Journal of Convex Analysis Volume 4 (1997), No. 2, 281–287

A Generalization of the Quasiconvex Optimization Problem

J. M. Gutiérrez

Facultad de Economía y Empresa, Universidad de Salamanca, 37008 Salamanca, Spain. e-mail: jmgut@gugu.usal.es

Received July 5, 1995 Revised manuscript received June 10, 1996

In this paper the quasiconvex minimization problem is included in a problem defined by sets (instead of functions). Lagrangian conditions for both problems are then studied and related. Lagrangian conditions for the standard convex minimization problem are usually defined in terms of subdifferentials. Lagrangian conditions are defined here in terms of those functionals on the set of (quasi) convex functions which satisfy certain axioms.

Constraint qualifications valid at all points in the feasible set are also considered, in connection with questions of redundancy.

Keywords: Quasiconvex optimization, Lagrangian conditions, polarity, constraint qualifications.

1991 Mathematics Subject Classification: Primary: 90C30. Secondary: 49K27,26B25.

1. Introduction

Given a minimization problem with objective function f and constraints g_i(x) ≤ 0, i ∈ I, the lagrangian-type conditions at a feasible point s have typically the form ∃ξ ∈ df(s) ∃J ∈ ℘_f (I(s)) ∃ξ_j ∈ dg_j(s) ∃λ_j ≥ 0, j ∈ J such that ξ + ∑ j∈J λ_jξ_j = 0

where ℘_f (I(s)) is the set of finite subsets of I(s) := {i ∈ I : g_i(s) = 0}, and d is the subdifferential or any of its generalizations or variants. Now df(s) (dg_j(s)) is a subset of the dual space, such as to make the lagrangian condition sufficient for optimality, at least in the convex case.

In this paper the quasiconvex minimization problem is included in a problem defined by sets (instead of functions). Lagrangian conditions for the problem with functions and the problem with sets are then studied and related. It follows that constraint qualifications (regularity conditions) for the quasiconvex minimization problem can be derived from those for the problem with sets.

Lagrangian conditions for the standard convex optimization problem are usually defined in terms of subdifferentials. Lagrangian conditions are defined here in terms of those functionals on the set of (quasi) convex functions which satisfy certain axioms.

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag

282 J.M.Gutiérrez / A Generalization of the quasiconvex optimization problem

Constraint qualifications valid at all points in the feasible set are also considered, in connection with questions of redundancy.

2. The problem with sets

Let F [ℑ] be a locally convex (Hausdorff) real space with the topology ℑ, and X ⊆ F . We consider a non-empty family (S_i)_{i∈I} of convex sets in X. We write S := ⋂ i∈I S_i. Let Ψ be the set of all the functions T : X → ℑ such that T (x) is convex, and x ∈ T (x) when T (x) ≠ ∅. If T ∈ Ψ, we consider the problem:

T (x) ∩ S = ∅ subject to x ∈ S_i, (for every) i ∈ I. P (T )

Given x ∈ X, we write Ψ(x) := {T ∈ Ψ : x solves P (T )}. For M ⊆ F , we denote by K(M) the cone generated by M. The polar of M is M^ρ := {p ∈ F^′ : ⟨p, x⟩ ≤ 0, ∀x ∈ M}, and the epigraph of the support function of M (called “discriminant” in Gutiérrez [1]) is

D(M) := {(p, α) ∈ F^′ × IR : ⟨p, x⟩ ≤ α, ∀x ∈ M}. M^ρ is then a (weakly) closed convex

cone in the (topological) dual F^′, and D(M) a (weakly) closed convex cone in F^′ × IR. For any set C, ℘(C) is the set of its subsets, and ℘_f (C) the set of its finite subsets.

