ is some suitable function with properties (2.2)–(2.4). Since x^∗ ∈ ∂^{GP} f(x_0), (2.7) is valid. Obviously, for any x ∈ X, by taking t = ⟨x^∗, x⟩ we get x ∈ A_t. Thus, combining (2.6) and (2.8) yields f(x) ≥ h(⟨x^∗, x⟩) ≥ f(x_0) + φ(⟨x^∗, x − x_0⟩).

Definition 2.4. The Fréchet subdifferential of f at x_0, denoted ∂^F f(x_0), is defined by ∂^F f(x_0) = {x^∗ ∈ X^∗ : f(x) ≥ f(x_0) + ⟨x^∗, x − x_0⟩ + o(x − x_0) ∀x ∈ X}, (2.9) where o(.) : X → R̄ is some function such that lim_{x→0} o(x) ‖x‖ = 0. (2.10)

We now list some properties of Q-subdifferentials, whose easy proofs are omitted:

4 J.E. Martínez-Legaz, P.H. Sach / A new subdifferential in quasiconvex analysis (1) ∂f(x_0) ⊂ ∂^Qf(x_0) ⊂ ∂^F f(x_0),

where ∂f(x_0) denotes subdifferential in the sense of convex analysis: ∂f(x_0) = {x^∗ ∈ X^∗ : f(x) ≥ f(x_0) + ⟨x^∗, x − x_0⟩ ∀x ∈ X} . If f is convex then ∂f(x_0) = ∂^Qf(x_0) = ∂^F f(x_0).

(2) If ∂^Qf(x_0) ≠ ∅ then f is l.s.c. at x_0.

(3) A point x_0 ∈ X is a global minimizer of f if and only if 0 ∈ ∂^Qf(x_0). (4) If x^∗ ∈ ∂^Qf(x_0) and if x_0 is a local maximizer of f then x^∗ = 0. (5) If f(x_0) > inf {f(x) : x ∈ X} and x_0 is a local maximizer of f then ∂^Qf(x_0) = ∅. (6) The operator ∂^Qf : X ´ X^∗ is quasimonotone, i.e., x^∗_i ∈ ∂^Qf(x_i) (i = 1, 2) =⇒ max {⟨x^∗_1, x_1 − x_2⟩ , ⟨x^∗_2, x_2 − x_1⟩} ≥ 0.

The following result gives a chain rule for composition with non-decreasing functions: Proposition 2.5. Let f : X → R̄ and assume that g : R̄ → R̄ is non-decreasing. If |f(x_0)| < +∞ and g is differentiable at f(x_0) with g^′(f(x_0)) > 0 then g^′(f(x_0))∂^Qf(x_0) ⊂ ∂^Q(g ∘ f)(x_0); (2.11) if, moreover, f is convex then equality holds.

Proof. Let x^∗ ∈ ∂^Qf(x_0). Then, by Definition 2.1, one has (2.1) for a function φ : R → R̄ satisfying (2.2)–(2.4). By the non-decreasing property of g, (2.1) implies g(f(x)) ≥ g(f(x_0) + φ (⟨x^∗, x − x_0⟩) . (2.12) For t ∈ R̄ let us define ψ(t) = g(f(x_0) + t g^′(f(x_0))

) − g(f(x_0)). (2.13) Obviously, ψ_{|R} has properties (2.2)–(2.4). Setting t = g^′(f(x_0))φ(⟨x^∗, x − x_0⟩) in (2.12), we get

g(f(x_0) + φ(⟨x^∗, x − x_0⟩)) = g(f(x_0)) + ψ(g^′(f(x_0))φ(⟨x^∗, x − x_0⟩)). Combining this with (2.12) yields g(f(x)) ≥ g(f(x_0)) + ψ(g^′(f(x_0))φ(⟨x^∗, x − x_0⟩).

Hence to show that g^′(f(x_0))x^∗ ∈ ∂^Q(g ∘ f)(x_0) it suffices to observe that the function t ∈ R → ψ(g^′(f(x_0)))φ( t g^′(f(x_0)) ) ∈ R̄

J.E. Martínez-Legaz, P.H. Sach / A new subdifferential in quasiconvex analysis 5 satisfies (2.2)–(2.4). This proves the inclusion in the statement.

