Journal of Convex Analysis Volume 2 (1995), No.1/2, 87{101

On a Gap Phenomenon for Isoperimetrically

Constrained Variational Problems

Giuseppe Buttazzo

Dipartimento di Matematica, Università di Pisa, Via Buonarroti 2, 56127 Pisa, Italy.

e-mail: butazzo@sabsns.sns.it

Victor J. Mizel

Department of Mathematics, Carnegie Mellon University, Pittsburgh, PA 15213, USA.

e-mail: vm09+@andrew.cmu.edu

Received 9 July 1994 Revised manuscript received 23 March 1995

Dedicated to R. T. Rockafellar on his 60th Birthday

We consider functionals of the calculus of variations subjected to constraints of the form Z Ω g(x, u) dx = 1. We identify the relaxed problem and we show that, when a lack of compactness occurs, the constraint may relax to a gap term.

1. Introduction

The term Lavrentiev phenomenon refers to a surprising result first demonstrated by Lavrentiev in 1926 [29]. There he presented an example showing that it is possible for the variational integral of a two-point Lagrange problem which is sequentially weakly lower semicontinuous on the admissible class of absolutely continuous functions, to possess an infimum on the dense subclass of C^1 admissible functions that strictly exceeds its minimum value on the full admissible class. The global C^1 regularity constraint on the admissible functions was thereby shown to incur an infimum gap in comparison with the relaxed problem in which this constraint has been removed. Since that time there have been additional works devoted to analyzing this gap phenomenon (see References), of which the paper [12] is most closely related to the work we present here. The present article was stimulated by a result of Lezenina and Sobolevskii [30] in which a gap phenomenon having some analogy to the Lavrentiev phenomenon for free problems was encountered in an isoperimetric variational problem associated with a singular elliptic equation. We here demonstrate that for a large class of isoperimetrically constrained

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag

88 G. Buttazzo, V. J. Mizel / Relaxation of constrained problems

variational problems there is such a gap phenomenon, which has a natural interpretation as a relaxation effect, as was shown in Buttazzo and Mizel [12] to be also true of free problems for which the Lavrentiev phenomenon occurs. We prefer here to consider only the gap effect deriving from the lack of compactness and so, to avoid possible interactions with the gap due to regularity of admissible functions, we consider our problems as defined on the whole class of absolutely continuous functions. The result is that, after relaxation, the initial constraint becomes a kind of penalization term which, in several cases, can be explicitly computed.

2. The Relaxation Result

Let Ω be the interval ]0, 1[; we consider W^{1,1}(Ω) the space of all absolutely continuous functions on Ω; A the class of all functions u ∈ W^{1,1}(Ω) with u(0) = 0;

f(x, s, ζ) a nonnegative Borel function from Ω × IR × IR into IR which is lower semicontinuous in (s, ζ) and convex in ζ;

g(x, s) a nonnegative Borel function from Ω×IR into IR which is lower semicontinuous in s.

For every u ∈ A we define

F (u) = ∫ Ω f(x, u, u^′) dx G(u) = ∫ Ω g(x, u) dx H(u) = { F (u) if G(u) = 1 +∞ otherwise

and we denote by H the greatest functional on A which is sequentially lower semicontinuous with respect to weak W^{1,1}_{loc} (Ω) convergence and less than or equal to H. By the assumptions made on the integrand f, the functional F turns out to be sequentially lower semicontinuous, so that H(u) ≥ F (u) ∀u ∈ A. On the other hand, the equality H = H is possible only if the constraint G(u) = 1 is preserved in the relaxation, which does not occur in general when the integrand g(x, s) has singularities which prevent the compactness of embeddings. We want to write H in the form H(u) = F (u) + L(u) and to characterize the gap L explicitly. It is clear that, when the compactness condition u_h → u in w − W^{1,1}_{loc} (Ω), F (u_h) ≤ c ⇒ G(u_h) → G(u) is fulfilled, then H = H, that is L(u) = { 0 if G(u) = 1 +∞ otherwise.