Definition 2.1. (S_i)_{i∈I} is said to satisfy property Ñ iff D^{(⋂}_{i∈I} Si^) = co^{[⋃}_{i∈I} D(Si)^] . Definition 2.2. Let x ∈ X; (S_i)_{i∈I} is said to satisfy property Ñ(x) iff ( ⋂ i∈I (S_i − x) )_ρ = co [ ⋃ i∈I (S_i − x)^ρ ] .

Property Ñ is a global property, and property Ñ(x) is the corresponding local property. Property Ñ and property Ñ(x) could have been defined by the inclusions D(S) ⊆ co [⋃ i∈I D(Si)^] and (S − x)^ρ ⊆ co^{[⋃}_{i∈I} (Si − x)^{ρ]}, respectively, since the reverse inclu-

sions always hold.

If the sets S_i are closed cones with vertex at x, then (S − x)^ρ = co [⋃ i∈I (S_i − x)^ρ ] (cf. Köthe [2]). On the other hand, if the sets S_i are closed and S ≠ ∅, then D(S) = co [⋃ i∈I D(Si)^] (cf. Gutiérrez [1]).

Let s ∈ S. If the sets S_i are closed, a sufficient condition for property Ñ(s) is that [⋂ i∈I int(S_i) ] ≠ ∅ (cf. Holmes [3]). In the finite-dimensional case it is enough that [⋂ i∈I rint(S_i) ] ≠ ∅, and it is not necessary to require that the sets S_i are closed (cf.

Rockafellar [4]). In a parallel way, if in the finite-dimensional case [⋂ i∈I rint(S_i) ] ≠ ∅, then property Ñ holds (cf. Gutiérrez [1]).

If V_1 and V_2 are pointed convex cones and (V_1, V_2) satisfies property N of Jameson (i.e., given any neighbourhood U of 0, there exists some neighbourhood V of 0 such that

J.M.Gutiérrez / A Generalization of the quasiconvex optimization problem 283

(V_1 + V ) ∩ (V_2 + V ) ⊆ (V_1 ∩ V_2) + U), then (V_i)_{i=1,2} satisfies property Ñ(0) (cf. the proof of Theorem 1 in Jameson [5]).

Proposition 2.3. If property Ñ is satisfied, then property Ñ(s) holds for every s ∈ S. When S is compact, property Ñ holds iff property Ñ(s) holds for every s ∈ S.

Proof. Suppose that property Ñ holds, and let s ∈ S. If p ∈ (S − s)^ρ, then (p, p(s)) ∈

D(S), and thus there exists J ∈ ℘f (I) such that (p, p(s)) =^∑_{j∈J} (pj, αj), with (pj, αj) ∈ D(Sj). Also pj(s) = αj for every j ∈ J (obviously ⟨pj, s⟩ ≤ αj; if k ∈ J exists such that ⟨p_k, s⟩ < α_k, then ⟨p, s⟩ = ∑ j∈J ⟨p_j, s⟩ < ∑ j∈J α_j = ⟨p, s⟩, which is a contradiction), and then p_j ∈ (S_j −s)^ρ. Therefore p ∈ co [⋃ i∈I (S_i − s)^ρ ] , and property Ñ(s) follows. Suppose now that S is compact, and Ñ(s) holds for every s ∈ S. If (p, α) ∈ D(S), let s_0 ∈ S such that ⟨p, s_0⟩ = sup{⟨p, s⟩ : s ∈ S}. Thus ⟨p, s_0⟩ ≤ α; from Ñ(s_0), it is immediate that (p, ⟨p, s_0⟩) ∈ co [⋃ i∈I D(Si)^], and (p, α) ∈ co^{[⋃}_{i∈I} D(Si)^]. Hence property^~N is

satisfied.