It remains to prove that the opposite inclusion holds when f is convex. Let x^∗ ∈ ∂^Q(g ∘ f)(x_0). By Property (1) above, x^∗ is a Fréchet subgradient of g ∘ f at x_0, that is, (g ∘ f)(x) ≥ (g ∘ f)(x_0) + ⟨x^∗, x − x_0⟩ + o(x − x_0) ∀x ∈ X, for a suitable function o : X → R̄ satisfying (2.10). In particular, for d ∈ X and λ > 0 we have g(f(x_0 + λd)) − g(f(x_0)) ≥ λ⟨x^∗, d⟩ + o(λd). Dividing by λ and setting λ → +0, we obtain g^′(f(x_0))f^′(x_{0;}d) ≥ ⟨x^∗, d⟩, where f^′(x_{0;}d) denotes the directional derivative of f at x_0 in direction d. Since d was arbitrarily chosen, we get 1 g^′(f(x_0)) x^∗ ∈ ∂f(x_0), as desired.

Remark 2.6. In view of Property (1), under the assumptions of Proposition 2.5, for a convex function f one has ∂^Q(g ∘ f)(x_0) = g^′(f(x_0))∂f(x_0).

Corollary 2.7. Proposition 2.5 remains true when the hypothesis g^′(f(x_0)) > 0 is replaced by the assumption that x_0 is a global minimizer of g ∘ f.

Proof. We only need to consider the case when g^′(f(x_0)) = 0. Then, by properties (1) and (3) listed above we have g^′(f(x_0))∂f(x_0) = {0} ⊂ ∂^Q(g ∘ f)(x_0) ⊂ ∂^F (g ∘ f)(x_0).

Let us prove that these inclusions are nonstrict. If x^∗ ∈ ∂^F (g ∘ f)(x_0) then, using the same argument as in the second part of the proof of Proposition 2.5, we get 0 ≥ ⟨x^∗, d⟩ for all d ∈ X, i.e., x^∗ = 0. Thus, ∂^F (g ∘ f)(x_0) = {0}.

To conclude this section, we give two results relating Q-subdifferentials with tangent cones and normal cones. We recall the following well known definitions of the normal cone N(A, x_0) and the Bouligand tangent cone T (A, x_0) of a set A ⊂ X at x_0 ∈ X: N(A, x_0) = {x^∗ ∈ X^∗ : ⟨x^∗, x − x_0⟩ ≤ 0 ∀x ∈ A} ,

T (A, x_0) = {d ∈ X : there are sequences t_n ↘ 0 and d_n → d such that x_0 + t_nd_n ∈ A ∀n}.

6 J.E. Martínez-Legaz, P.H. Sach / A new subdifferential in quasiconvex analysis Proposition 2.8. Let A ⊂ X and x_0 ∈ A, and denote by δ_A : X → R̄ the indicator function of A, defined by

δ_A(x) =

(_{0 if x ∈ A,}

+∞ otherwise. Then ∂^Qδ_A(x_0) = N(A, x_0).

Proof. The inclusion ⊃ follows from the first inclusion in Property (1) above, since N(A, x_0) = ∂δ_A(x_0). Conversely, if (2.1) holds for some φ : R → R̄ satisfying (2.2)–(2.4) then 0 ≥ φ(⟨x^∗, x − x_0⟩) for all x ∈ A. Since (2.2)–(2.4) imply that φ(t) > 0 for t > 0, it follows that ⟨x^∗, x − x_0⟩ ≤ 0 for all x ∈ A. Hence x^∗ ∈ N(A, x_0).

The next result relates the Q-subdifferential of f : X → R̄ at x_0 ∈ f^{−1}(R) to the normal cone to epi f = {(x, λ) ∈ X × R : f(x) ≤ λ}, the epigraph of f, at (x_0, f(x_0)) and to the polar to the Bouligand tangent cone of epi f at the same point (recall that the polar K^0 to a cone K is the normal cone of K at 0).