G. Buttazzo, V. J. Mizel / Relaxation of constrained problems 89

In general, however, only the inequality G(u) ≤ 1 holds in the relaxed functional, by Fatou’s lemma. Thus L(u) = +∞ whenever G(u) > 1, L(u) = 0 whenever G(u) = 1, but L(u) may take finite nonzero values on functions u ∈ A such that G(u) < 1. In order to characterize explicitly the gap functional L we introduce the following notations:

F_x(u) = ∫_x 0 f(t, u, u^′) dt G_x(u) = z_u(x) = ∫_x 0 g(t, u) dt V (x, s, z) = inf {F_x(u) : u ∈ A, u(x) = s, G_x(u) = z} W (x, s, z) = lim inf (ξ,η)→(s,z) V (x, ξ, η). The representation result for L is then the following. Theorem 2.1. Assume the following conditions are fulfilled:

(2.1) for every δ > 0 there exists a function a_δ ∈ L^1(Ω) and a function θ_δ : IR → IR with θ_δ(r)/r → +∞ as r → +∞ such that f(x, s, ζ) ≥ θ_δ(|ζ|) − a_δ(x) ∀x ∈]δ, 1[, ∀s ∈ IR, ∀ζ ∈ IR; (2.2) g(x, s) is continuous in s, and for every δ > 0 there exists a function γ_δ(x, t) increasing in t and integrable in x such that g(x, s) ≤ γ_δ(x, |s|) ∀x ∈]δ, 1[, ∀s ∈ IR. Then for every u ∈ A with G(u) ≤ 1 we have

L(u) ≥ lim sup_{x→0} W ( x, u(x), 1 − ∫_1 x g(t, u) dt ) (2.3)

L(u) ≤ lim inf_{x→0} V ( x, u(x), 1 − ∫_1 x g(t, u) dt ) . (2.4)

Hence L(u) = lim_{x→0} V ( x, u(x), 1 − ∫_1 x g(t, u) dt )

if V (x, ·, ·) is lower semicontinuous on IR × IR.

Proof. Consider any sequence (u_h) in A with G(u_h) = 1 and u_h → u weakly in W^{1,1}_{loc} (Ω); then for every δ > 0 we have

F (u_h) = ∫_δ 0 f(x, u_h, u^′_h) dx + ∫_1 δ f(x, u_h, u^′_h) dx ≥ ≥ V ( δ, u_h(δ), 1 − ∫_1 δ g(x, u_h) dx ) + ∫_1 δ f(x, u_h, u^′_h) dx ≥ ≥ W ( δ, u_h(δ), 1 − ∫_1 δ g(x, u_h) dx ) + ∫_1 δ f(x, u_h, u^′_h) dx.

90 G. Buttazzo, V. J. Mizel / Relaxation of constrained problems

Passing to the limit as h → +∞ gives, by using (2.1) and (2.2) H(u) ≥ W ( δ, u(δ), 1 − ∫_1 δ g(x, u) dx ) + ∫_1 δ f(x, u, u^′) dx and, as δ → 0,

H(u) ≥ lim sup_{δ→0} W ( δ, u(δ), 1 − ∫_1 δ g(x, u) dx ) + F (u)

so that inequality (2.3) is proved.

In order to prove inequality (2.4) let x_h → 0 be such that

lim inf x→0 V ( x, u(x), 1 − ∫_1 x g(t, u) dt ) = lim h→+∞ V ( x_h, u(x_h), 1 − ∫_1 xh g(t, u) dt ) < +∞ (2.5) and let v_h ∈ A be such that

v_h(x_h) = u(x_h), ∫_{xh} 0 g(t, v_h) dt = 1 − ∫_1 xh g(t, u) dt (2.6) ∫_{xh} 0 f(t, v_h, v^′_h) dt ≤ 1 h + V ( x_h, u(x_h), 1 − ∫_1 xh g(t, u) dt ) . (2.7)

Define

u_h(x) = { v_h(x) if x ∈]0, x_h[

u(x) if x ∈ [x_h, 1[;

we have u_h ∈ A, G(u_h) = 1 by (2.6), and u_h → u weakly in W^{1,1}_{loc} (Ω) by (2.1). Furthermore, by (2.5) and (2.7)

H(u) ≤ lim inf h→+∞ F (u_h) =

= lim inf h→+∞ [∫_{xh} 0 f(t, v_h, v^′_h) dt + ∫_1 xh f(t, u, u^′) dt ] ≤ ≤ lim inf h→+∞ [ 1 h + V ( x_h, u(x_h), 1 − ∫_1 xh g(t, u) dt ) + F (u) ] = = lim inf x→0 V ( x, u(x), 1 − ∫_1 x g(t, u) dt ) + F (u). Hence inequality (2.4) is also proved.

Remark 2.2. Similar results with similar proofs hold if we replace the class A with W^{1,1}(Ω) or W^{1,1}_0 (Ω).

Remark 2.3. The assumptions of Theorem 2.1 ensure that the lack of compactness may occur only at the origin. In a similar way we can treat problems in which the lack

G. Buttazzo, V. J. Mizel / Relaxation of constrained problems 91

of compactness occurs at a finite number of points, but we do not know the form of the relaxed functional H when the function g(x, s) may allow more general “singular sets”.

