Journal of Convex Analysis Volume 2 (1995), No.1/2, 309–344

A General Approach to Dual Characterizations of Solvability of Inequality Systems with Applications^1

A. M. Rubinov

Department of Mathematics and Computing Sciences, Ben Gurion University of the Negev, Beer Sheva, Israel. e-mail: rubinov@black.bgu.ac.il

B. M. Glover

School of Information Technology and Mathematical Sciences, University of Ballarat, Ballarat, Victoria, Australia. e-mail: bmg@ballarat.edu.au

V. Jeyakumar

Department of Applied Mathematics, University of New South Wales, Sydney, NSW, Australia.

e-mail: jeya@solution.maths.unsw.edu.au

Received 19 August 1994 Revised manuscript received 22 May 1995

Dedicated to R. T. Rockafellar on his 60th Birthday

A general approach is developed to solvability theorems involving a broad class of functions, here called

H-convex functions and inf-H-convex functions. The concept of Minkowski duality is exploited to pro-

vide dual characterizations for certain infinite inequality systems. The results not only cover the recently developed solvability results involving DSL functions, concave functions and difference of sublinear and convex functions but also include a new dual characterization for systems with completely difference convex functions. Detailed examples are provided to illustrate the broad nature of the results. Applications to global optimization are also given.

Keywords : Generalized conjugates, convex analysis, global optimization, Farkas’ lemma, solvability theorems, Minkowski duality.

1991 Mathematics Subject Classification: 52A01, 46A20, 90C30

1. Introduction

Dual characterizations of solvability of nonlinear inequality systems are crucial for the development of dual necessary and sufficient conditions for local (and global) extrema

1 This research has been partially supported by a Bilateral Science and Technology Grant from the Aus-

tralian Government and the Ministry of Science, Israel.

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag

310 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems

of optimization problems. A great deal of attention has been focussed in the recent literature of nonlinear programming and nonsmooth optimization to establishing such characterizations in terms of subdifferentials and approximate subdifferentials (see [11, 12, 20, 21, 14]). More recently, various new forms of solvability characterizations have been given with applications to certain classes of global optimization problems such as convex maximization problems and minimization of the difference of sublinear functions (see [22, 23]).

In this paper, we provide a general approach to the solvability of nonlinear inequality systems involving two broad classes functions, here called H-convex functions and inf- H-convex functions. The notions of H-convexity of sets and functions are given without linearity. This concept of convexity without linearity has been studied extensively by many authors (see, for example, [25, 4, 33, 28, 34]). Recall one of the main results of convex analysis: a function is lower semicontinuous (l.s.c) and convex if and only if it is the pointwise supremum of a subset of the space H of all continuous affine (i.e. linear + constant) functions. Thus ‘convexity without linearity’ (H-convexity) in our context involves the taking of suprema of subsets of certain classes of functions (not necessarily affine functions). Similarly we can consider H-concavity by taking infima and then inf- H-convexity (i.e. the class of functions expressible as the pointwise infima of a family of H-convex functions). This concept of inf-H-convexity is extremely broad. For example it allows us to consider the important classes of difference convex functions which are easily expressible as the pointwise infimum of a family of convex functions. This concept is also applicable to certain positively homogeneous functions as we will illustrate with extensive examples in this paper.

Two forms of dual characterizations are given for inequality systems involving H-convex functions and inf-H-convex functions with the view to possibly applying, in particular, to convex maximization with convex constraints and general convex minimization problems. This approach covers corresponding recent results, presented for systems involving completely difference sublinear functions [11], difference of sublinear and convex functions [gj2]. More importantly, it yields, a new dual characterization for inequality systems involving functions expressible as the pointwise infima of a family of convex functions (inf-convex functions). The role of a consistency condition required in these results is also clarified and related to a stability property well known in Minkowski duality.

In section 2, we present the notions of H-convex functions and sets and illustrate the broad nature of these concepts by several examples in section 3. The well known dual correspondence between sublinear functions and support sets is now generalized using Minkowski duality (see [25]) to H-convex functions and H-convex sets. In section 4, dual characterizations for the solvability of H-convex inequality systems and inf-H-convex inequality systems are given in terms of H-convex hulls. Section 5 examines ways of characterizing H-convex hulls in terms of convex hulls and cones for certain subclasses of H-convex functions. In section 6, solvability results are given for many important classes of functions using the characterization of H-convex hulls in easily verifiable forms. In section 7, we show how these results can be used to provide dual conditions characterizing global optimum. Finally, we present some open research questions for further development. The appendix contains a new minimax result for H-convex functions.

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 311

2. H-convex Functions and Minkowski Duality

In this section we introduce a class of generalized convex functions, here called H-convex functions. The properties of this class of function are discussed within a general concept of Minkowski duality. The approach is a modification of that used in [25]. We begin with some essential definitions and an introduction to the notation to be used throughout.

Definition 2.1. Let X be an arbitrary set and Z ⊆ X a non-empty subset. Let H be a set of functions defined on X and mapping into IR. A function p : Z → IR_{+∞}, where IR_{+∞} = IR ∪ {+∞}, is called H-convex on the set Z if there is a set U ⊆ H such that, for all z ∈ Z, p(z) = sup{h(z) : h ∈ U}. Definition 2.2. Let f : Z → IR_{+∞}, the set of H-minorants of f on Z is called the support set of f and is denoted s(f, H, Z). Thus s(f, H, Z) = {h ∈ H : (∀z ∈ Z) h(z) ≤ f(z)}. The function co^Z_H f : X → IR_{+∞} defined, for each z ∈ Z by (co^Z_H f)(z) := sup{h(z) : h ∈ s(f, H, Z)}, is called the H-convex hull of the function f. Clearly, s(f, H, Z) = s(co^Z_H f, H, Z).

It should be noted that Rolewicz [33] has used the expression ‘convexity without linearity’ in relation to these concepts.

To illustrate the nature of support sets we include the following simple examples. Note that by specifying the set H we generate various special classes of function. Example 2.3. Let ℓ be a continuous linear function defined on a locally convex Hausdorf topological vector space (l.c.H.t.v.s) X (so ℓ ∈ X^′, where X^′ denotes the continuous dual (or conjugate) space to X). Then we have the following: 1. Let H = X^′, Z = X. Then s(ℓ, X^′, X) = {ℓ}.

2. Let H = X^′, Z = K (a closed convex cone in X) then s(ℓ, X^′, K) = ℓ − K^∗. Here K^∗ denotes the dual cone to K, i.e. K^∗ = {ℓ ∈ X^′ : (∀x ∈ K) ℓ(x) ≥ 0}.

3. Let H = {h̄ : (∀x ∈ X) h̄(x) = h(x) − c, h ∈ X^′, c ∈ IR} (i.e. the set of continuous affine functions defined on X), Z = X. Then s(ℓ, H, X) = {ℓ + ce : c ≤ 0}, where e denotes the function with constant value 1 on X.

4. Let H be the set of all continuous affine functions defined on X, Z = B (the closed unit ball in X (assumed a normed space)). Then s(ℓ, H, B) = {(ℓ^′, c) : c ≥ ‖ℓ^′ − ℓ‖}. Thus s(ℓ, H, B) is the epigraph of the function f(ℓ^′) = ‖ℓ^′ − ℓ‖.

Clearly co^Z_H (ℓ) = {ℓ} in examples 1 to 4 above. Now we consider the function e defined above.

1. Let H = X^′, Z = K a closed convex cone. Then s(e, X^′, K) = −K^∗. co^Z_H (e) = {0}. 2. Let H = X^′, Z = B (X a normed space). Then s(e, X^′, B) = {ℓ : (∀x ∈ B) ℓ(x) ≤ 1} = B^∗ (the dual unit ball in X^′). co^Z_H (e)(x) = ‖x‖.

3. Let H = X^′, Z an arbitrary set. Then s(e, X^′, Z) = Z^∘ (the polar set of Z).

312 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems

Now we consider a l.s.c sublinear function p : X → IR_{+∞} where X is a l.c.H.t.v.s. Let H = X^′ and Z = X then s(p, X^′, X) = ∂p(0), the subdifferential of p at zero, i.e. ∂p(0) = {h ∈ X^′ : (∀x ∈ X) p(x) ≥ h(x)}. Similarly if Z = K, a closed convex cone in X, then

s(p, X^′, K) = cl (∂p(0) − K^∗).

Here we are taking closure in the weak* topology of X^′.

Finally, consider a l.s.c convex function f : X → IR_{+∞} where X is a l.c.H.t.v.s. Let H = {h̄ : (∀x ∈ X) h̄(x) = h(x) − c, h ∈ X^′, c ∈ IR} and Z = X then s(f, H, X) = epi f^∗.

Here f^∗ denotes the Fenchel conjugate of f (see [31, 32] and Definition 2.8 to follow). Definition 2.4. A set U ⊆ H is called H-convex on Z if there is a function f such that U = s(f, H, Z). Clearly U is H-convex if, and only if, U = s(p_U , H, Z) where, for each z ∈ Z, p_U (z) = sup{h(z) : h ∈ U} (2.1) is a H-convex function.

For an arbitrary subset U ⊆ H the set s(p_U , H, Z) (where p_U is defined by (2.1)) is called the H-convex hull of the set U and will be denoted co^Z_H U.

The following proposition is immediate from the definitions above. Note that this simple result illustrates the separation property for H-convex sets.

Proposition 2.5. Let U ⊆ H then U is H-convex on Z if and only if for any h^′ ∈ H, h^′ ∉ U, there is a x ∈ Z such that h^′(x) > sup_{h∈U} h(x).

By definition the function −∞ : z → −∞ (for all z ∈ Z) is H-convex and the empty set is clearly a H-convex set. Note that ∅ = s(−∞, H, Z).

Throughout we shall denote the set of all H-convex functions defined on Z ⊆ X by F(H, Z). Similarly the set of all H-convex sets will be denoted S(H, Z). We shall introduce order relations on these sets as follows:

p_1, p_2 ∈ F(H, Z), p_1 ≥ p_2 ⇐⇒ (∀z ∈ Z) p_1(z) ≥ p_2(z).

U_1, U_2 ∈ S(H, Z), U_1 ≥ U_2 ⇐⇒ U_1 ⊇ U_2.

Consider the mapping Φ : F(H, Z) → S(H, Z) defined by Φ(p) = s(p, H, Z). This mapping is known as a Minkowski duality (see [25]). It is not difficult to show that Φ is a one-to-one mapping and, moreover, it is an isomorphism between the ordered sets. Minkowski duality extends the well known dual relationship between sublinear functions and support sets to H-convex functions and H-convex sets.