Proposition 2.9. Let f : X → R̄ and x_0 ∈ f^{−1}(R). Then {x^∗ ∈ X^∗/(x^∗, −1) ∈ N(epi f, (x_0, f(x_0)))} ⊂ ∂^Qf(x_0) ⊂ {x^∗ ∈ X^∗/(x^∗, −1) ∈ (T (epi f, (x_0, f(x_0)))^o} .

Proof. The first inclusion follows from the first inclusion in Property (1), since N(epi f, (x_0, f(x_0))) = ∂f(x_0). To prove the second one, let x^∗ ∈ ∂^Qf(x_0) and (u, v) ∈ T (epi f, (x_0, f(x_0))). There are sequences t_n ↘ 0 and (u_n, v_n) → (u, v) such that f(x_0) + t_nv_n ≥ f(x_0 + t_nu_n) ∀n.

Hence v_n ≥ f(x_0 + t_nu_n) − f(x_0) t_n ≥ φ(t_n ⟨x^∗, u_n⟩) t_n , with φ : R → R̄ being a function satisfying (2.2)–(2.4). We distinguish two cases, according to whether there exist infinitely many terms u_n such that ⟨x^∗, u_n⟩ ≠ 0 or not. In the first case, for such terms we have v_n ≥ ⟨x^∗, u_n⟩ φ(t_n ⟨x^∗, u_n⟩) t_n ⟨x^∗, u_n⟩ −→ ⟨x^∗, u⟩ , whence, as v_n → v, we get v ≥ ⟨x^∗, u⟩ . In the second case we have ⟨x^∗, u_n⟩ = 0 for sufficiently large n, and hence, by v_n ≥^{φ(0)}_{tn} = 0, we get v ≥ 0 = ⟨x^∗, u⟩. Thus in both cases we have ⟨(u^∗, −1), (u, v)⟩ = ⟨x^∗, u⟩ − v ≤ 0. This shows that (x^∗, −1) ∈ (T (epi f, (x_0, f(x_0)))^o.

J.E. Martínez-Legaz, P.H. Sach / A new subdifferential in quasiconvex analysis 7 3. Quasiconvexity and Q-subdifferentials We first recall the well-known notions of quasiconvexity and semistrict quasiconvexity of a function f : X → R̄ (see [2]).

Definition 3.1. A function f : X → R̄ is called quasiconvex if, for all x_i ∈ X (i = 1, 2) and λ ∈ (0, 1), f(x_2) ≤ f(x_1) ⇒ f(x_λ) ≤ f(x_1), (3.1) where x_λ = (1 − λ)x_1 + λx_2. If the implication (3.1) is replaced by f(x_2) < f(x_1) ⇒ f(x_λ) < f(x_1) (resp. f(x_2) ≤ f(x_1) ⇒ f(x_λ) < f(x_1)) for all x_i ∈ X (i = 1, 2) (resp. for all x_i ∈ X (i = 1, 2), x_1 ≠ x_2) and λ ∈ (0, 1), then f is called semistrictly quasiconvex (resp. strictly quasiconvex).

We also recall the definition of the upper Dini derivative of f at x_0, denoted f^0_+(x_0, d):

f^′_+(x_0, d) = lim sup_{λ→+0} f(x_0 + λd) − f(x_0) λ . Theorem 3.2.

(i) If 0 ≠ x^∗ ∈ ∂^F f(x_0) and f : X → R̄ is semistrictly quasiconvex and u.s.c. on the set of all x such that f(x) < f(x_0), then x^∗ ∈ ∂^{GP} f(x_0).

(ii) If x^∗ ∈ ∂^F f(x_0), f : R^n → R̄ is strictly quasiconvex, u.s.c. on the set of all x such that f(x) < f(x_0), continuous on a neighbourhood of x_0, and there is d ∈ R^n such that f^′_+(x_0; d) = ⟨x^∗, d⟩ > 0 and f^′_+(.; d) is continuous at x_0, then x^∗ ∈ ∂^Qf(x_0).

Proof. (i) Let x be such that f(x) < f(x_0). For λ > 0 sufficiently small we have f(x_0) > f(x_0 + λ(x − x_0)) ( by semistrict quasiconvexity)

≥ f(x_0) + λ ⟨x^∗, x − x_0⟩ + o(λ ‖x − x_0‖) (by (2.9)). Therefore ⟨x^∗, x − x_0⟩ ≤ lim_{λ→+0} − o(λ ‖x − x0‖) λ = 0.