3. The Hamilton-Jacobi Approach

In order to provide an explicit computation, in some cases, of the gap L(u), it is useful to present a dynamic programming type of result by studying the link between the value function V (x, s, z) and the solutions of the associated Hamilton-Jacobi equation. In the following we denote by f^∗(x, s, ·) the Fenchel conjugate of f(x, s, ·). We will also suppose that g(x, s) > 0 for a. e. x ∈ Ω and for all s ≠ 0; (3.1) this implies that for every x ∈ Ω and s ≠ 0

V (x, s, 0^+) = +∞.

Theorem 3.1. Suppose that U(t, s, z) is a positive C^1 solution on D = IR^+ × IR^+ × IR^+ of the Hamilton-Jacobi equation { U_t + g(t, s)U_z + f^∗(t, s, U_s) = 0

U(t, s, 0^+) = +∞

(3.2)

such that lim (t,s,z)→(0,0,0) (t,s,z)∈Dj U(t, s, z) = 0 ∀j ∈ IN (3.3)

where (D_j ) is an expanding sequence of bounded subdomains of D such that (0, 0, 0) ∈ D_j , U is C^1-bounded on D_j, and ∪_jD_j = D. Putting B = { u ∈ A : lim inf_{x→0} U(x, u(x), z_u(x)) = 0 } , one has the following inequality for every u ∈ B F_x(u) ≥ U(x, u(x), z_u(x)) ∀x ∈ [0, 1]. (3.4) Furthermore, if for some (x, s, z) ∈ D there is a u ∈ B such that u(x) = s, z_u(x) = z, and (3.4) holds with equality, then u is a minimizer for the problem min {F_x(u) : u ∈ B, u(x) = s, z_u(x) = z}. (P_{x,s,z})

Proof. Fix u ∈ B; then for every x, y with 0 < y < x ≤ 1 the graph (t, u(t), z_u(t)), t ∈ [y, x] lies in D_j for some j ∈ IN. Then by the chain rule for the function U on D_j ∩ ([y, x] × IR^+ × IR^+) we get U(x, u(x), z_u(x)) − U(y, u(y), z_u(y)) = ∫_x y [U_t + g(t, u(t))U_z + u^′(t)U_s] dt.

92 G. Buttazzo, V. J. Mizel / Relaxation of constrained problems Hence, by approaching the liminf as y → 0^+ and using the definition of B and property (3.3) we can write U(x, u(x), z_u(x)) − F_x(u) = ∫_x 0 [U_t + g(t, u)U_z + u^′U_s − f(t, u, u^′)] dt. Now, by the Hamilton-Jacobi equation (3.2), the integrand is nonpositive everywhere on ]0, x], whence (3.4) follows. The conclusion that u is a minimizer of problem (P_{x,s,z}) when equality holds in (3.4) is now immediate.

Remark 3.2. When problem (3.2) has multiple solutions the above result applies to the maximal solution, in particular, as the only candidate for the value function of the problem.

4. Some Examples In this section we present some examples of isoperimetrically constrained one-dimensional variational problems possessing a gap. We start by proving a homogeneity property of the value functions Y of (P_{x,s,z}) and V of (P̂_{x,s,z}), the analogue of (P_{x,s,z}) on the full admissible class A.

Theorem 4.1. Suppose that the integrands f and g satisfying (2.1) and (2.2) have the form f(t, s, ζ) = t^α|s|^γh ( tζ s ) ∀s ≠ 0 g(t, s) = t^β|s|^δ with α, β ∈ IR and γ, δ > 0. Then the value function V associated with the problems (P̂_{x,s,z}) satisfies V (x, s, z) = x^{α+1}|s|^γV (1, 1, zx^{−β−1}|s|^{−δ}) ∀s ≠ 0. (4.1) Likewise, the value function Y associated with (P_{x,s,z}) satisfies Y (x, s, z) = x^{α+1}|s|^γY (1, 1, zx^{−β−1}|s|^{−δ}) ∀s ≠ 0. Proof. Given u ∈ A with u(x) = s and z_u(x) = z define v(t) = u(tx) so that v^′(t) = xu^′(tx), z_v(1) = x^{−β−1}z_u(x), F_1(v) = x^{−α−1}F_x(u).

It follows from these relations that V (x, s, z) = x^{α+1}V (1, s, zx^{−β−1}). (4.2) On the other hand, given λ ∈ IR define w(t) = λu(t) so that w^′(t) = λu^′(t), z_w(x) = |λ|^δz_u(x), F_x(w) = |λ|^γ F_x(u).