It is easy to show that the mapping U → co^Z_H U defined on the set 2^H is a closure in the sense of Moore (see [5]). In particular we have the following: (∀U ⊆ H) U ⊆ co^Z_H U (∀U ⊆ H) co^Z_H (co^Z_H U) = co^Z_H U U_1, U_2 ⊆ H, U_1 ⊆ U_2 =⇒ co^Z_H U_1 ⊆ co^Z_H U_2

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 313

It follows from Moore’s theorem ([5]) that the ordered set S(H, Z) is a complete lattice where, for an arbitrary family (U_α) (with U_α ∈ S(H, Z) for each α), we have

sup_α U_α = co^Z_H (∪_αU_α), inf_α U_α = ∩_αU_α.

Since Minkowski duality is an isomorphism between the ordered sets F(H, Z) and S(H, Z) it follows that F(H, Z) is also a complete lattice. In addition the following is valid for any family (p_α) with, for each α, p_α ∈ F(H, Z):

(sup_α p_α)(·) = sup_α p_α(·)

(inf_α p_α)(·) = co^Z_H (inf_α p_α(·))

Here (sup_α p_α)(·) and (inf_α p_α)(·) are boundaries in the lattice F(H, Z) and sup_α p_α(·) and inf_α p_α(·) are pointwise boundaries. Similarly we have:

s(sup_α p_α, H, Z) = co^Z_H (∪_αs(p_α, H, Z))

s(inf_α p_α, H, Z) = ∩_αs(p_α, H, Z)

where sup_α and inf_α are boundaries in the lattice F(H, Z).

Definition 2.6. A set A is called a semilinear space if there is a binary operation + and the operation of multiplication by a positive scalar defined on the set A such that, for a, a_1, a_2, a_3 ∈ A and λ, μ > 0,

a_1 + (a_2 + a_3) = (a_1 + a_2) + a_3 λ(a_1 + a_2) = λa_1 + λa_2 (λμ)a = λ(μ)a a_1 + a_2 = a_2 + a_1 (λ + μ)a = λa + μa 1 · a = a It is easy to check that if the cancellation law holds in a semilinear space A, i.e a, b, c ∈ A, a+c = b+c =⇒ a = b, then there is an isomorphism between A and a convex cone in a vector space (namely A as the convex cone embedded in the vector space A−A). Convex sets are defined in a semilinear space in the usual way. Note that the set of all functions f : X → IR_{+∞}, where X is an arbitrary nonempty set, is a semilinear space (given the usual pointwise definition of function addition and positive scalar multiplication). The set of all l.s.c convex functions f : X → IR_{+∞} defined on a l.c.H.t.v.s X is a semilinear space.

Let A be both a semilinear space and a lattice. This set will called a semilinear lattice if (a) x ≥ y =⇒ (∀z ∈ A) x + z ≥ y + z (b) x ≥ y =⇒ (∀λ > 0) λx ≥ λy (c) For arbitrary U ⊆ A and z ∈ A, sup (z + U) = z + sup U.

Let H be a semilinear space with respect to the usual operations of pointwise addition and positive scalar multiplication. It follows in this case that F(H, Z) is a semilinear lattice. It should be noted that F(H, Z) cannot be represented as a cone in a vector space since

314 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems

if p, p_1, p_2 ∈ F(H, Z), p_1 + p = p_2 + p and there is a subset Z_o ⊆ Z such that p(z) = +∞ (for z ∈ Z_o) then p_1 = p_2 does not necessarily hold.

Now let us consider the lattice S(H, Z). It is straightforward to verify that a H-convex set is convex with respect to the algebraic operations on H. We define on S(H, Z) a binary operation ⊕ and positive scalar multiplication as follows (for U_1, U_2, U ∈ S(H, Z), λ > 0): U_1 ⊕ U_2 = co^Z_H (U_1 + U_2) λU = {λu : u ∈ U}.

It is easy to verify that Minkowski duality in this case, i.e the mapping f → s(f, H, Z), is an algebraic isomorphism between F(H, Z) and S(H, Z) and therefore S(H, Z) is a semilinear lattice.

We can define, in a symmetric manner, concepts of H-concave functions and sets. A function q : Z → IR ∪ {−∞} is said to be H-concave if there is a set U ⊆ H such that, for each z ∈ Z, q(z) = inf{h(z) : h ∈ U}. A set U ⊆ H is called H-concave if U = {h ∈ H : (∀z ∈ Z) h(z) ≥ inf_h0_{∈U} h^′(z)}. We shall denote the set of H-concave functions defined on a set Z ⊆ X by F(H, Z) and the set of all H-concave sets by S(H, Z).

We shall be particularly interested in the sequel in the class of functions expressible as the pointwise infimum of a family of H-convex functions, in the notation above we are refering to the class F(F(H, Z), Z). Thus we require the following definition.

Definition 2.7. Let X be an arbitrary set and Z ⊆ X a non-empty subset. Let H be a set of functions defined on X and mapping into IR. A function q : Z → IR_{+∞} is called inf-H-convex on Z if there is a set Δ ⊆ F(H, Z) such that, for all z ∈ Z,

q(z) = inf {h(z) : h ∈ Δ}

If X is a locally convex topological vector space and H is the set of continuous affine functions defined on X then we shall denote inf-H-convex functions as merely inf-convex functions. Note that we can define the class of min-H-convex functions in an analogous fashion simply replacing infimum by minimum.

This definition extends the concept of inf-convexity defined in [13] and inf-sublinearity used in, for example, [10].

In addition to a semilinear space we shall require the weaker idea of a conic set, defined as follows.

Definition 2.8. A set A is called a conic set if there is an operation of positive scalar multiplication defined on A such that the following hold, for each a ∈ A, λ, μ > 0: 1 · a = a, (λμ)a = λ(μ)a. Let H be a set of functions defined on the set Z ⊆ X and assume that H is a conic set with respect to the usual positive scalar multiplication. Clearly if p is a H-convex function in this case then λp is a H-convex function for all λ > 0. Thus F(H, Z) is a conic set. Since H is a conic set it also immediately follows (defining positive scalar

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 315 multiplication in the usual way) that S(H, Z) is also a conic set. It easily follows that these conic sets, F(H, Z) and S(H, Z), are isomorphic where we identify support sets as follows, for p ∈ F(H, Z) and λ > 0: s(λp, H, Z) = λ s(p, H, Z). We now recall the concept of a H-conjugate function (see, for example, [4, 25, 29, 34]) and develop connections between these functions and the concept of an ϵ-subdifferential. In the following we shall assume that X = Z and that H is a set of real valued functions defined on X. Let H̄ denote the set of all functions h̄ which have the form h̄(x) = h(x)−c for some h ∈ H and c ∈ IR and every x ∈ X.

Definition 2.9. Let f : X → IR, then the H-conjugate of f, denoted f^∗, is defined by f^∗(h) = sup_{x∈X}(h(x) − f(x))

for each h ∈ H.

The concept of a generalized conjugate has been studied extensively in the literature as an extension of the classical Fenchel-Moreau conjugate of a convex function; see, for example [28, 34, 25, 4].

The epigraph of a function f is the set epi f = {(x, α) : x ∈ domf, α ≥ f(x)}. Proposition 2.10. For a function f : X → IR the epigraph of its H-conjugate f^∗ coincides with the support set of f with respect to H̄, i.e epi f^∗ = s(f, H̄, X).

Proof. We have the following: (h, λ) ∈ epi f^∗ ⇐⇒ λ ≥ f^∗(h) ⇐⇒ (∀x ∈ X) λ ≥ h(x) − f(x) ⇐⇒ (∀x ∈ X) f(x) ≥ h(x) − λ ⇐⇒ (h, λ) ∈ s(f, H̄, X).

Definition 2.11. Let p be a H̄-convex function and ϵ ≥ 0. A function h ∈ H is called an ϵ-subgradient of the function f at the point x_o if, for all x ∈ X, h(x) − h(x_o) ≤ p(x) − p(x_o) + ϵ. The set ∂_{H, ϵ}p(x_o) of all ϵ-subgradients of p at x_o is called the ϵ-subdifferential of p at x_o with respect to H. Since p is H̄-convex, for each ϵ > 0 there is a function h ∈ H and a λ ∈ IR such that, for all x ∈ X: h(x) − λ ≤ p(x) and h(x_o) − λ > p(x_o) − ϵ. Thus we have h(x) − h(x_o) ≤ p(x) − p(x_o) + ϵ. In particular ∂_{H, ϵ}p(x_o) ≠ ∅ for all ϵ > 0. However it may be possible that ∂_{H, 0}p(x_o) is empty. The ϵ-subdifferential, ∂_{H, ϵ}p(x_o), is studied systematically in [34].

316 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems

Let p be a H̄-convex function. Then for each h̄ ∈ s(p, H̄, X) there are h ∈ H and λ ∈ IR such that h̄(·) = h(·) − λ. Thus, for simplicity, we identify h̄ and the pair (h, λ) in a natural way.

Proposition 2.12. Let p be a H̄-convex function and let x_o ∈ dom p = {x ∈ X : p(x) < +∞}. Then the following holds: s(p, H̄, X) = ∪_{ϵ≥0}{(h, λ) : h ∈ ∂_{H, ϵ}p(x_o), λ = −(p(x_o) − h(x_o)) + ϵ}. (2.2)

Proof. Let V denote the set on the righthand side of (2.2). If (h, λ) ∈ s(p, H̄, X) then, for all x ∈ X, p(x) ≥ h(x)−λ. In particular p(x_o) ≥ h(x_o)−λ. Let ϵ = (p(x_o)−h(x_o))+λ. Then ϵ ≥ 0 and p(x)−p(x_o) ≥ h(x)−h(x_o)−ϵ, in particular h ∈ ∂_{H, ϵ}p(x_o) and (h, λ) ∈ V . Conversely, if (h, λ) ∈ V then there is an ϵ ≥ 0 such that h ∈ ∂_{H, ϵ}p(x_o) and λ = −(p(x_o) − h(x_o)) + ϵ. Thus, for all x ∈ X, p(x) ≥ p(x_o) + h(x) − h(x_o) − ϵ and − λ = [p(x_o) − h(x_o)] − ϵ. Thus (h, λ) ∈ s(p, H̄, X) as required.

Proposition 2.13. Let p be a H̄-convex function and ϵ ≥ 0. Let x_o ∈ X, then h ∈ ∂_{H, ϵ}(x_o) ⇐⇒ p^∗(h) + p(x_o) − h(x_o) ≤ ϵ.

Proof. Follows easily from the Definition of the H-conjugate and the ϵ-subgradient.

3. Examples of H-convex and inf-H-convex Functions

The following examples are included to illustrate the broad nature of the classes of Hconvex and inf-H-convex functions. We begin with examples of H-convex functions for various sets H.

Example 3.1. Let X be a locally convex topological vector space and let H = X^′ the set of continuous linear functions defined on X. Furthermore let K be a closed convex cone in X. It is well known that a function p defined on K is H-convex if and only if p is l.s.c and sublinear.