If T (x) = ∅, then x obviously solves P (T ), regardless of (S_i)_{i∈I} (unconstrained solution). Let s ∈ S. Consider the following condition:

If T (s) ≠ ∅, then: ∃p ∈ [(T (s) − s)^ρ ∼ {0}] ∃J ∈ ℘_f (I) ∃p_j ∈ (S_j − s)^ρ, j ∈ J such that p + ∑ j∈J p_j = 0. L(T, s)

L(T, s) is a sufficient condition for s to solve problem P (T ) (if s_0 ∈ (T (s) ∩ S) exists, then ⟨p + ∑ j∈J p_j, s_0 − s⟩ < 0 (since ⟨p, s_0⟩ < ⟨p, s⟩, as T (s) is open), and this contradicts L(T, s)). On the other hand, if Ñ(s) holds, then L(T, s) is a necessary condition for s to solve problem P (T ) (if s solves P (T ), then (applying the separation theorem and considering that s ∈ (T (s) ∩ S)) there exists p ∈ F^′, p ≠ 0, such that p ∈ (T (s) − s)^ρ and −p ∈ (S − s)^ρ, and thus L(T, s) follows from Ñ(s)). If dim(F ) < ∞, the last assertion is still true if T (x) is not required to belong to ℑ.

The weakest constraint qualifications are important in the study of necessary optimality conditions. Let s ∈ S. We say that s is a regular point if L(T, s) holds for every T ∈ Ψ(s). A constraint qualification for s is a condition imposed on (S_i)_{i∈I} guaranteeing that s is a regular point. A weakest constraint qualification for s (WCQ-s) is a constraint qualification for s which holds iff s is a regular point.

Proposition 2.4. Let s ∈ S. Then property Ñ(s) is a WCQ-s.

Proof. We have seen above that property Ñ(s) is a constraint qualification for s. Suppose now that s is a regular point. Let q ∈ (S − s)^ρ, q ≠ 0. We define T^⋆ : X → ℑ by T^⋆(x) := x + {z ∈ F : ⟨q, z⟩ > 0}. Then T^⋆ ∈ Ψ(s), and L(T^⋆, s) is satisfied. As (T^⋆(s) − s)^ρ = {−λq : λ ≥ 0}, we have q ∈ co [⋃ i∈I (S_i − s)^ρ ] , and property Ñ(s) follows.

284 J.M.Gutiérrez / A Generalization of the quasiconvex optimization problem

In practice, it is most relevant to know if the family (S_i)_{i∈I} satisfies a constraint qualification for every point of S, as condition L(T, s) is used to delimit those points of S that can solve P (T ). A general constraint qualification is a condition imposed on (S_i)_{i∈I} which guarantees that every point of S is regular, and a weakest general constraint qualification (WGCQ) is a general constraint qualification which holds iff every point of S is regular.

Corollary 2.5. Property Ñ is a general constraint qualification. If S is compact, then property Ñ is a WGCQ.

We say that S_k is redundant if S = ⋂ i∈I∼{k} Si. If the sets Si, i ∈ I, are closed and there

exists I^′ ⊆ I such that D(S) ⊆ co [⋃ i∈I^0 D(Si) ] (which is a general constraint qualification), then the constraints S_k, k ∈ (I ∼ I^′), are redundant (as D(S) = D( ⋂ i∈I^0 Si), and cf. §20.7 in Köthe [2]). If S is non-empty and compact (alternatively to S compact: S closed and with non-empty interior, or S closed and dim(F ) < ∞), then the hypothesis that D(S) ⊆ co [⋃ i∈I^0 D(Si) ] can obviously be replaced by the following:

(S − s)^ρ ⊆ co [⋃ i∈I^0 (Si − s) ρ] for every s ∈ S.