G. Buttazzo, V. J. Mizel / Relaxation of constrained problems 93

These relations yield V (x, s, z) = |λ|^{−γ}V (x, λs, z|λ|^δ). (4.3) The validity of (4.1) now follows from (4.2) and (4.3). The proof for Y is similar.

As a consequence of Theorems 3.1 and 4.1 we obtain the following result. Theorem 4.2. Let f and g be as in Theorem 4.1. Then every solution U of (3.2) having the form U(t, s, z) = t^{α+1}s^γR(zt^{−β−1}s^{−δ}) for some positive function R ∈ C^1(IR^+), is such that R is a positive solution of the ordinary differential equation { (α + 1)R(w) − (β + 1)wR^′(w) + R^′(w) + h^∗(γR(w) − δwR^′(w)) = 0 R(0^+) = +∞. (4.4)

In particular, for every u ∈ B satisfying u(x) = s and z_u(x) = z one has F_x(u) ≥ x^{α+1}|s|^γR(zx^{−β−1}|s|^{−δ}), and equality ensures that u is a minimizer for (P_{x,s,z}).

Corollary 4.3. Let f and g be as in Theorem 4.1 with α = β, γ = δ and assume that h ∈ C^1(IR), is strictly convex, and satisfies h(ζ)/ζ → +∞ as |ζ| → +∞. Then equation (4.4) becomes { h^∗ ( γ(R(w) − wR^′(w)) ) + (α + 1)(R(w) − wR^′(w)) + R^′(w) = 0 R(0^+) = +∞.

(4.5)

The maximal solution of (4.5) on ]0, +∞[ is given by the convex function R(w) = wh ( 1 γw − α + 1 γ ) . corresponding to the C^1 solution of (3.2) U(x, s, z) = zh ( s^γx^{α+1} γz − α + 1 γ ) . (4.6)

Moreover, the unique B-optimal trajectory (u, z_u) for (P_{1,s,z}) corresponding to the above solution is given by u(t) = st^{(|s|γ/z−α−1)/γ}, z_u(t) = zt^{|s|γ/z}. (4.7) Finally, if for some a > 0 1 th^{−1}(t) ∈ L^1(a, +∞) (4.8)

94 G. Buttazzo, V. J. Mizel / Relaxation of constrained problems

where h^{−1} denotes the inverse of the restriction of h to some interval [A, +∞[ on which it is strictly monotone, then V (x, s, z) = Y (x, s, z) = U(x, s, z) and the trajectory in (4.7) is (P̂_{1,s,z}) optimal.

Proof. By virtue of superlinearity and strict convexity of h, we have for every ζ

h^∗(h^′(ζ)) = ζh^′(ζ) − h(ζ) and (h^∗)^′(ζ) = (h^′)^{−1}(ζ) (4.9)

so that the supremum yielding h^∗ ( γ(R(w) − wR^′(w)) ) in (4.5) is attained at (assuming existence of a minimizer u for problem (P_{1,s,z})) tu^′(t) u(t) = (h^′)^{−1} ( γ(R(w) − wR^′(w)) ) = (h^∗)^′ ( γ(R(w) − wR^′(w)) ) . (4.10)

On the other hand, by formally differentiating the implicit Clairaut type equation (4.5) one obtains (we recall that, by Rockafellar [36], Theorem 26.5, h^∗ is C^1) R^{′′}(w) [ 1 − (α + 1)w − γw(h^∗)^′ ( γ(R(w) − wR^′(w)) )] = 0.

Since R^{′′} = 0 is inconsistent with R(0^+) = +∞, we have

(h^∗)^′ ( γ(R(w) − wR^′(w)) ) = 1 γw − α + 1 γ . (4.11)

Then, from (4.10) and (4.11) we obtain

u^′(t) = u(t) γt ( 1 w − α − 1 ) . (4.12)

Moreover, inserting (4.11) into (4.5), and taking into account (4.9) gives as singular solution the convex function R(w) = wh ( 1 γw − α + 1 γ )

which proves (4.6) by Theorem 4.2. Now, recalling that w = zt^{−1−α}|s|^{−γ}, while z^′_u(t) = g(t, u(t)) = t^α|u(t)|^γ, we obtain by (4.12) w^′(t) = z^′_ut^{−α−1}|u|^{−γ} − (α + 1)z_ut^{−α−2}|u|^{−γ} − γz_ut^{−α−1}|u|^{−γ−1} sgn(u)u^′ = = 1 t − α + 1 t w − γw t ( 1 γw − α + 1 γ ) = 0.