Example 3.2. Let X be as in example 3.1 and suppose that Z is an arbitrary nonempty subset of X. Let H = X^′ and so H̄ = {(ℓ, c) : ℓ ∈ X^′, c ∈ IR} denotes the set of all continuous affine functions defined on X. It is easy to check that a function f defined on Z is H̄-convex if and only if there is a l.s.c convex function f̄ defined on the closed convex hull of Z (cl co Z) such that, for all z ∈ Z, f(z) = f̄ (z). In particular if Z is a closed convex set then a function f is H̄-convex if and only if it is a l.s.c convex function. Example 3.3. Let X be as above with K ⊆ X a closed convex cone. Let H be the cone K^∗ of all continuous linear functions nonnegative on K (i.e. the dual cone to K). Let Z ⊆ K be a closed convex cone. It can be shown (see [25, 35]) that p ∈ F(K^∗, Z) if and only if there is a sublinear function p̃ : X → IR_{+∞} such that

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 317

(i) for all z ∈ Z, p̃(z) = p(z), and (ii) p̃ is K-increasing; that is if x_1 ≥ x_2 (i.e x_1 ∈ x_2 + K) then p̃(x_1) ≥ p̃(x_2). Example 3.4. Let Z be subset of IR^n and let H be the set of all quadratic functions, h, defined on IR^n, of the form: h(x) = a‖x‖^2 + [ℓ, x] + c where a ≤ 0, ℓ ∈ IR^n ([·, ·] denotes the usual inner product), c ∈ IR. In this case it can be shown (see [25]) that F(H, Z) is the set of all l.s.c functions, p, defined on Z such that there is a quadratic function h with the property h(z) ≤ p(z) for all z ∈ Z. In particular if Z is a compact set then F(H, Z) is the set of all l.s.c functions defined on Z. In Examples 3.1 to 3.4 the set H (or H̄) is a semilinear space.

Example 3.5. Let X = Z = IR^n_+, where IR^n_+ is the nonnegative orthant. Let H be the set of all functions h defined on IR^n_+ generated by a vector (h_1, . . . , h_n) ∈ IR^n_+ where

h(x) = min_{i∈T (h)} h_ix_i,

where T (h) = {i : h_i > 0}. We assume that the minimum over the empty set is zero for convenience. It can be shown (see [1, 3]) that F(H, IR^n_+) is the set of all increasing positively homogeneous functions defined on IR^n_+.

Example 3.6. where H is the set defined in example 3.4 above. Thus H̄ is the set of all functions h̄ which have the form h̄(x) = h(x) − c, h ∈ H, c ∈ IR, for every x ∈ IR^n_+. It can be shown (see [2, 3]) that F(H̄, IR^n_+) is the set of all increasing convex-along-rays functions defined on IR^n_+. A function f defined on IR^n_+ is said to be convex-along-rays if, for each y ∈ IR^n_+, the function f_y(λ) = f(λy) is convex (for λ > 0).

Example 3.7. Let h ∈ IR^n_+ and c ∈ (0, +∞). We consider the function h̃ defined on IR^n_+ by the formula: h̃(x) = min i∈T (h) (h_ix_i, c), x ∈ IR^n_+

Let H̃ be the set of all functions of this form for h ∈ IR^n_+ and c > 0. It can be shown (see [3]) that a function f defined on IR^n_+ is H̃-convex on a set Z ⊆ IR^n_+ if and only if f is increasing and quasihomogeneous (i.e (∀x ∈ IR^n_+)(∀α ∈ [0, 1]) f(αx) ≥ αf(x)). Example 3.8. Here we extend the collection of examples which are connected with the operation of taking minima on the cone IR^n_+. Let X = Z = IR^n_+ and let h be a function which is generated by a vector (h_1, . . . , h_n) ∈ int IR^n_+ as follows:

h(x) = min_{i=1,...,n} h_ix_i, x ∈ IR^n_+ (3.1)

Let H̃ be the union of zero (as a function defined on IR^n_+) and all functions of the form (3.1) with (h_1, . . . , h_n) ∈ int IR^n_+. Clearly H̃ is a subset of the set H considered in example 3.5.

318 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems

Proposition 3.9. A function p defined on IR^n_+ is H̃-convex on the cone Z = IR^n_+ if and only if p is increasing and positively homogeneous of degree one with p(x) = 0 for all x lying on the boundary of the cone IR^n_+ (i.e p(x) = 0 if min_i x_i = 0).

Proof. It is easy to check that a H̃-convex function p is increasing and positively homogeneous of degree one with p(x) = 0 whenever min_i x_i = 0. Conversely, suppose p is a function with the properties mentioned above. Let x̄ ∈ int IR^n_+ and h^{x̄} = (h^{x̄}_1 , . . . , h^{x̄}_n) where h^{x̄}_i = p(x̄)/x̄_i, i = 1, . . . , n. We then define the function h_x on IR^n_+ by (3.1). Thus we have h_{x̄}(x̄) = min_i h^{x̄}_i x̄_i = p(x̄).

On the other hand if x ∈ IR^n_+ and λ = min_i(x_i/x̄_i) then x ≥ λx̄. Therefore

p(x) ≥ p(λx̄) = λp(x̄) = min_i p(x̄)x_i x̄_i = min_i h^{x̄}_i x_i = h_{x̄}(x).

Let U = {h_x ∈ H̃ : x ∈ int IR^n_+}. We have, for x ∈ int IR^n_+, p(x) = max_{h∈U} h(x). Clearly max_{h∈U} h(x) = 0 if min_i x_i = 0. Thus p(x) = max_{h∈U} h(x) for all x and consequently p is a H-convex function.

Remark 3.10. The main notion underlying the H-convex functions discussed in examples 3.5 and 3.8 is that of a normal set. A subset U of the cone IR^n_+ is called normal if the relations x ∈ U, x^′ ≤ x, x^′ ∈ IR^n_+ imply x^′ ∈ U. It can be shown (see [35]) that a function p defined on IR^n_+ is positively homogeneous of degree one and increasing if and only if there is a closed normal set U such that p is the Minkowski gauge of U, i.e. p(x) = inf{λ > 0 : x ∈ λU}. Normal sets play an important role in the study of various models in Mathematical Economics (see [35, 26]). We shall meet various modifications of these sets when studying H-convex sets.

Example 3.11. Let X = IR^n. For ℓ ∈ X^′ let us denote ℓ^+(x) = max {ℓ(x), 0}. Let us fix a natural number N and consider the set H_N of all functions defined on IR^n which have the form h(x) = min_{i=1,...,N} ℓ^+_i (x)

with ℓ_i ∈ X^′ (i = 1, . . . , N).

Clearly a H_N -convex function is nonnegative and positively homogeneous. Applying results by Shveidel [37] it is not difficult to show that there is a number N which depends only on n such that the set of H_N -convex functions coincides with the set of all positively homogeneous nonnegative l.s.c functions.

Example 3.12. Let X be a locally convex topological vector space and X^′ its conjugate space. For ℓ ∈ X^′ and c ≥ 0 let us consider the functions h_{ℓ,c} which have the form h_{ℓ,c}(x) = { c [ℓ, x] > 1 0 [ℓ, x] ≤ 1

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 319

Let H be the set of all functions h_{ℓ,c} for ℓ ∈ X^′ and c ≥ 0. Then it follows (see [36]) that a function p defined on X is H-convex if and only if p is a l.s.c nonnegative quasiconvex function with p(0) = 0.

Example 3.13. Let us extend example 3.12 by considering the set H of all functions h of the form h(x) = { c [ℓ, x − x_o] > 1 c^′ [ℓ, x − x_o] ≤ 1 where ℓ ∈ X^′, x_o ∈ X, c, c^′ ∈ IR_{+∞} and c ≥ c^′. It follows easily from [36] that a function p defined on X is H-convex if and only if p is l.s.c quasiconvex and bounded from below on X.

It is worth noting that H (or H̄) in examples 3.5 to 3.13 are conic sets. We now consider examples of inf-H-convex functions.

Example 3.14. From the definition it is clear that every H-concave function is inf-H-convex.

Example 3.15. Let H be a linear space. Then the difference, f_1 − f_2, of two H-convex functions is inf-H-convex. If f_1, f_2 ∈ F(H, Z) then, for each x ∈ Z,

f_1(x) − f_2(x) = f_1(x) − sup_{h∈} s(f_2,H,Z) h(x) = f_1(x) + inf h∈s(f_2,H,Z) (−h)(x) = inf h∈s(f_2,H,Z) (f_1 − h)(x)

Since f_1 − h is H-convex for each h ∈ H it follows that f_1 − f_2 is inf-H-convex. In particular the difference of two l.s.c sublinear functions is inf-H-convex when H = X^′; the difference of two l.s.c convex functions is inf-H-convex when H = X^′ × IR.

Example 3.16. Let f be a positively homogeneous (of degree one) continuous and quasiconvex function defined on X = IR^n. It can be shown (see [6]) that there are two l.s.c sublinear functions f_1, f_2 such that, for each x ∈ IR^n,

f(x) = min(f_1(x), f_2(x)).

Thus f is inf-H-convex where H = X^′ (in fact min-H-convex).

Example 3.17. Let Z be a convex subset of the space X and f : Z → IR be an u.s.c function such that for some continuous convex function h, h(x) > f(x) for all x ∈ Z. Then (see [13]) f is inf-convex (i.e. f is inf-H-convex with H the set of continuous affine functions defined on X). In particular if Z is a compact convex set then every u.s.c function defined on Z is inf-convex.

Example 3.18. Let Z be a compact convex set in IR^n and let G be an open bounded set with Z ⊆ G. We shall denote the set of all twice continuously differentiable functions defined on the set G by C^2(G). We require the following lemma:

320 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems Lemma 3.19. Let f ∈ C^2(G) and z ∈ Z. Then there is a number k_z such that the quadratic function p_z defined as follows: p_z(x) = k_z‖x − z‖^2 + [∇f(z), x − z] + f(z) (3.2) possesses the following properties: p_z(z) = f(z) and (∀x ∈ Z) p_z(x) ≥ f(x).

Proof. Clearly p_z(z) = f(z) is valid for any k_z. Now let us consider the quadratic (3.2) with an arbitrary k_z ≥^1_2 ‖∇^2f(z)‖ + m where m > 0. Let F (x) = p_z(x) − f(x). We have ∇F (x) = ∇p_z(x) − ∇f(x) = 2k_z(x − z) + ∇f(z) − ∇f(x). Thus ∇^2F (x) = 2k_z Id − ∇^2f(x), where Id denotes the identity mapping. In particular ∇F (z) = 0 and x^T ∇^2F (z)x = 2k_z ‖x‖^2 − x^T ∇^2f(z)x ≥ 2k_z ‖x‖^2 − ‖∇^2f(z)‖‖x‖^2 > m‖x‖^2, for all x Therefore for an arbitrary k_z >^1_2 ‖∇^2f(z)‖ the function F (x) achieves a local maximum at the point z, i.e. there is a neighbourhood V_z of the point z such that f(x) < p_z(x) for all x ∈ V_z (x ≠ z). On the other hand since the set Z\V_z is compact it is easy to check that for large k_z, p_z(x) > f(x) for all x ∈ Z\V_z.