We have thus proved that f(x) < f(x_0) ⇒ ⟨x^∗, x − x_0⟩ ≤ 0. (3.2) We show that, in fact, ⟨x^∗, x − x_0⟩ < 0. Indeed, if ⟨x^∗, x − x_0⟩ = 0, then by the upper semicontinuity of f and by the property that x^∗ ≠ 0, we can find a point x̄ near x such that f(x̄) < f(x_0) and ⟨x^∗, x̄ − x_0⟩ > 0. This contradicts (3.2). So f(x) < f(x_0) ⇒ ⟨x^∗, x − x_0⟩ < 0.

8 J.E. Martínez-Legaz, P.H. Sach / A new subdifferential in quasiconvex analysis

This implication shows that x^∗ ∈ ∂^{GP} f(x_0), as desired.

(ii) By the first part of the theorem and Proposition 2.3, it is enough to show that 1 ∈ ∂^Qh(t_0). To this purpose, set

φ(t) = h(t + t_0) − h(t_0) (i.e. φ(t − t_0) = h(t) − h(t_0)),

where t_0 and h are given by (2.5) and (2.6), respectively. Obviously, φ satisfies (2.2) and (2.3). Condition (2.4) follows from a result of Crouzeix [6, Prop 5.1, p.161] which says that h is differentiable at t_0 and

h^′(t_0) = f^′_+(x0; d) ⟨x^∗, d⟩ = 1,

where d is the point appearing in the formulation of the theorem.

An example of a nonsmooth function which satisfies the hypotheses of Theorem 3.2 part (ii) is provided by any nonsmooth strictly convex function f : R^n → R (in particular, one can take f nondifferentiable on a dense subset of R^n). Indeed, if f is differentiable at x_0 ∈ R^n and this point is not the global minimum of f. then there is some d ∈ R^n such that f^′(x_0; d) > 0; moreover, one has f^′(x_0; d) = ⟨x^∗, d⟩ for x^∗ = f^′(x_0), the gradient of f at x_0, and f^′(., d) is continuous at x_0 (this easily follows from the fact that the subdifferential operator is compact-valued, upper semicontinuous, and reduces to the gradient at differentiability points). Using Proposition 2.8, one can modify this example so as to exhibit a nonconvex strictly quasiconvex function satisfying all the assumptions of Theorem 3.2 part (ii).

Corollary 3.3. Assume that f : R^n → R̄ is differentiable on a neighbourhood of x_0, strictly quasiconvex, and u.s.c. on the set of all x such that f(x) < f(x_0). If the Fréchet derivative f^′(·) is continuous at x_0 and f^′(x_0) ≠ 0, then ∂^Qf(x_0) = {f^′(x_0)}.

Proof. This follows from the second statement of Theorem 3.2 and property (1) of Qsubdifferentials.

Remark 3.4. Corollary 3.3 fails to hold if f is not quasiconvex. As an example, take f(t) = t−t^2 (t ∈ R). Then f^′(t_0) ≠ 0 for all t_0 ≠^1_2 , and ∂^Qf(t) = ∅ for all t. Observe also that the assumption f^′(x_0) ≠ 0 cannot be removed. Indeed, for the strictly quasiconvex function f(t) = t^3 (t ∈ R), we have ∂^Qf(0) = ∅.

From now on we asume that C is a subset of X and f : C → R is a given function. We shall set f(x) = +∞ for all x /∈ C. In this context, instead of saying that f : X → R̄ is quasiconvex, we say that f : C → R is quasiconvex on C.

Proposition 3.5. Let C be a convex set of X and f : C → R.

(i) Assume that f is l.s.c. on C and, for all λ > inf{f(x) : x ∈ C}, the level set S_λ(f) = {x ∈ C : f(x) ≤ λ} is solid (i.e. int S_λ(f) ≠ ∅). If ∂^{GP} f(x) ≠ ∅ for all x from a subset C^′ which is dense in C, then f is quasiconvex on C.