That is, w is constant along an optimal trajectory. In particular, w(t) = w(1) = z|s|^{−γ}, so that (4.7) follows from (4.12).

G. Buttazzo, V. J. Mizel / Relaxation of constrained problems 95

Finally, we show that when (4.8) is satisfied, then Y = V by proving that for each u ∈ A \ B we have z_u(x) = +∞ for every x ∈ Ω. By definition of B it follows that for some positive b, σ one has U(x, u(x), z_u(x)) = z_u(x)h ( x^{α+1}|u(x)|^γ γz_u(x) − α + 1 γ ) ≥ b ∀x ∈]0, σ[. If we suppose z_u(1) < +∞, then by taking σ sufficiently small, we can ensure that the argument of h lies in the semi-axis [A, +∞[ where h is invertible. Thus, since z^′_u(x) = x^α|u(x)|^γ, we have the relation xz^′_u(x) z_u(x) ≥ γh^{−1} ( b z_u(x) ) + α + 1 ∀x ∈]0, σ[. Since z_u(0^+) = 0 and h is superlinear, we may deduce from this (by decreasing σ) that z^′_u(x) z_u(x)h^{−1}(b/z_u(x)) ≥ γ 2x ∀x ∈ [0, σ[. (4.13) Denoting by k(z_u) the coefficient of z^′_u in (4.13) we have by (4.8) that k ∈ L^1(0, ε) for ε sufficiently small. Letting K(t) = ∫_t 0 k(s) ds, it follows from the local absolute continuity of z_u by the chain rule (cf. e.g. [34]) and from (4.13) that K(z_u(x)) − K(z_u(y)) ≥ γ 2 log(x/y) 0 < y < x < σ which gives, as y → 0^+, z_u(x) = +∞ for every x small enough.

We now examine a special subclass of the integrands discussed in Corollary 4.3 for which an explicit estimate is available.

Corollary 4.4. Let p > n and let, with the notation of Corollary 4.3, h(ζ) = |ζ|^p, α = n − 1 − p, γ = p, so that f(t, ζ) = t^{n−1}|ζ|^p, g(t, s) = t^{n−p−1}|s|^p. Consider the variational problem

min {F_1(u) : u ∈ B, u(1) = s, z_u(1) = z}. (P_{1,s,z})

Then an optimal trajectory is given by u(t) = st^{(|s|p/z−n+p)/p}, z_u(t) = zt^{|s|p/z} corresponding to a minimal cost given by V (x, s, z) = Y (x, s, z) = z p^p | | | | |s|^p zx^{p−n} − n + p | | | | p , (x, s, z) ∈ D. (4.14)

96 G. Buttazzo, V. J. Mizel / Relaxation of constrained problems

In particular, L(u) = ( 1 − n p )_p (1 − G(u)).

Proof. The expression of L(u) follows from (4.14) by noticing that, thanks to the implication w/x ∈ L^1(0, 1), w^′ ∈ L^1(0, 1) ⇒ lim_{x→0} w(x) = 0,

we have, with w(x) = x^{n−p}|u(x)|^p,

lim_{x→0} |u(x)|^p x^{p−n} = 0.

Corollary 4.5. Let d(t) = dist(t, ∂Ω) and consider the problem min {∫_1 0 |u^′|^p dt : u ∈ W^{1,1}_0 (0, 1),

∫_1 0 |u(t)|^p |d(t)|^p dt = z } . (P_{1,z}) Then, if V is the value function of Corollary 4.4 with n = 1, the infimum m is given by m = 2V (1/2, 0^+, z/2) and there is a minimizing sequence which converges to u_0 ≡ 0. Therefore L(u) = ( 1 − 1 p )_p (1 − G(u)).

Proof. By the symmetry in t the infimum m can be obtained as m = inf_{s,u,v} {∫_{1/2} 0 |u^′|^p dt + ∫_{1/2} 0 |v^′|^p dt : u, v ∈ Γ_s } = = inf_{s,z1,z2} {V (1/2, s, z_1) + V (1/2, s, z_2) : z_1 + z_2 = z}

where Γ_s is the class of functions such that u(0) = v(0) = 0, u(1/2) = v(1/2) = s, z_u(1/2) + z_v(1/2) = z. By the convexity of V (x, s, ·) we get z_1 = z_2 = z/2 so that

m = inf_s 2V (1/2, s, z/2) = 2V (1/2, 0^+, z/2) = (1 − 1/p)^pz

and a minimizing sequence (as s → 0^+) is

u_s(x) = { s(2x)^{(2} �p_sp_{/z+p−1)/p} if 0 ≤ x ≤ 1/2 s(2 − 2x)^{(2} �p_sp_{/z+p−1)/p} if 1/2 ≤ x ≤ 1.