3. The problem with functions

In this section we suppose that X is convex and open. We consider a non-empty family (g_i)_{i∈I} of quasiconvex functions g_i : X → IR. A function f : X → IR is semistrictly quasiconvex iff

f(x) < f(z) implies that f(λx + (1 − λ)z) < f(z)

for x, z ∈ X and 0 < λ < 1. Convexity and strict quasiconvexity imply semistrict quasiconvexity (v. Avriel et al. [6]). Let Ψ^′ be the set of all the continuous semistrictly quasiconvex functions f : X → IR. We shall refer in the sequel to “the convex case” when the functions g_i, i ∈ I, are convex and we take Ψ^′ as the set of all the continuous convex functions f : X → IR. If f ∈ Ψ^′, we consider the problem:

Min f(x) subject to g_i(x) ≤ 0, i ∈ I. P^′(f)

Given x ∈ X, we write Ψ^′(x) := {f ∈ Ψ^′ : x solves P^′(f)}. For any function h : X → IR, let £h(x) := {z ∈ X : h(z) ≤ h(x)}, £^<h(x) := {z ∈ X : h(z) < h(x)} and £_0h := {z ∈ X : h(z) ≤ 0}. We take S_i ≡ £_0g_i, i ∈ I, and T (x) ≡ £^<f(x), x ∈ X. Then P^′(f) is a particular case of P (T ) (f ∈ Ψ^′ entails that x ∈ T (x) when T (x) ≠ ∅). Thus we can apply to P^′(f) the results obtained in the previous section.

The subdifferential ∂ is often used in lagrangian-type conditions in convex optimization, but other alternatives are possible. Let Δ (Δ_c) be the set of all the functionals d which to every quasiconvex (convex) function h : X → IR make correspond a function dh : X → ℘(F^′) such that: (i) dh(x) ⊆ (£h(x) − x)^ρ, ∀x ∈ X (ii) £^<h(x) = ∅ ⇔ 0 ∈ dh(x), ∀x ∈ X (iii) £^<h(x) ≠ ∅ ⇒ K(dh(x)) = (£h(x) − x)^ρ ∼ {0}, ∀x ∈ X. By well known properties of the subdifferential, ∂ ∈ Δ_c.

J.M.Gutiérrez / A Generalization of the quasiconvex optimization problem 285

The infradifferential δ is introduced in Gutiérrez [7].

Definition 3.1. The infradifferential δh(x) of h at x ∈ X is the set of those ξ ∈ F^′ such that, for any z ∈ X with h(z) ≤ h(x), h(z) ≥ h(x) + ⟨ξ, z − x⟩. In [7] it is shown, in the convex case, that δ ∈ Δ_c and that, if h does not reach its minimum in x, K(δh(x)) = K(∂h(x)). The concept of infradifferential is closely related to that of lower subdifferential, independently introduced in Plastria [8] (v. also Penot and Volle [9]).

Let d ∈ Δ (or d ∈ Δc in the convex case) and s ∈ S. We write I(s) := {i ∈ I : gi(s) = 0}.

Consider the following condition: ∃ξ ∈ df(s) ∃J ∈ ℘_f (I(s)) ∃ξ_j ∈ dg_j(s) ∃λ_j ≥ 0, j ∈ J such that ξ + ∑ j∈J λ_jξ_j = 0. L^′(d, f, s)

Obviously L^′(d, f, s) implies L(T, s), and thus L^′(d, f, s) is a sufficient condition for s to solve problem P^′(f). Nevertheless, L(T, s) not necessarily implies L^′(d, f, s). Using L^′(d, f, s) instead of L(T, s), the concepts of regular point, constraint qualification for s, weakest constraint qualification for s (WCQ-s), general constraint qualification, and weakest general constraint qualification (WGCQ), are defined similarly as in Section 1 (and the remark about the relevance of general constraint qualifications and WGCQ also applies here). It is obvious that any constraint qualification for s implies property Ñ(s). Consider now the condition:

£^<g_i(s) = ∅ ⇒ K(dg_i(s)) = (£g_i(s) − s)^ρ, ∀i ∈ I(s). W_0(d, s)

If W_0(d, s) holds, then L(T, s) implies L^′(d, f, s). Therefore, property Ñ(s) and W_0(d, s) together form a constraint qualification for s. However, it is not a WCQ-s. Consider by contrast the following condition, introduced (with subdifferentials) in Wolkowicz [10]:

(S − s)^ρ ∼ {0} = co ⋃ i∈I(s) K(dgi(s)) W (d, s) (or the equivalent, (S − s)^ρ ∼ {0} ⊆ co [⋃ i∈I(s) K(dgi(s)) ] , for the reverse inclusion always holds). The next proposition was established (in the convex case and for subdifferentials) in Wolkowicz [10].