Corollary 3.20. If f ∈ C^2(G) then f(x) = min_{z∈Z} (k_z‖x − z‖^2 + [∇f(z), x − z] + f(z))

Thus Corollary 3.20 shows that every C^2 function defined on a compact set G is inf-H-convex (in fact min-H-convex) where H is the semilinear space of all convex quadratic functions defined on IR^n.

4. General Solvability Theorems In this section we develop solvability theorems for infinite systems of inequalities involving H-convex functions. Furthermore we extend the recent results in [13] by establishing very general solvability theorems for systems of inequalities involving functions expressible as the pointwise infimum of H-convex functions, that is functions within the class F(F(H, Z), Z). In the following cone V represents the conic hull of a set V , i.e.

cone V = ⋃ λ>0 λV.

This operation is well defined for a conic set.

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 321

Theorem 4.1. Let Z be a subset of set X, let H be a conic set of functions defined on X and let I be an arbitrary index set. Furthermore let f and, for each i ∈ I, g_i be H-convex functions defined on Z. Then the following statements are equivalent: (i) (∀i ∈ I) g_i(x) ≤ 0 =⇒ f(x) ≤ 0 (ii) s(f, H, Z) ⊆ co^Z_H cone ⋃ i s(g_i, H, Z)

Proof. For each z ∈ Z let g(z) = sup_{i∈I} g_i(z). The function g is H-convex. Define the level sets S_g = {z : g(z) ≤ 0} and S_f = {z : f(z) ≤ 0}. Clearly statement (i) can be written as follows: (iii) S_g ⊆ S_f Let δ denote the indicator function of the set S_g:

δ(z) = { +∞ z ∉ S_g 0 z ∈ S_g It is easy to check that inclusion (iii) is equivalent to the inequality f ≤ δ. In particular if f ≤ δ then g(x) ≤ 0 implies f(x) ≤ 0. On the other hand if S_g ⊆ S_f then f(x) ≤ 0 whenever x ∈ S_g i.e. f ≤ δ.

Clearly δ = sup_{λ>0} λg. Since H is a conic set we have that λg is a H-convex function since g is H-convex. Therefore δ is a H-convex function as the supremum of H-convex functions. Now let us compute the support set s(δ, H, Z) of the function δ. Since δ = sup_{λ>0} sup_i g_i = sup_{λ>0, i} λg_i we have s(δ, H, Z) = co^Z_H ⋃ λ>0, i λs(g_i, H, Z) = co^Z_H ⋃ λ>0 ⋃ i∈I s(g_i, H, Z) = co^Z_H cone ⋃ i∈I s(g_i, H, Z)

Minkowski duality shows that the inequality f ≤ δ is equivalent to the inclusion

s(f, H, Z) ⊆ s(δ, H, Z) = co^Z_H cone ⋃ i∈I s(g_i, H, Z).

Hence the result follows.

We shall discuss special cases of this solvability result (and Theorem 4.3 to follow) in Section 6. It suffices to note that Theorem 4.1 is a very general nonlinear extension of the classical Farkas lemma for finite systems of linear inequalities which is applicable to systems involving sublinear, convex and certain quasiconvex functions for example. The application of Theorem 4.1 to systems of quasiconvex functions raises several open questions (see the Conclusion for a detailed discussion) related to the description of the H-convex hull in such examples.

322 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems

Extensions of Farkas’ lemma have been used extensively in applications to nonsmooth, and most recently, global optimization. This type of solvability theorem provides a dual characterization of inconsistency for a specific inequality system which arises when considering a suitable first order approximation to the programming problem under consideration (see [9, 11, 12, 20, 21]).

Proposition 4.2. Let I, and for each i ∈ I, g_i be as in Theorem 4.1, then the system (∀i ∈ I) g_i(z) ≤ 0, z ∈ Z (4.1) is inconsistent on the set Z if and only if

co^Z_H cone ⋃ i∈I s(g_i, H, Z) = H.

Proof. Let g(z) = sup_i g_i(z) and δ(z) = sup_{λ>0} λg(z). Clearly the system (4.1) is inconsistent on the set Z if and only if g(z) > 0 for all z ∈ Z. Equivalently, δ(z) = +∞ for all z ∈ Z. Thus we have

s(δ, H, Z) = co^Z_H cone ⋃ i∈I s(g_i, H, Z)

s(+∞, H, Z) = H. Thus the result follows.

We shall now study characterizations of solvability theorems involving functions expressible as the pointwise infimum of H-convex functions.

In the following let Z ⊆ X and let H be a semilinear space of functions defined on X. Let I be an arbitrary index set with f and, for each i ∈ I, g_i inf-H-convex. Thus for each i ∈ I there is a set Δ_i and a family {p_{αi} : α_i ∈ Δ_i} with p_{αi} ∈ F(H, Z) such that, for each z ∈ Z, g_i(z) = inf_{αi∈Δi} p_{αi}(z)

In addition there is a set Δ and a family {p_α : α ∈ Δ} ⊆ F(H, Z) such that, for each z ∈ Z, f(z) = inf_{α∈Δ} p_α(z).

Let (A(t))_{t∈T} be a family of nonempty sets, then a selection function a is a function of the form a = (a_t)_{t∈T} ∈ ∏ t∈T A(t). Thus in particular a_t ∈ A(t) for each t ∈ T . We will use the notation

(a_t) ∈ ∏ t∈T A(t).

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 323 Theorem 4.3. Let Z ⊆ X and let H be a semilinear space of functions defined on X. Let I be an arbitrary index set with f and, for each i ∈ I, g_i inf −H-convex. Then the following statements are equivalent: (i) (∀i ∈ I) g_i(z) ≤ 0 =⇒ f(z) ≥ 0 (ii) For each α ∈ Δ and (α_i) ∈ ∏ i∈I Δ_i 0 ∈ co^Z_H (s(p_α, H, Z) + co^Z_H cone ⋃ i∈I s(p_{αi}, H, Z))

Note that Theorem 4.3 extends Theorem 3.2 in [13] which was established for systems of inf-convex functions and involved an additional boundedness assumption on the domain of the functions involved.

We require the following lemmas (see [13] for Lemma 4.4).

Lemma 4.4. Consider a set I and a family of sets (Δ_i)_{i∈I}. For convenience let S denote the set of all selection functions a defined on I with, for each i ∈ I, a(i) = a_i ∈ Δ_i. Assume that for each i ∈ I there is a function t_i : Δ_i → IR such that inf_{αi∈Δi} t_i(α_i) > −∞. Then for the function t : S × I → IR, t(a, i) = t_i(a(i)) we have inf_{a∈S} sup_{i∈I} t(a, i) = sup_{i∈I} inf_{a∈S} t(a, i).

Proof. Since S is the set of all selection functions we have, for all i ∈ I, inf_{a∈S} t(a, i) = inf_{a∈S} t_i(a(i)) = inf_{αi∈Δi} t_i(α_i).

Let ϵ > 0 and, for each i ∈ I, let ᾱ_i ∈ Δ_i be such that t_i(ᾱ_i) ≤ inf_{αi∈Δi} t_i(α_i) + ϵ.

Define the selection function ā ∈ S by ā(i) = ᾱ_i for all i ∈ I. Then sup_{i∈I} t(ā, i) = sup_{i∈I} t_i(ᾱ_i) ≤ sup_{i∈I} ( inf_{αi∈Δi} t_i(α_i) + ϵ) = sup_{i∈I} inf_{a∈S} t(a, i) + ϵ. Consequently, inf_{a∈S} sup_{i∈I} t(a, i) ≤ sup_{i∈I} t(ā, i) ≤ sup_{i∈I} inf_{a∈S} t(a, i) + ϵ. Since ϵ > 0 was arbitrary it follows that inf sup ≤ sup inf. The reverse inequality is always true and so the result follows.

Lemma 4.5. Let X, Z, H, I, g_i and f be as above. Then the following statements are equivalent:

324 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems (i) (∀α ∈ Δ)(∀(α_i) ∈ ∏ i∈I Δ_i) 0 ∈ co^Z_H (s(p_α, H, Z) + co^Z_H ⋃ i s(p_{αi}, H, Z)) (ii) (∀z ∈ Z) f(z) + sup_i g_i(z) ≥ 0. Proof. Let α ∈ Δ and a = (α_i) ∈ ∏ i Δ_i. For convenience let V_{α, a} = co^Z_H (s(p_α, H, Z) + co^Z_H ⋃ i s(p_{αi}, H, Z)),

and consider the function p_{α, a} = p_α + sup_i p_{αi}.

Since H is a semilinear space it follows that F(H, Z) is a semilinear lattice and therefore p_{α, a} is a H-convex function. Minkowski duality shows that V_{α, a} is the support set of the function p_{α, a}.

Since V_{α, a} = {h ∈ H : h ≤ p_{α, a}} and 0 ∈ H we have 0 ∈ V_{α, a} if and only if p_{α, a}(z) ≥ 0 for all z ∈ Z. Therefore condition (i) is equivalent to inf_{α∈Δ} inf_{a∈S} p_{α, a}(z) ≥ 0, z ∈ Z (Here S is the set of all selections of the indexed family (Δ_i)_{i∈I} ). To simplify this expression we note the following for each z ∈ Z: inf_{α∈Δ} inf_{a∈S} p_{α, a}(z) = inf_{α∈Δ} inf_{a∈S}(p_α(z) + sup_i p_{αi}(z)) = inf_{α∈Δ} p_α(z) + inf_{a∈S} sup_i p_{αi}(z) =f(z) + inf_{a∈S} sup_i p_{αi}(z).

Using Lemma 4.4 with t_i(α_i) = p_{αi}(z) (where α_i = a(i)) we have inf_{a∈S} sup_{i∈I} p_{αi}(z) = sup_{i∈I} inf_{a∈S} p_{αi}(z) = sup_{i∈I} g_i(z).

Hence inf_{α∈Δ} inf_{aS} p_{α, a}(z) = f(z) + sup_{i∈I} g_i(z).

So that condition (i) is equivalent to the following: (∀z ∈ Z) f(z) + sup_i g_i(z) ≥ 0 (4.2) as required.

Proof of Theorem 4.3: In order to prove that (ii) implies (i) let us consider the set I = I × (0, +∞). Define the function g̃_j for each j = (i, μ) ∈ I as follows g̃_j(z) = μg_i(z). Clearly statement (i) is equivalent to the following: (i^′) (∀j ∈ I) g̃_j(z) ≤ 0 =⇒ f(z) ≥ 0.

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 325

Clearly each function g̃_j, j ∈ I, is inf-H-convex. Let p̄_j = μp_{αi} and with Δ̄_j = Δ_i for each j = (i, μ) ∈ I. We have, for each z ∈ Z, g̃_j(z) = μg_i(z) = inf_{αi∈Δi} μp_{αi} (z) = inf_{ᾱj∈Δ̄j} p̄_{ᾱj} (z).