G. Buttazzo, V. J. Mizel / Relaxation of constrained problems 97

Theorem 4.6. Let f and f̃ be integrands satisfying (2.1), and let g and g̃ be integrands satisfying (2.2). Suppose furthermore that as t → 0 we have f ≈ f̃ and g ≈ g̃ in the sense that for every ε > 0 there exists δ > 0 such that (putting a_ε = 1 + ε) f̃ (t, s, ζ) f(t, s, ζ) , g̃(t, s) g(t, s) ∈ ]a^{−1}_ε , a_ε[ (4.14)

for every x ∈]0, δ[ and every s, ζ ∈ IR \ {0}. Suppose in addition that the value function V corresponding to f and g is lower semicontinuous in (s, ζ) and satisfies |V (x, s, z_1) − V (x, s, z_2)| ≤ ω(|z_1 − z_2|)k(x, s) (4.15) where ω is a continuity modulus and k(x, u(x)) is bounded for every u such that F (u) < +∞. Then for every u ∈ A satisfying

G̃(u) = G(u) < 1

we have that the gap terms relative to f, g and to f̃, g̃ verify L̃(u) ≥ L(u) ∀u ∈ A.

Proof. Given ε > 0 it follows from (4.14) that for any sequence (u_h) in A one has { a^{−1}_ε F_x(u_h) ≤ F̃_x(u_h) ≤ a_εF_x(u_h) a^{−1}_ε G_x(u_h) ≤ G̃_x(u_h) ≤ a_εG_x(u_h)

(4.16)

for every x < δ. Now, given (x, s, z) select u_h ∈ A with u_h(x) = s, G̃_x(u_h) = z, and F̃_x(u_h) → Ṽ (x, s, z). Possibly passing to subsequences we may assume that G_x(u_h) = z_h → z^′ and that F_x(u_h) converges as well. By use of (4.16) we obtain easily a^{−1}_ε z ≤ z^′ ≤ a_εz and V (x, s, z^′) ≤ a_εṼ (x, s, z). (4.17) Now, consider a sequence (s_h, z_h) → (s, z) for which Ṽ (x, s_h, z_h) → W̃ (x, s, z) and let us denote by z^′_h the associated points for the first term of (4.17). We can suppose, by passing to subsequences, that z^′_h → z^{′′}. Then we obtain a^{−1}_ε z ≤ z^{′′} ≤ a_εz and W̃ (x, s, z) ≥ a^{−1}_ε V (x, s, z^{′′}). By Theorem 2.1 and (4.15) we obtain finally

L̃(u) ≥ lim sup x→0 W̃ ( x, u(x), 1 − ∫_1 x g̃(t, u) dt ) ≥ ≥ lim inf_{x→0} a^{−1}_ε [ V ( x, u(x), 1 − ∫_1 x g(t, u) dt ) − ω(ε)k(x, u(x)) ] ≥ ≥ a^{−1}_ε [L(u) − Kω(ε)]. The conclusion now follows by taking ε → 0.

98 G. Buttazzo, V. J. Mizel / Relaxation of constrained problems As an application consider the following generalized version of the Lezenina and Sobolevskii problem on the unit ball B of IR^n, where p > 1 and

F (u) = ∫ B |Du|^p dx, G(u) = ∫ B (1 − |x|)^{−p}|u|^p dx. This leads in the radially symmetric case to

F (u) =

∫_1 0 r^{n−1}|u^′|^p dr, G(u) = ∫_1 0 r^{n−1} (1 − r)^p |u|^p dr. On putting t = 1 − r and considering u as a function of t we are led to

F (u) =

∫_1 0 (1 − t)^{n−1}|u^′|^p dt, G(u) = ∫_1 0 (1 − t)^{n−1}t^{−p}|u|^p dt. Here the integrands f̃(t, s, ζ) = (1 − t)^{n−1}|ζ|^p, g̃(t, s) = (1 − t)^{n−1}t^{−p}|s|^p are asymptotically equivalent to the integrands f(t, s, ζ) = |ζ|^p, g(t, s) = t^{−p}|s|^p corresponding to the case n = 1 of Corollary 4.4. Consequently, we deduce by Theorem 4.6