Proposition 3.2. Let d ∈ Δ (or d ∈ Δ_c in the convex case) and s ∈ S. Then W (d, s) is a WCQ-s.

Proof. It runs parallel to that of Proposition 2.4 (now taking into account (i), (ii) and (iii)).

286 J.M.Gutiérrez / A Generalization of the quasiconvex optimization problem

In general, constraint qualifications fulfil two aims:

(a) Decompose any element of (S−s)^ρ into a finite sum of elements of the polars (S_i −s)^ρ. (b) Express every said element of (S_i − s)^ρ as the product of an element of dg_i(s) and a non-negative scalar.

In the first constraint qualification for s that we have considered, property Ñ(s) corresponds to (a), and W_0(d, s) to (b). Nevertheless, this constraint qualification can be improved: if there exists certain decomposition of an element of (S − s)^ρ in a finite sum of elements of the polars (S_i − s)^ρ, and some of these do not belong to K(dg_i(s)), then there may exist still another decomposition in which all the corresponding elements of the polars (S_i − s)^ρ belong to K(dg_i(s)). With regard to the decomposition of an element of (S − s)^ρ, the only useful part of (S_i − s)^ρ is K(dg_i(s)).

If d ∈ Δ (or d ∈ Δc in the convex case) has special properties, then (b) may be obviated

or facilitated. For example, the infradifferential δh of a convex function h : X → IR satisfies: £^<h(x) = ∅ ⇒ K(δh(x)) = (£h(x) − x)^ρ for every x ∈ X (cf. Gutiérrez [7]); thus (in the convex case) W_0(δ, s) always holds, and property Ñ(s) is a WCQ-s. Suppose that S is non-empty and compact (alternatively to S compact: S closed and with non-empty interior, or S closed and dim(F ) < ∞). Let I_0 := {i ∈ I/dg_i(s) ⊆ {0}, ∀s ∈ S}, and be I_0 ≠ I. If a general constraint qualification holds, then the constraints g_k(x) ≤ 0, k ∈ I_0, are redundant (v. Proposition 3.2, and Section 2 in fine). Consider that d is the subdifferential ∂, in the convex case, and that the functions g_i, i ∈ I, are continuous (thus their subdifferential is not empty, and then: i ∈ I_0 iff g_i is constant in S and takes its minimum in S) and Gâteaux-differentiable; it is immediate that all the points of S are regular (i.e., a general constraint qualification holds) iff the constraints g_k(x) ≤ 0, k ∈ I_0, are redundant and the system formed by the rest of the constraints satisfies property Ñ(s) for every s ∈ S.

Let s ∈ S. If s is not regular in the system g_i(x) ≤ 0, i ∈ I, then we can try to find an equivalent quasiconvex system where s is regular. An s-regularization (regularization) of the system g_i(x) ≤ 0, i ∈ I, is a system ĝ_i(x) ≤ 0, i ∈ I_r, where s is regular (where every point of S is regular), with ĝ_i : X → IR quasiconvex and ⋂ i∈Ir {x ∈ X/ĝi(x) ≤ 0} = S. If I_r = I and {x ∈ X/ĝ_i(x) ≤ 0} = S_i for every i ∈ I, then the s-regularization (regularization) is called simple. A necessary condition for g_i(x) ≤ 0, i ∈ I, to admit a simple s-regularization is that property Ñ(s) holds; the converse is not true in general. However, there is a partial converse.