Clearly s(p̄_{ᾱj} , H, Z) = μ s(p_{αi}, H, Z). Let α ∈ Δ and let ᾱ = (ᾱ_j)_{j∈I} be a selection from the set ∏ j∈I Δ̄_j. Let us consider the function p_{α, ᾱ} = p_α + sup_j p̄_{ᾱj} and the support set s(p_{α, ᾱ}, H, Z) of this function. We have

s(p_{α, ᾱ}, H, Z) = co^Z_H (s(p_α, H, Z) + co^Z_H ⋃ j∈I s(p̄_{ᾱj} , H, Z)) = co^Z_H (s(p_α, H, Z) + co^Z_H ⋃ i∈I, μ>0 μ s(p_{αi}, H, Z)) = co^Z_H (s(p_α, H, Z) + co^Z_H cone ⋃ i∈I s(p_{αi}, H, Z))

Therefore the condition 0 ∈ s(p_{α, ᾱ}, H, Z) is equivalent to:

0 ∈ co^Z_H (s(p_α, H, Z) + co^Z_H cone ⋃ i∈I s(p_{αi}, H, Z))

Thus, by Lemma 4.5, (ii) is equivalent to the following: (∀z ∈ Z) f(z) + sup_{j∈I} g̃_j(z) ≥ 0 (4.3)

However,

sup_j g̃_j(z) = { 0 if g_i(z) ≤ 0, for all i ∈ I

+∞ if there is an i ∈ I such that g_i(z) > 0 We now check that (4.3) implies (i). Suppose that (4.3) is true and that (∀i ∈ I) g_i(z) ≤ 0. Then sup_{j∈I} g̃_j(z) = 0 and consequently by (4.3) f(z) ≥ 0. Thus (i) is true. Hence since (4.3) is equivalent to (ii) it follows that (ii) implies (i) as required. Similarly we can show that (i^′) implies (4.3). If (4.3) is not true then there is a z ∈ Z such that f(z) + sup_j g̃_j (z) < 0. In particular sup_j g̃_j(z) < +∞ and so sup_j g̃_j (z) = 0. Hence f(z) < 0 and so (i^′) is not true. Thus since (i) and (i^′) are equivalent the result follows. It is important to note that Theorem 4.1 requires only that H is a conic set (and thus would be applicable, for example, to the class of quasiconvex functions) whereas Theorem 4.3 requires that H be a semilinear space. It is worth noting that if H is a semilinear space then Theorem 4.1 is a straightforward corollary of Theorem 4.3. We now complete this section with a potentially interesting application of Theorems 4.1 and 4.3.

Let us introduce the notion of an extension of a H-convex function and show that the solvability theorems developed above are equivalent both for H-convex systems and the corresponding systems of H-convex extensions.

326 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems

Consider two subsets Z and Z_1 of the set X with Z ⊆ Z_1. Let H be a set of functions defined on X. Let p ∈ F(H, Z) with U = s(p, H, Z) the support set of p. Now consider the function p̄ defined on Z_1 by the following for each z ∈ Z_1,

p̄(z) = sup_{h∈U} h(z)

Clearly the support set U_l = s(p̄, H, Z_1) of the function p̄ contains the set U. On the other hand if h ∈ U_l then (∀z ∈ Z) h(z) ≤ p̄(z) = p(z) and therefore h ∈ U. So U = U_l. We shall say that p̄ is a H-extension of the function p on the set Z_1.

We now assume that the conditions of Theorem 4.1 are satisfied. Let Z ⊆ Z_1 and let f̄ and ḡ_i be H-extensions of f and g_i respectively to the set Z_1.

Theorem 4.6. The following statements are equivalent: (i) z ∈ Z, (∀i ∈ I) g_i(z) ≤ 0 =⇒ f(z) ≤ 0 (ii) z ∈ Z_1, (∀i ∈ I) ḡ_i(z) ≤ 0 =⇒ f̄(z) ≤ 0

Proof. Theorem 4.1 shows that the characterization of statement (i) depends only on the connections between the support sets s(f, H, Z) and s(g_i, H, Z) (i ∈ I). Consequently since the support sets of the given functions coincide with those of their extensions the result follows.

Example 4.7. Let Z be the unit sphere in IR^n and Z_1 the unit ball. Let H be the set of all continuous affine functions defined on IR^n. It is well-known (see, for example [25]) that an arbitrary l.s.c function p defined on Z is H-convex. Let p be l.s.c on the sphere Z and define the function p̄ on the ball Z_1 as follows:

p̄(z) = inf { m∑ i=1 α_ip(x_i) : m∑ i=1 α_ix_i = z, x_i ∈ Z, α_i ≥ 0, m∑ i=1 α_i = 1, m = 1, 2, . . .}. (4.4)

Since each point of the sphere is an extreme point of the ball we have p(x) = p̄(x) for all x ∈ Z. It is well known that p̄ is a l.s.c convex function and therefore p̄ is a H-convex function on the ball Z_1. Let h ∈ s(p, H, Z). If z ∈ Z, α_i ≥ 0, ∑ i α_i = 1, ∑ i α_ix_i = z then h(z) = ∑ i α_ih(x_i) ≤ ∑ i α_ip(x_i) and therefore h(z) ≤ p̄(z), i.e. h ∈ s(p̄, H, Z_1). Since p(x) = p̄(x) on the sphere we have s(p̄, H, Z_1) ⊆ s(p, H, Z). Thus s(p̄, H, Z_1) = s(p, H, Z). Hence p̄ is a H-extension of the function p.

Now we consider l.s.c functions f and g_i (i ∈ I) defined on the sphere Z and functions f̄, ḡ_i (i ∈ I) defined on the ball Z_1 by means of the approach illustrated in (4.4). We can now apply Theorem 4.6.

Now let q be an inf-H-convex function defined on the set Z and {p_α : α ∈ Δ} is a family of H-convex functions such that q(z) = inf_{α∈Δ} p_α(z) for all z ∈ Z. Let p̄_α be a H-extension of the function p_α on the set Z_1 ⊇ Z and q̄(z) = inf_{α∈Δ} p̄_α(z), (z ∈ Z_1). We say that q̄ is a H-extension of the function q with respect to the family (p_α)_{α∈Δ}.

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 327

Theorem 4.8. Let X, Z, H, I, g_i and f be the same as in Theorem 4.3 and let ḡ_i be a H-extension of g_i (i ∈ I) with respect to the family (p̄_{αi})_{αi∈Δi} and f̄ be a H-extension of the function f with respect to the family (p_α)_{α∈Δ}. Then the following are equivalent: (i) z ∈ Z (∀i ∈ I) g_i(z) ≤ 0 =⇒ f(z) ≤ 0 (ii) z ∈ Z_1 (∀i ∈ I) ḡ_i(z) ≤ 0 =⇒ f̄(z) ≤ 0

5. Characterizations of the H-Convex Hull

In order to apply the solvability theorems developed in the preceding section it is necessary to describe the H-convex hull, co^Z_H in verifiable terms (i.e. involving standard notions of convex hull or convex cone). This is, in general, a very difficult problem, particularly for nonconvex systems. However there are a number of cases in which co^Z_H has a relatively simple characterization. In the following we provide a detailed analysis for several important special cases.

Example 5.1. Consider the closed convex cone K in a locally convex Hausdorff topological vector space X. Let H be the set of all continuous linear functions defined on X. If p ∈ F(H, K) then p is a l.s.c sublinear function on K. In order to adequately describe the H-convex sets we require the following definition.

Definition 5.2. Let L be a cone in a vector space X. A set Ω ⊆ X is called L-stable if Ω + L = Ω.

It is well known (see [25, 35]) that a nonempty set U is H-convex in this case if and only if U is closed convex and −K^∗-stable.

It should be noted that the H-extension of a H-convex function p (i.e. p is a l.s.c sublinear function defined on K) to the entire space X coincides with the function p̃ defined on X by the formula:

p̃(x) = { p(x) x ∈ K +∞ x ∉ K and the support set of p is the subdifferential of the l.s.c function p̃, defined on all of X with the property domp̃ ⊆ K.

Now let us consider an arbitrary nonempty set U ⊆ H = X^′. Let

U_ℓ = cl (co U − K^∗)

where co U denotes the convex hull of U. Clearly the set U_ℓ is closed convex and −K^∗- stable. Therefore this set is H-convex. In addition sup_{h∈U} ℓ h(x) = sup_{h∈U} h(x) x ∈ K Therefore U_ℓ is the H-convex hull of the set U. Thus we have the following: Proposition 5.3. Let H = X^′ be the set of all continuous linear functions defined on X and let K be a closed convex cone in X. Then

co^K_H U = cl (co U − K^∗)

328 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems

Remark 5.4. If U is a weak* compact convex set then co^K_H = U − K^∗. If moreover K = X then U is a H-convex set and co^K_H U = U.

More generally in this section we have developed characterizations of H-convex hulls that involve the closure of sums (or differences) of convex sets (as in Proposition 5.3). The question of when such sums are actually closed is difficult, for example in Proposition 5.3 (co (U) − K^∗) may not be closed in general. Here are some conditions that guarantee closedness. These conditions were given in [24]:

(i) If K and L are closed convex cones, then K ∩ (−L) = {0}, K locally compact implies K + L closed.

(ii) Suppose that X is a Hilbert space, K and L are closed convex cones, and the angle between K and −L is positive, i.e. sup {[k, l] : ‖k‖ = ‖l‖, k ∈ K, l ∈ L} < 1, then K + L is closed.

(iii) Suppose that C is a closed subspace and D is a finite dimensional subspace then C + D is closed.

(iv) Suppose K and L are closed convex sets, 0 ∈ K, L ∩ cone (K − L) a closed subspace.

Then K^∗ + L^∗ is closed.

Example 5.5. Now we consider closed convex cones K and Z in the l.c.H.t.v.s X such that Z ⊆ K. Let H be the set K^∗ of all continuous linear functions defined on X and nonnegative on K. We require the following definition.

Definition 5.6. Let L_1 and L_2 be cones in X with L_1 ⊆ L_2. Then a subset U of the cone L_1 is called (L_1, L_2)-normal if U = cl (U − L_2) ∩ L_1. If U is an arbitrary subset of the cone L_1 then the set N (U) = cl (U − L_2) ∩ L_1

is called the (L_1, L_2)-normal hull of the set U.

Normal sets play a very important role in Mathematical Economics. These sets and normal hulls are studied in detail in [26, 35].

It can be shown ([35]) that a subset U of the cone K^∗ is H-convex with respect to Z (i.e. U ∈ S(H, Z)) if and only if this set is closed convex and (K^∗, Z^∗)-normal. The H-convex hull co^Z_H U of an arbitrary set U in K^∗ has the form

co^Z_H U = N (co U).