L̃(0) ≥ L(0) = ( 1 − 1 p )_p . In the present case one can actually show that equality holds. Namely, we must estimate Ṽ (x, 0, 1); to do so we modify a sequence (u_h) of optimizers for V (x, s_h, 1) where s_h → 0. By Corollary 4.4 (with n = 1) such a sequence is given by u_h(t) = s_h(t/x)^{(|sh|px1} �p_{+p−1)/p} . The modified sequence v_h is defined as follows:

v_h(t) = λ_hu_h(t) if 0 ≤ t ≤ x/2 2λ_hu_h(x/2) ( 1 − t x ) if x/2 ≤ t ≤ x. Note that for λ_h = 1 we have v_h ≤ u_h. Moreover, by direct calculation

G̃_x(v_h) = λ^p_h [∫_{x/2} 0 (1 − t)^{n−1}t^{−p}|u_h(t)|^p dt + 2^p ∫_x x/2 (1 − t)^{n−1}t^{−p}|u_h(x/2)|^p ( 1 − t x )_p dt ]

The first integral has the value (1 − ξ)^{n−1}2^{−|sh|px1} �p with ξ ∈ (0, x/2), whereas the second integral tends to zero as s_h → 0. It then follows that there is a choice of λ^p_h ≤ 2^{|sh|px1} �p (1 − x/2)^{1−n} such that G̃_x(v_h) = 1. Moreover, by direct computation

F̃_x(v_h) ≤ ( 1 − x 2 )_{1−n} (|s_h|px1−p + p − 1 p )_p + o(1) as h → +∞

G. Buttazzo, V. J. Mizel / Relaxation of constrained problems 99

and, passing to the limit first as h → +∞ and then as x → 0, the right hand side goes to (_{p−1} p )_p = L(0).

Acknowledgment. The first author warmly acknowledges the hospitality of the Department of

Mathematics of Carnegie Mellon University, where this paper was conceived and partially written. The research of the first author is part of the project “EURHomogenization”, contract SC1-CT91- 0732 of the program SCIENCE of the Commission of the European Communities. The second author acknowledges partial support for this research by the US National Science Foundation under Grant DMS 92 01221. He also wishes to express appreciation to Professor P. E. Sobolevskii for bringing the phenomenon noted in the work of Lezenina and Sobolevskii to his attention. The last part of his work on this paper was carried out during visits to the IAS in Princeton and the EPFL in Lausanne. He wishes to acknowledge the hospitality of both institutions during these visits. We would also like to acknowledge stimulating conversations on the subject of this article with Steve Shreve, Mete Soner, Gabriella Tarantello, Luc Tartar, and especially Bernard Dacorogna.

References

[1] G. Alberti, P. Majer: Gap phenomenon for some autonomous functionals. J. Conv. Anal., 1 (1994), 31–45.

[2] G. Alberti, F. Serra Cassano: paper in preparation.

[3] L. Ambrosio, O. Ascenzi, G. Buttazzo: Lipschitz regularity for minimizers of integral functionals with highly discontinuous integrands. J. Math. Anal. Appl., 142 (1989), 301–316.

[4] T. S. Angell: A note on the approximation of optimal solutions of the calculus of variations.

Rend. Circ. Mat. Palermo, 2 (1979), 258–272.

[5] J. M. Ball, G. Knowles: A numerical method for detecting singular minimizers. Numer.

Math., 51 (1987), 181–197.

[6] J. M. Ball, V. J. Mizel: Singular minimizers for regular one-dimensional problems in the calculus of variations. Bull. Amer. Math. Soc., 11 (1984), 143–146.

[7] J. M. Ball, V. J. Mizel: One-dimensional variational problems whose minimizers do not satisfy the Euler-Lagrange equation. Arch. Rational Mech. Anal., 90 (1985), 325–388.

[8] M. Belloni: Rilassamento di problemi variazionali con fenomeno di Lavrentiev. Ph. D.

Thesis, Dipartimento di Matematica Università di Pisa, Pisa (1995).

[9] F. Bethuel, H. Brezis, J. M. Coron: Relaxed energies for harmonic maps. Proceedings of “Variational Methods”, Paris, June 1988, Birkhäuser, Boston (1990), 37–52.

[10] G. Buttazzo: Semicontinuity, Relaxation and Integral Representation in the Calculus of Variations. Pitman Res. Notes Math. Ser. 207, Longman, Harlow (1989).

[11] G. Buttazzo: The Lavrentiev phenomenon for variational problems. Proceedings of “Nonlinear Analysis - Calculus of Variations”, Perugia 9–12 May 1993, (to appear).

[12] G. Buttazzo, V. J. Mizel: Interpretation of the Lavrentiev phenomenon by relaxation. J.

Funct. Anal., 110 (1992), 434–460.

[13] L. Cesari: Optimization-Theory and Applications. Springer-Verlag, Berlin (1983).