Proposition 3.3. In the convex case, let d be the subdifferential ∂. If F is normable and the sets S_i, i ∈ I, are closed, then g_i(x) ≤ 0, i ∈ I, admits a simple convex s-regularization (regularization) iff it satisfies property Ñ(s) (satisfies property Ñ(s) for every s ∈ S).

Proof. Suppose that g_i(x) ≤ 0, i ∈ I, satisfies property Ñ(s). We define ĝ_i : X → IR by ĝ_i(x) := μ(S_i, x), where μ is the distance given by the norm; ĝ_i is convex and S_i = {x ∈ X/ĝ_i(x) ≤ 0}. If p ∈ (S_i − s)^ρ ∼ {0}, then ĝ_i(x) ≥ ‖p‖^{−1}⟨p, x − s⟩ for every x ∈ X (this is trivial if ⟨p, x⟩ ≤ ⟨p, s⟩; if ⟨p, x⟩ > ⟨p, s⟩, then ĝ_i(x) ≥ μ({z ∈ F/⟨p, z⟩ ≤ ⟨p, s⟩}, x) = μ({z ∈ F/⟨p, z⟩ = ⟨p, s⟩}, x) = μ(Ker(p), x − s), and consider now that |⟨p, z⟩| = ‖p‖μ(Ker(p), z) for z ∈ F (cf., e.g., Jameson [11])), and thus p ∈ K(∂ĝ_i(s)). Hence W_0(∂, s) holds in the system ĝ_i(x) ≤ 0, i ∈ I, and s is regular in it).

J.M.Gutiérrez / A Generalization of the quasiconvex optimization problem 287

In this statement, the hypothesis that F is normable can be replaced by that int(S_i) ≠ ∅ for every i ∈ I (we define now ĝ_i(x) := π(x − s_i) − 1, where s_i ∈ int(S_i) and π is the Minkowsky functional of (S_i−s_i)). Therefore, in the convex case and for the subdifferential ∂, if the sets S_i, i ∈ I, are closed and [⋂ i∈I int(S_i) ] ≠ ∅, then g_i(x) ≤ 0, i ∈ I, admits a simple convex regularization.

References

[1] J. M. Gutiérrez: Algunas propiedades de los semiespacios cerrados que contienen a la intersección de una familia de conjuntos, Revista de la Real Academia de Ciencias, de Madrid, Vol. LXXIX (1&2) (1985) 79–87.

[2] G. Köthe: Topological Vector Spaces I, Springer-Verlag, Berlin, 1969. [3] R. Holmes: A Course on Optimization and Best Approximation, Springer-Verlag, New York, 1972.

[4] T. Rockafellar: Convex Analysis, Princeton University Press, Princeton (N.J.), 1970. [5] G. J. O. Jameson: The duality of pairs of wedges, Proceedings of the London Mathematical Society (3), Vol. 24 (1972) 531–547.

[6] M. Avriel, W. E. Diewert, S. Schaible and I. Zang: Generalized Concavity, Plenum Press, New York & London, 1988.

[7] J. M. Gutiérrez: Infragradientes y direcciones de decrecimiento, Revista de la Real Academia de Ciencias, de Madrid, Vol. LXXVIII (4) (1984) 523–532.

[8] F. Plastria: Lower subdifferentiable functions and their minimization by cutting planes, Journal of Optimization Theory and Applications, Vol. 46-1 (1985) 37–53.

[9] J. P. Penot, M. Volle: On quasi-convex duality, Mathematics of Operations Research 15 (1990) 597–625.

[10] H. Wolkowicz: Geometry of optimality conditions and constraint qualifications: the convex case, Mathematical Programming 19 (1980) 32–60.

[11] G. J. O. Jameson: Topology and Normed Spaces, Chapman & Hall, London, 1974.

288 J.M.Gutiérrez / A Generalization of the quasiconvex optimization problem HIER :

Leere Seite 288