(ii) Assume that f is l.s.c. on C and ∂^{GP} f(x) ≠ ∅ for all x from a subset C^′ which is strongly (or radially) dense in C in the sense that the intersection of C^′ and any interval (x_1, x_2) ⊂ C is dense in (x_1, x_2). Then f is quasiconvex on C.

J.E. Martínez-Legaz, P.H. Sach / A new subdifferential in quasiconvex analysis 9

Proof. (i) Let λ > inf{f(x) : x ∈ C} and x_1 ∈ C\S_λ(f). Since S_λ(f) is closed in C (by the lower semicontinuity of f), there is an open neighbourhood V of x_1 in C such that V ∩ S_λ(f) = ∅. Using the fact that int S_λ(f) ≠ ∅, we can easily check that V ∩ int Q ≠ ∅, where Q = co(S_λ(f)_∪{x_1}) denotes the convex hull of S_λ(f) ∪ {x_1}. Indeed, let x̂ ∈ int S_λ(f). Then, for some ϵ > 0, ‖x − x̂‖ < ϵ ⇒ x ∈ S_λ(f). Since V is open in C, for some γ > 0 we have y = (1 − γ)x_1 + γx̂ ∈ V . We claim that y ∈ int Q. Indeed, let x be such that ‖x − y‖ < γϵ. Obviously, x = (1 − γ)x_1 + γ(x̂ +^1_γ z),

where z = x − y. Since fl fl^1_γ z fl fl < ϵ, x̂ +^1_γ z ∈ Sλ(f), and hence x ∈ Q. This proves that

y ∈ int Q and thus y ∈ V ∩ int Q. Therefore, V ∩ int Q ≠ ∅. Since V ∩ int Q is open in C and C^′ is dense in C, we also have C^′ ∩ V ∩ int Q ≠ ∅. Take a point x̄ from this latter intersection. As x̄ ∈ C^′ we have by assumption ∂^{GP} f(x̄) ≠ ∅. Pick x^∗ ∈ ∂^{GP} f(x̄). Then the following implication holds: [x ∈ C, ⟨x^∗, x − x̄⟩ ≥ 0] ⇒ f(x) ≥ f(x̄). Since x̄ ∈ V, we get x̄ /∈ S_λ(f), i.e. f(x̄) > λ. Therefore, the following implication is also satisfied: [x ∈ C, ⟨x^∗, x − x̄⟩ ≥ 0] ⇒ f(x) > λ. In other words, S_λ(f) ⊂ H, where H = {x ∈ C : ⟨x^∗, x − x̄⟩ < 0} . Assume now that x_1 ∈ H. Then S_λ(f) ∪ {x_1} ⊂ H, whence, by the convexity of H, Q ⊂ H. But this implies that x̄ ∈ H, which is false. Therefore x_1 /∈ H. Thus, for any x_1 ∈ C\S_λ(f) we can find a convex set H such that S_λ(f) ⊂ H and x_1 /∈ H. This means that S_λ(f) is an intersection of convex sets, and therefore it is convex. This proves the quasiconvexity of f.

(ii) Assume to the contrary that, for some λ ∈ R, the level set S_λ(f) is not convex. Then there are three points x_i (i = 1, 2, 3), such that x_i ∈ S_λ(f) (i = 1, 2) and x_3 ∈ (x_1, x_2)\S_λ(f). Since S_λ(f) is closed in C and C^′ is strongly dense in C, we can find a point x̄ ∈ (x_1, x_2) \S_λ(f) such that ∂^{GP} f(x̄) ≠ ∅. Pick x^∗ ∈ ∂^{GP} f(x̄). Then, as in the proof of the first statement, we conclude that x ∈ S_λ(f) ⇒ ⟨x^∗, x − x̄⟩ > 0. In particular, since x ∈ S_λ(f) for i = 1, 2, we have ⟨x^∗, x_i − x̄⟩ < 0 (i = 1, 2). This contradicts that x̄ ∈ (x_1, x_2).