100 G. Buttazzo, V. J. Mizel / Relaxation of constrained problems

[14] L. Cesari, T. S. Angell: On the Lavrentiev phenomenon. Calcolo, 22 (1985), 17–29. [15] C. W. Cheng, V. J. Mizel: On the Lavrentiev phenomenon for autonomous second order integrands. Arch. Rational Mech. Anal., 126 (1994), 21–33.

[16] V. Chiadò Piat, F. Serra Cassano: Some remarks about the density of smooth functions in weighted Sobolev spaces. J. Conv. Anal., (to appear).

[17] F. H. Clarke, R. B. Vinter: Regularity properties of solutions to the basic problem in the calculus of variations. Trans. Amer. Math. Soc., 291 (1985), 73–98.

[18] A. Corbo Esposito, R. De Arcangelis: Comparison results for some types of relaxation of variational integral functionals. Ann. Mat. Pura Appl., (to appear).

[19] A. M. Davie: Singular minimizers in the calculus of variations in one dimension. Arch.

Rational Mech. Anal., 101 (1988), 161–177.

[20] R. De Arcangelis: Some remarks on the identity between a variational integral and its relaxed functional. Ann. Univ. Ferrara, 35 (1989), 135–145.

[21] R. De Arcangelis: The Lavrentieff phenomenon for quadratic functionals. Preprint Università di Napoli, Napoli (1993).

[22] M. Giaquinta, G. Modica, J. Soucek: The Dirichlet energy of mappings with values into the sphere. Manuscripta Math., 65 (1989), 489–507.

[23] A. C. Heinricher: A singular stochastic control problem arising from a deterministic problem with non-Lipschitzian minimizers. Dissertation, Carnegie Mellon Math. Dept. (1986).

[24] A. C. Heinricher, V. J. Mizel: A stochastic control problem with different value functions for singular and absolutely continuous control. Proceedings 25th IEEE Conference on Decision and Control, Athens 1986, 134–139.

[25] A. C. Heinricher, V. J. Mizel: The Lavrentiev phenomenon for invariant variational problems.

Arch. Rational Mech. Anal., 102 (1988), 57–93.

[26] A. C. Heinricher, V. J. Mizel: A new example of the Lavrentiev phenomenon. SIAM J.

Control Optim., 26 (1988), 1490–1503.

[27] T. Kilpelainen, P. Lindqvist: The Lavrentiev phenomenon and the Dirichlet integral. Proc.

Amer. Math. Soc., (to appear).

[28] G.Knowles: Finite element approximation to singular minimizers, and applications to cavitation in nonlinear elasticity. Proceedings of “Differential Equations and Mathematical Physics”, Birmingham 1986, Lecture Notes in Math. 1285 (1987), 236–247.

[29] M. Lavrentiev: Sur quelques problèmes du calcul des variations. Ann. Mat. Pura Appl., 4 (1926), 107–124.

[30] I. F. Lezenina, P. E. Sobolevskii: Elliptic and parabolic boundary value problems with singular estimates of coefficients. Dokl. Acad. Nauk. Ukrain. SSR, (1989), 27–31.

[31] P. D. Loewen: On the Lavrentiev phenomenon. Canad. Math. Bull., 30 (1987), 102–108. [32] B. Manià: Sopra un esempio di Lavrentieff. Boll. Un. Mat. Ital., 13 (1934), 146–153. [33] M. Marcus, V. J. Mizel: Absolute continuity on tracks and mappings of Sobolev spaces.

Arch. Rational Mech. Anal., 45 (1972), 294–320.

[34] M. Marcus, V. J. Mizel: Continuity of certain Nemitsky operators on Sobolev spaces and the chain rule. J. Analyse Math., 28 (1975), 303–334.

G. Buttazzo, V. J. Mizel / Relaxation of constrained problems 101

[35] V. J. Mizel: The Lavrentiev phenomenon in both deterministic and stochastic optimization problems. Proceedings of “Integral Functionals in Calculus of Variations”, Trieste 1985, Suppl. Rend. Circ. Mat. Palermo, 15 (1987), 111–130.

[36] R. T. Rockafellar: Convex Analysis. Princeton University Press, Princeton (1970). [37] L. Tonelli: Sur une méthode du calcul des variations. Rend. Circ. Mat. Palermo, 39 (1915), 233–264.

[38] L. Tonelli: Sur une question du calcul des variations. Rec. Math. Moscou, 33 (1926), 87–98. [39] T. Zolezzi: Well-posedness and the Lavrentiev phenomenon. SIAM J. Control Optim., 30 (1992), 787–799.

102 G. Buttazzo, V. J. Mizel / Relaxation of constrained problems HIER :

Leere Seite 102