Example 5.7. Now we let H be the set of all continuous affine functions defined on X. Let Z be a closed convex subset of X. Define the set K_Z = {(ℓ, c) ∈ H : (∀x ∈ Z) ℓ(x) − c ≤ 0} Clearly K_Z is a closed convex cone. The following proposition follows: Proposition 5.8. Let f be a l.s.c convex function defined on X. Then

domf ⊆ Z ⇐⇒ s(f, H, X) is a K_Z -stable set.

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 329 Proof. The following holds:

domf ⊆ Z ⇐⇒ f + δ_Z = f ⇐⇒ (f + δ)^∗ = f^∗ ⇐⇒ epi (f + δ_Z)^∗ = epi f^∗ (5.1) Here δ_Z denotes the indicator function of the set Z, i.e.

δ_Z (x) = { 0 x ∈ Z +∞ x ∉ Z If g is a convex function then g^∗ is a conjugate function (see [31]).

Note that domδ_Z = Z ⊇ domf. Using a well known result (see for example Rockafellar [31]) we have (f + δ_Z )^∗ = cl (f^∗ ⊕ δ^∗_Z) where ⊕ denotes inf-convolution. Since the epigraph of the inf-convolution of two functions is equal to the sum of the epigraphs of the functions it follows that

epi (f + δ_Z)^∗ = epi (cl (f^∗ ⊕ δ^∗_Z )) = cl (epi (f^∗ ⊕ δ^∗_Z )) = cl (epi f^∗ + epi δ^∗_Z ) (5.2) We now calculate epi δ^∗_Z : epi δ^∗_Z = {(ℓ, c) : c ≥ δ^∗_Z(ℓ)} = {(ℓ, c) : c ≥ sup_{z∈Z} ℓ(z)} = {(ℓ, c) : (∀z ∈ Z) c ≥ ℓ(z)} = K_Z (5.3)

Let domf ⊆ Z. Then using (5.1), (5.2) and (5.3) we have cl (epi f^∗ + K_Z ) = epi f^∗ and therefore epi f^∗ + K_Z ⊆ epi f^∗. On the other hand, since 0 ∈ K_Z we have epi f^∗ + K_Z ⊇ epi f^∗. Therefore epi f^∗ + K_Z = epi f^∗.

Conversely if epi f^∗ + K_Z = epi f^∗ then cl (epi f^∗ + K_Z ) = epi f^∗ + K_Z = epi f^∗ and therefore epi (f + δ^∗_Z)^∗ = epi f^∗ and domf ⊆ Z. We also require the following result.

Proposition 5.9. (see [25]) Let H = {h : h(x) = ℓ(x) − c, ℓ ∈ X^′, c ∈ IR, x ∈ X} be the set of all continuous affine functions defined on X. Then a nonempty set U ≠ H is H-convex (with respect to the entire space X) if and only if U is closed convex ({0}×IR_+)- stable and not ({0} × IR)-stable. Clearly H and ∅ are H-convex sets. The following holds:

Proposition 5.10. A nonempty set U ≠ H is H-convex (on Z) if and only if U is closed convex K_Z -stable and not ({0} × IR)-stable.

Proof. It is easy to check that a H-convex set (on Z) is closed convex and K_Z -stable. Now let U be closed convex K_Z -stable and not ({0} × IR)-stable. Since {0} × IR_+ ⊆ K_Z ,

330 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems U is a ({0} × IR_+)-stable set. Proposition 5.9 shows that there is a l.s.c convex function f defined on X such that U = s(f, H, X). Applying Proposition 5.8 we have domf ⊆ Z. Therefore U is a H-convex set (on Z).

Corollary 5.11. Let H be the set of all continuous affine functions defined on X and let U be an arbitrary nonempty subset of H which is not ({0} × IR)-stable. Then

co^Z_H U = cl (co U + K_Z ). (5.4)

Note that the set cl (co U + K_Z ) is closed convex K_Z -stable and therefore this set is H-convex (on Z). Since, for z ∈ Z, sup_{h∈U} h(z) = sup h∈cl (co U+KZ) h(z)

it follows that cl (co U + K_Z ) is the support set of the function z → sup_{h∈U} h(z). Hence the formula (5.4) follows.

Remark 5.12. If U is a ({0} × IR)-stable set then, for all x ∈ X, sup (ℓ,c)∈U (ℓ(x) − c) = +∞

and therefore co^Z_H U = H.

Proposition 5.13. Let I be an arbitrary index set and, for each i ∈ I, let g_i be a l.s.c convex function defined on X. If the following system has a solution (∀i ∈ I) g_i(x) ≤ 0 then the set U is not {0} × IR-stable, where

U = cone ⋃ i∈I epi g^∗_i .

Proof. Let x_o be a solution to the system and take any i ∈ I. Then, for each ℓ ∈ domg^∗_i , we have g^∗_i (ℓ) = sup_{x∈X}{ℓ(x) − g_i(x)} ≥ ℓ(x_o) − g_i(x_o) ≥ ℓ(x_o). Thus if (ℓ, λ) ∈ epi g^∗_i then λ ≥ g^∗_i (ℓ) ≥ ℓ(x_o). Define the evaluation function x_o on X^′ by x_o(ℓ) = ℓ(x_o). By the above if (ℓ, λ) ∈ epi g^∗_i then (ℓ, λ) ∈ epi x_o. Thus, for all i, epi g^∗_i ⊆ epi x_o. Hence ⋃ i∈I epi g^∗_i ⊆ epi x_o.

Since epi x_o is a halfspace in X^′×IR it follows immediately that U cannot be {0}×IR-stable as required.

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 331

Example 5.14. Consider the set H̃ of all functions h defined on the cone IR^n_+ which are generated by a vector h = (h_1, . . . , h_n) ∈ int IR^n_+ ∪ {0} and have the form h(x) = min_{i=1,...,n} h_ix_i. Clearly H̃ is a conic set. We have two alternative approaches to introducing an order relation in H̃. Let h_1 = (h^1, . . . , h^1_n), h_2 = (h^2_1, . . . , h^2_n), then (i) h_1 ≥ h_2 if h_1(x) ≥ h_2(x), i.e. min_i h^1_i x_i ≥ min_i h^2_i x_i. (ii) h_1 ≥ h_2 if h^1_i ≥ h^2_i , for all i.

It is straightforward to check that these relations coincide.

We identify H̃ with the cone int IR^n_+ ∪ {0}. However we consider this cone as an ordered conic set without summation since H̃ is not a semilinear space. Recall that a function p defined on IR^n_+ is H̃-convex if and only if p is increasing, positively homogeneous of degree one and p(x) = 0 if min_i x_i = 0.

The subset U of the cone int IR^n_+ ∪ {0} is called normal if h ∈ U, h^′ ∈ H̃, h^′ ≤ h implies h^′ ∈ U. Compare this definition with the definitions of normal subsets of the cone IR^n_+ and (L_1, L_2)-normal sets.

Proposition 5.15. A subset U of the cone H̃ is H̃-convex if and only if U is closed (in the topological space int IR^n_+ ∪ {0}) and a normal set.

Proof. It is easy to check that a H̃-convex set is closed and normal. Now let U be a closed and normal subset of the cone H̃. We have to show that the inequality

(∀x ∈ IR^n_+) h(x) ≤ sup_{h0∈U} h^′(x)

implies the inclusion h ∈ U. Equivalently we need to show that if h ∈ H̃ and h ∉ U then there is a x ∈ IR^n_+ such that h(x) > sup_h0_{∈U} h^′(x). Let us consider such a vector h ∉ U. Clearly h ≠ 0 and therefore h ∈ int IR^n_+. Since U is closed there is an ϵ > 0 such that (1 − ϵ)h ∉ U. Let x̄ = (x̄_1, . . . , x̄_n) be the vector such that, for each i

x̄_i = 1 (1 − ϵ)h_i . We have h(x̄) = min_i h_ix̄_i = 1/(1 − ϵ) > 1. Now let h^′ ∈ U. Since U is normal the inequality h^′ ≥ (1−ϵ)h is not true, therefore there is an index i_o such that h^′_{io} < (1−ϵ)h_{io}. Hence h^′(x̄) = min_i h^′_ix̄_i ≤ h^′_{io}x̄_{io} < (1 − ϵ)h_{io}x̄_{io} = 1.

Thus we have constructed a vector x̄ with the property

h(x̄) > 1 ≥ sup_{h0∈U} h^′(x̄).

332 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems Let U be an arbitrary subset of the cone H̃. The normal hull, N (U), of the set U is defined as follows: N (U) = {h ∈ H̃ : (∃h^′ ∈ U) h ≤ h^′}. It is easy to check that closure of a normal set (in the topological space int IR^n_+ ∪ {0}) is a normal set too. Therefore cl (N (U)) is a closed normal set. Thus we have the following: Corollary 5.16. If U is an arbitrary subset of the cone IR^n_+ then

co_{H̃} U = cl (N (U)).

Note that cl (N (U)) is a H̃-convex set. In addition, for each x ∈ IR^n_+,

sup_{h∈U} h(x) = sup h∈cl (N (U)) h(x).

6. Solvability Theorems in Special Cases In this section we consider the general solvability theorems developed in Section 4 along with the characterizations of H-convex hull outlined in Section 5 in a number of special cases. Namely we transform the dual conditions in Theorems 4.1 and Theorem 4.3 using the description of the H-convex hull developed above. 6.1. Sublinear inequality systems We begin by considering solvability theorems involving l.s.c sublinear functions f and g_i (i ∈ I) defined on a closed convex cone K. Thus we wish to characterize Theorem 4.1 (i). The set H coincides in this case with the space X^′ of all continuous linear functions defined on X. Proposition 5.3 shows that in this case:

co^K_H cone ⋃ i ∂g_i(0) = cl (co cone ⋃ i ∂g_i(0) − K^∗)

= cl (cone co ⋃ i ∂g_i(0) − K^∗)

(6.1)

If domg_i ⊆ K (for each i) then the support set (subdifferential) of the sublinear function g_i is −K^∗-stable and therefore ∂g_i(0) − K^∗ = ∂g_i(0). The formula (6.1) has a particularly simple form in this case

co^K_H cone ⋃ i ∂g_i(0) = cl cone co ⋃ i ∂g_i(0) (6.2)

In particular (6.2) follows if K = X. Thus statement (ii) of Theorem 4.1 can be written in the following form in this case:

∂f(0) ⊆ cl (cone co ⋃ i ∂g_i(0))

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 333 In relation to Theorem 4.3 suppose that (p_{αi})_{i∈Δi} is a family of l.s.c sublinear functions and p_α is a l.s.c sublinear function then co^K_H (∂p_α(0) + co^K_H cone ⋃ i ∂p_{αi}(0)) = cl (∂p_α(0) + cl [co cone ⋃ i ∂p_{αi}(0) − K^∗] − K^∗)

To simplify this formula we note that, in general cl (C + cl D) = cl (C + D), and the set cl (co cone ⋃ i ∂p_{αi}(0) − K^∗) is −K^∗-stable. Thus we have co^K_H (∂p_α(0) + co^K_H cone ⋃ i ∂p_{αi}(0)) = cl (∂p_α(0) + cone co ⋃ i ∂p_{αi}(0) − K^∗) (6.3)

Once again we can remove −K^∗ if domp_α ⊆ K and, for each i, domp_{αi} ⊆ K. Thus statement (ii) of Theorem 4.3 can be written as follows in thus case: 0 ∈ cl (∂p_α(0) + cone co ⋃ i ∂p_{αi}(0)).