Remark 3.6. Proposition 3.5 fails to hold if the lower semicontinuity property of f is replaced by upper semicontinuity. Also, the lower semicontinuity on the whole set C

10 J.E. Martínez-Legaz, P.H. Sach / A new subdifferential in quasiconvex analysis

cannot be weakened to lower semicontinuity on a proper dense (or strongly dense) subset in C. As a counterexample we can take

f(t) = (_{1 if t = 0,}

0 otherwise.

Obviously, f is not quasiconvex, although it is u.s.c. (and Q-subdifferentiable and Greenberg-Pierskalla subdifferentiable everywhere on the real line except for t = 0).

Remark 3.7. It is known since a long time (see, e.g. [13]) that f is quasiconvex on C if ∂^{GP} f(x) ≠ ∅ at every point x ∈ C.

Using the fact that the Q-subdifferential is a subset of the Greenberg-Pierskalla subdifferential, we obtain Theorem 3.8. The conditions stated in Proposition 3.5 and Remark 3.7 remain being sufficient for quasiconvexity when ∂^{GP} f is replaced by ∂^Qf everywhere in their statements.

Acknowledgements. We thank Jean Pierre Crouzeix and Boris Mordukhovich for helpful comments, and two anonymous referees for valuable suggestions.

References [1] D. Aussel, J. N. Corvellec, M. Lassonde: Mean value property and subdifferential criteria for lower semicontinuous functions, Transactions of the American Mathematical Society 347 (1995) 4147–4161.

[2] M. Avriel, W. Diewert, S. Schaible, I. Zang: Generalized Concavity, New York, Plenum Press, 1988.

[3] R. Correa, A. Jofré, L. Thibault: Characterization of lower semicontinuous convex functions, Proceedings of the American Mathematical Society 116 (1992) 67–72.

[4] R. Correa, A. Jofré, L. Thibault: Subdifferential monotonicity as characterization of convex functions, Numerical Functional Analysis and Optimization 15 (1994) 531–535.

[5] J. P. Crouzeix: Contributions à l’Étude des Fonctions Quasiconvexes, Ph.D. Thesis, Université de Clermont-Ferrand II, 1977.

[6] J. P. Crouzeix: Duality between direct and indirect utility functions: differentiability properties, Journal of Mathematical Economics 12 (1983) 149–165.

[7] R. Ellaia, H. Hassouni: Characterization of nonsmooth functions through their generalized gradients, Optimization 22 (1991) 401–416.

[8] H. P. Greenberg, W. P. Pierskalla: Quasi-conjugate functions and surrogate duality, Cahiers du Centre d’Études de Recherche Opérationnelle 15 (1973) 437–448.

[9] S. Karamardian, S. Schaible: Seven kinds of monotone maps, Journal of Optimization Theory and Applications 66 (1990) 37–46.

[10] S. Komlósi: On generalized upper quasidifferentiability, in: F. Giannessi (ed.): Nonsmooth Optimization: Methods and Applications, Gordon and Breach, Montreux, 1992, 189–200.

[11] D. T. Luc, S. Swaminathan: A characterization of convex functions, Nonlinear Analysis, Theory, Methods and Applications 30 (1993) 697–701.

J.E. Martínez-Legaz, P.H. Sach / A new subdifferential in quasiconvex analysis 11

[12] D. T. Luc: Characterization of quasiconvex functions, Bulletin of the Australian Mathematical Society 48 (1993) 393–405.

[13] J. E. Martinez-Legaz: Quasiconvex duality theory by generalized conjugation methods, Optimization 19 (1988) 603–652.

[14] J. E. Martinez-Legaz: Weak lower subdifferentials and applications, Optimization 21 (1990) 321–341.

[15] J. E. Martinez-Legaz, S. Romano-Rodriguez: ff-lower subdifferentiable functions, SIAM Journal on Optimization 3 (1993) 800–825.

[16] J. P. Penot, P. H. Quang: Generalized convexity of functions and generalized monotonicity of set-valued maps, Journal of Optimization Theory and Applications 92 (1997) 343–356.

[17] J. P. Penot, P. H. Sach: Generalized monotonicity of subdifferentials and generalized convexity, Journal of Optimization Theory and Applications 94 (1997) 251–262.

[18] F. Plastria: Lower subdifferentiable functions and their minimization by cutting planes, Journal of Optimization Theory and Applications 46 (1985) 37–53.