For a comparison of this result with known sublinear versions of Farkas’ lemma, see [8, 10].

6.2. Convex inequality systems We now consider systems involving proper l.s.c convex functions, f and g_i (i ∈ I) and assume that the set Z is closed and convex. The set H is now the set of all continuous affine functions defined on the space X. We will throughout assume that the system i ∈ I, g_i(x) ≤ 0 is consistent. Thus, by Proposition 5.13, the set cone ⋃ i∈I epi g^∗_i

is not {0} × IR-stable. Then using Corollary 5.11 we have co^Z_H cone ⋃ i epi g^∗_i = cl (co cone ⋃ i epi g^∗_i + K_Z )

where the cone K_Z is defined by the formula K_Z = {h = (ℓ, c) ∈ H : (∀z ∈ Z) ℓ(z) − c ≤ 0}.

334 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems

If, for each i, domg_i ⊆ Z then, by applying Proposition 5.8, we can remove K_Z . Therefore statement (ii) of Theorem 4.1 has the following form:

epi f^∗ ⊆ cl (co cone ⋃ i epi g^∗_i ).

Now let p_α and p_{αi} be l.s.c proper convex functions. We have

co^Z_H (epi p^∗_α + co^Z_H cone ⋃ i epi p^∗_{αi} = cl {(epi p^∗_α + cl [cone co ⋃ i epi p^∗_{αi} + K_Z ]) + K_Z }

= cl (epi p^∗_α + (cone co ⋃ i epi p^∗_{αi}) + K_Z )

and consequently statement (ii) of Theorem 4.3 has the following form:

0 ∈ cl (epi p^∗_α + (co cone ⋃ i epi p^∗_{αi}) + K_Z ).

We can remove K_Z in this case if, for all i, domg_i ⊆ Z. In this case we have:

0 ∈ cl (epi p^∗_α + (co cone ⋃ i epi p^∗_{αi})).

6.3. Systems involving K-increasing sublinear functions Let K be a closed convex cone in X. A sublinear function p defined on the space X is called K-increasing if, for all x_1, x_2 ∈ X with x_1 − x_2 ∈ K we have p(x_1) ≥ p(x_2). In addition assume that Z ⊆ K is a closed convex cone in X. We now consider H = K^∗, the set of all continuous linear functions which are nonnegative on the cone K. Theorem 6.1. Let K and Z be closed convex cones in X with Z ⊆ K and suppose that f and g_i (i ∈ I) are K-increasing sublinear functions defined on X (here I is an arbitrary index set). Then the following statements are equivalent: (i) x ∈ Z, (∀i ∈ I) g_i(x) = 0 =⇒ f(x) = 0. (ii) ∂f(0) ⊆ N_K�_{, Z}�(co ⋃ i ∂g_i(0)) where N_K�_{, Z}� denotes the (K^∗, Z^∗)-normal hull (see Example 5.5).

Proof. We begin by noting that f and g_i (i ∈ I) are H-convex functions (see [25, 35]) (to be precise this applies to the restriction of the functions to the cone Z). Thus we can use Theorem 4.1 in this case. Following Example 5.5 we have that statement (ii) of Theorem 4.3 can be written in the form of statement (ii) above.

Note that a K-increasing function p is nonegative on K. Since Z ⊆ K the inequality p(z) ≤ 0 (z ∈ Z) is equivalent to p(z) = 0. Therefore statement (i) of Theorem 4.1 is equivalent to statement (i) above.

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 335 6.4. Positively homogeneous systems Let us consider a conic set H of positively homogeneous functions defined on a conic set K. Let H̄ = {h̄ = (h, c) : h̄ = h(x) − c, h ∈ H, c ∈ IR}. In the following we consider inequalities involving functions of the form p̄ where p̄(x) = p(x) − 1 with p a H-convex function defined on a conic set Z ⊆ K. We begin with the following lemma. Lemma 6.2. Let p be a H-convex function and p̄(x) = p(x) − 1. Then s(p̄, H̄, Z) = s(p, H, Z) × [1, +∞).

Proof. Clearly if h(x) ≤ p(x) for each x ∈ Z and c ≥ 1 then (∀x ∈ Z) h(x) − c ≤ p(x) − 1 (6.4) and therefore (h, c) ∈ s(p̄, H̄, Z). Now let (h, c) ∈ s(p̄, H̄, Z), i.e. the formula (6.4) holds for all x ∈ Z. If x = 0 then (6.4) gives c ≥ 1. If x ∈ Z, x ≠ 0 then μx ∈ Z with μ > 0 and we have μh(x) − c ≤ λp(x) − 1 or equivalently (∀x ∈ Z) h(x) − c μ ≤ p(x) − 1 μ . Letting μ → +∞ we have h(x) ≤ p(x) for all x ∈ Z, i.e. h ∈ s(p, H, Z). Proposition 6.3. Let g be a H-convex and nonnegative function defined on the conic set Z with domg ⊆ Z. We define the function δ on Z as follows:

δ(x) = { 0 g(x) ≤ 1 +∞ g(x) > 1 Then s(δ, H̄, Z) = cone (s(g, H, Z) × [1, +∞)) ∪ V where V = {(h, 0) ∈ H̄ : (∀x ∈ domg) h(x) ≤ 0}. Proof. We have by the definition of δ that s(δ, H̄, Z) = {(h, c) ∈ H̄ : h(x) ≤ 1 if g(x) ≤ 1}. Let (h, c) ∈ s(δ, H̄, Z). Since g is a positively homogeneous function we have g(0) = 0 < 1. Therefore −c = h(0)−c ≤ 0 and c ≥ 0. If c = 0 then h(x) ≤ 0 for all x such that g(x) ≤ 1. Let x ∈ domg and g(x) > 0. Then g(x/g(x)) = 1 and therefore h(x) = g(x)h(x/g(x)) ≤ 0. If g(x) = 0 then h(x) ≤ 0 also. So h(x) ≤ 0 for all x ∈ domg and so h ∈ V . Now let c > 0. We have h(x) ≤ c if g(x) ≤ 1. In particular^1_c h(x) ≤ 1 = g(x) if g(x) = 1. Since g is nonnegative and positively homogeneous we have^1_c h(x) ≤ g(x) for all x ∈ domg such that g(x) > 0. If g(x) = 0 then g(λx) = 0 for all λ > 0 and therefore^1_c h(λx) ≤ 1

336 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems for all λ > 0. We have^1_c h(x) = 0 = g(x) in this case so that^1_c h(x) ≤ g(x) for all x ∈ Z and therefore^1_c h ∈ s(g, H, Z). Thus we have (h, c) ∈ c [s(g, H, Z) × [1, +∞)] ⊆ cone [s(g, H, Z) × [1, +∞)]. It follows that we have proved that s(δ, H̄, Z) ⊆ cone [s(g, H, Z) × [1, +∞)] ∪ V. Now we establish the reverse inclusion. By definition if (h, 0) ∈ V then h(x) ≤ 0 for all x ∈ domg and so (h, 0) ∈ s(δ, H̄, Z). If (h, c) ∈ cone [s(g, H, Z) × [1, +∞)] then there is a λ ≥ 0 such that (h, c) ∈ λ s(g, H, Z) × [λ, +∞). We have c ≥ λ and h ∈ λ s(g, H, Z) = s(λg, H, Z). Therefore h(x) ≤ λg(x) ≤ cg(x). If g(x) ≤ 1 then h(x) − c ≤ 0, i.e. (h, c) ∈ s(δ, H̄, Z).

Theorem 6.4. Let f and g_i (i ∈ I) be nonnegative H-convex functions defined on the conic set Z. Then the following statements are equivalent: (i) (∀i ∈ I) g_i(x) ≤ 1 =⇒ f(x) ≤ 1 (ii) s(f, H, Z) × [1, +∞) ⊆ cone (co^Z_H ⋃ i s(g_i, H, Z) × [1, +∞)) Remark 6.5. Note that the statement (i^′) (∀i ∈ I) g̃_i(x) ≤ c_i =⇒ f̃(x) ≤ c where c_i, c > 0, can be written in the form of statement (i) above with g_i = g̃_i/c_i and f = f̃/c. Proof. We apply Theorem 4.1 to show that statement (i) is equivalent to the following statement (ii^′) s(f̄, H̄, Z) ⊆ s(δ, H̄, Z) where f̄ = f − 1 and δ(x) = { 0 if sup_i g_i(x) ≤ 1 +∞ if sup_i g_i(x) > 1 In particular if we let g = sup_i g_i then δ(x) = { 0 if g(x) ≤ 1 +∞ if g(x) > 1 Applying Proposition 6.3 we have s(δ, H̄, Z) = cone (s(g, H, Z) × [1, +∞)) ∪ V where V = {(h, 0) ∈ H̄ : (∀x ∈ domg) h(x) ≤ 0}. However, by Lemma 6.2, we have s(f̄, H̄, Z) = s(f, H, Z) × [1, +∞).

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 337 If (h, λ) ∈ s(f̄ , H̄, Z) then λ ≥ 1; if (h, λ) ∈ V then λ ≤ 0. Therefore we can say that statement (ii^′) is equivalent to the following inclusion: s(f, H, Z) × [1, +∞) ⊆ cone (s(g, H, Z) × [1, +∞)). Since s(g, H, Z) = s(sup_i g_i, H, Z) = co^Z_H ⋃ i s(g_i, H, Z) we have that (ii^′) is equivalent to (ii).

We consider the following example:

Example 6.6. Let K and Z be closed convex cones in a l.c.H.t.v.s X. Let f and g_i (i ∈ I) be nonnegative l.s.c sublinear functions defined on X. Then the following are equivalent: (i) x ∈ Z, (∀i ∈ I) g_i(x) ≤ 1 =⇒ f(x) ≤ 1 (ii) ∂f(0) × [1, +∞) ⊆ cone ([cl co ⋃ i ∂g_i(0) − Z^∗] × [1, +∞)).

6.5. Systems involving C^2 functions In this section we apply Theorem 4.3 to obtain a solvability result for systems involving twice continuously differentiable functions. As in Example 3.18 let Z be a compact convex set in IR^n and let G be an open bounded set with Z ⊆ G.

Now let us consider a semilinear space P of all quadratic functions p defined on IR^n which have the form p(x) = a‖x‖^2 + [ℓ, x] + c where a ≥ 0, ℓ ∈ IR^n, and c ∈ IR. Let I be an arbitrary index set with functions f, g_i (i ∈ I) such that f ∈ C^2(G), g_i ∈ C^2(G) (i ∈ I). There are numbers k_z > 0 and k^i_z > 0 (z ∈ Z, i ∈ I) such that

f(x) = min_{z∈Z} p_z(x), g_i(x) = min_{z∈Z} p^i_z(x), x ∈ Z

where p_z(x) = k_z‖x − z‖^2 + [∇f(z), x − z] + f(z) ∈ P (6.5) p^i_z(x) = k^i_z‖x − z‖^2 + [∇g_i(z), x − z] + g_i(z) ∈ P (6.6) Now let H be the set of all continuous affine functions defined on IR^n. Since k_z > 0 and k^i_z > 0 the functions p_z and p^i_z are convex and therefore H-convex. Let p ∈ P , p(x) = a‖x − z‖^2 + [ℓ, x − z] + c. It is straightforward to compute affine functions h(x) = [k, x − z] + b such that h(x) ≤ p(x) for all x ∈ IR^n. We have s(p, H, IR^n) ={(k, b) : [k, x − z] + b ≤ a‖x − z‖^2 + [ℓ, x − z] + c} ={(k, b) : c − b ≥ 1 4a ‖k − ℓ‖^2} Corollary 5.11 shows that

s(p, H, Z) =cl (s(p, H, IR^n) + K_Z )

338 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems

where K_Z = {h = (ℓ, c) ∈ H : (∀x ∈ Z) ℓ(x) − c ≤ 0}. We can now apply Theorem 4.3 to yield necessary and sufficient conditions for the following statement: (∀i ∈ I) g_i(x) ≤ 0 =⇒ f(x) ≥ 0 6.6. Systems involving inf-convex functions

We now provide the extension of Theorem 3.2 in [13], a solvability theorem for systems of inf-convex functions. In particular we remove a boundedness assumption on the domain Z required in [13]. The result follows directly by Theorem 4.3. We assume now that X is a locally convex Hausdorff topological vector space.

In the following we shall assume that f and g_i (for i ∈ I) are inf-convex functions. Thus, as for Theorem 4.3, there are families (p_α)_{α∈Δ} and, for each i ∈ I, (p_{αi})_{αi∈Δi} of l.s.c convex functions such that, for each z ∈ Z,

f(z) = inf_{α∈Δ} p_α(z), g_i(z) = inf_{αi∈Δi} p_{αi}(z).

In order to apply Theorem 4.3 and Corollary 5.11 (to characterize the H-convex hull in this case) we require the following assumption:

Assumption 6.7. For each selection (α_i), where α_i ∈ Δ_i for each i, the following set is not {0} × IR-stable: cone ⋃ i∈I epi p^∗_{αi}. By Proposition 5.13 this assumption is valid if, for each selection (α_i), the following system is consistent: (∀i ∈ I) p_{αi}(z) ≤ 0, z ∈ Z. Theorem 6.8. Let Z ⊆ X be a convex set. Let I be an arbitrary index set with f : Z → IR_{+∞} and, for each i ∈ I, g_i : Z → IR_{+∞} inf-convex. Furthermore assume Assumption 6.7 is valid. Then the following statements are equivalent: (i) (∀i ∈ I) g_i(z) ≤ 0 =⇒ f(z) ≥ 0 (ii) For each α ∈ Δ and (α_i) ∈ ∏ i∈I Δ_i 0 ∈ cl (epi p^∗_α + (co cone ⋃ i∈I epi p^∗_{αi}) + K_Z )

Note that if f and, for each i, g_i are continuous convex functions with domf and domg_i contained in Z then (ii) becomes

0 ∈ cl (epi f^∗ + (co cone ⋃ i∈I epi g^∗_i )) (6.7)

As a special case of Theorem 4.1 let f and, for each i ∈ I, let g_i be a continuous convex functions defined on X. Then the following holds:

Corollary 6.9. Let f and, for each i ∈ I, g_i be continuous convex functions defined on X and suppose the system i ∈ I, g_i(x) ≤ 0

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 339

is consistent. Then the following statements are equivalent: (i) (∀i ∈ I) g_i(x) ≤ 0 =⇒ f(x) ≤ 0 (ii) epi f^∗ ⊆ cl co cone ⋃ i∈I epi g^∗_i

We complete this section with the following result, a direct corollary of Corollary 6.9, which extends a result in Gwinner [14] and Ha [15].

Corollary 6.10. Let I and J be nonempty index sets and let, for each j ∈ J and i ∈ I, f_j and g_i be continuous convex functions defined on X with the system i ∈ I, g_i(x) ≤ 0 consistent. Then the following statements are equivalent: (i) (∀i ∈ I) g_i(x) ≤ 0 =⇒ (∀j ∈ J) f_j(x) ≤ 0 (ii) ⋃ j∈J epi f^∗_j ⊆ cl co cone ⋃ i∈I epi g^∗_i

Proof. Follows immediately by Corollary 6.9 with f = sup_j f_j.

It is straightforward, using Example 3.15 and Theorem 4.3, to establish a solvability theorem for systems involving DC (difference convex) functions.

7. Applications to Global Optimization with Convex Constraints In this section we will consider the direct application of the solvability theorems developed in the preceding sections to convex minimization and convex maximization problems. The latter class of programming problem provide an important class of global optimization problems which have received considerable recent attention in the literature (see, for example, [16, 17, 19]). We are able to obtain characterizations of optimality in both cases involving epigraphs of Fenchel conjugates via the application of Theorem 6.8 and Corollary 6.9 respectively.

We begin by considering the following programming problem

(P1) min f(x) subject to g_i(x) ≤ 0, i ∈ I.

Here f and, for all i ∈ I, g_i are continuous convex functions defined on a Banach space X. The set I is a possibly infinite index set. Thus (P1) is a standard convex minimization problem. Thus a ∈ X is optimal for (P1) if and only if (∀i ∈ I) g_i(x) ≤ 0 =⇒ f(x) ≥ f(a). (7.1) Now, by a direct application of Theorem 6.8 (using (6.7)), we find that (7.1) is equivalent to the following 0 ∈ cl (epi f^∗ + (0, f(a)) + (co cone ⋃ i∈I epi g^∗_i )) (7.2)

Note that we are using the fact that for a continuous convex function f and α ∈ IR, epi (f − α)^∗ = epi f^∗ + (0, α).

340 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems

To understand the significance of (7.2) let us assume that the set

epi f^∗ + (0, f(a)) + (co cone ⋃ i∈I epi g^∗_i )

is closed and, for convenience f(a) = 0. Thus there exists (finitely many) λ_{ij} > 0 (j = 1, . . . , n) such that 0 ∈ epi f^∗ + ∑ j λ_{ij} epi g^∗_{ij} . (7.3)

Since, for continuous convex functions g, k and h and λ > 0, we have λ epi k^∗ = epi (λk)^∗ and epi (g + h)^∗ = epi (g^∗ ⊕ h^∗) = cl [epi g^∗ + epi h^∗], (7.3) becomes

0 ∈ epi (f + ∑ j λ_{ij} g_{ij} )^∗ (7.4)

Thus (7.4) is equivalent to the following:

0 ≥ (f + ∑ j λ_{ij} g_{ij} )^∗(0) ⇐⇒ 0 ≥ sup_{x∈X}(−(f + ∑ j λ_{ij} g_{ij} (x)) =⇒ (∀x ∈ X) f(x) + ∑ j λ_{ij} g_{ij} )(x) ≥ 0 ≥ f(a) + ∑ j λ_{ij} g_{ij} (a) (7.5)

Thus (7.3), under any condition which guarantees closure in the dual condition, implies the well known Lagrangian saddlepoint condition for a convex minimization problem. Thus the condition (7.3) is a generalization of the Lagrangian saddlepoint characterization of optimality for a convex mimimization problem.

Now consider the convex maximization (P2), where f, g_i and I are as defined above.

(P2) max f(x) subject to g_i(x) ≤ 0, i ∈ I.

In this case we consider −f as an inf-convex function, since every concave function is expressible as the pointwise infimum of its affine majorants. Thus by a direct application of Corollary 6.9, a is optimal for (P2) if and only if the following holds:

epi f^∗ + (0, f(a)) ⊆ cl co cone ⋃ i∈I epi g^∗_i . (7.6)

This condition provides a characterization of global optimality for the convex maximization problem (P2). By a direct application of Proposition 2.12 we can express (7.6) in terms of ϵ-subdifferentials. This approach, using the ϵ-subdifferential, to characterizing global optimality has been used recently in [22, 23, 16, 17]. It should be noted that convex maximization problems have received considerable recent attention (see [19]) in the literature. Such problems arise frequently in applications. It is straightforward to obtain characterizations of global optimality for a range of related problems such as DC

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 341

(difference convex) programming problems by a suitable application of Theorem 6.8 and Proposition 2.12.

8. Conclusion and Open Questions

In this paper we have given a general framework for studying dual characterizations of solvability of nonlinear inequality systems. We have presented solvability results for a wide range of both convex and nonconvex inequality systems. Moreover, our framework provides a unified approach for developing global optimality conditions for many classes of nonlinear minimization problems as well as maximization problems.

Our approach to dual characterizations of solvability of inequality systems raises a number of potentially interesting open questions. These questions involve the problem of characterizing the H-convex hull, as outlined in Section 5, for various special classes H. Some questions related to this problem are as follows:

1. Let H be the set described in Example 3.12. The set F(H, X) consists of all nonnegative l.s.c quasiconvex functions q such that q(0) = 0. If, in this case, one could give a verifiable description of H-convex hull with H as in Example 3.12 then it would be possible to extend this description to the set H described in Example 3.13. So, Theorem 4.1 will be applicable to give verifiable dual conditions characterizing the solvability of inequality systems involving l.s.c. quasiconvex functions. Hence, the following question arises: Is it possible, using the construction suggested in [36], to give a verifiable description of the H-convex hull in this case? More generally the Hconvexity of l.s.c quasiconvex functions has been discussed in [30, 27] using a different set H. In this case is it possible to apply Theorem 4.1?

2. Let H̄ be the set described in Example 3.6. Let x ∈ IR^n_+ and f be H̄-convex (increasing convex-along-rays) defined on IR^n_+. A function h ∈ s(f, H̄, IR^n_+) with the property h(x) = f(x) has found application in [1, 3]. (The set s_x(f, H̄, IR^n_+) = {h ∈ s(f, H̄, IR^n_+) : h(x) = f(x)} ≠ ∅ for such functions). We can describe s(f, H̄, IR^n_+) by applying functions h ∈ s_x(f, H̄, IR^n_+). Is it possible in this case to describe the H̄-convex hull?

3. Let H be the set of quadratic functions defined on IR^n_+, considered in Example 3.4, and let Z be a compact subset of IR^n. Note that H is a very thin subset of the space of all continuous functions C(IR^n_+), it is isomorphic to a halfspace of an n + 2- dimensional space. Is it possible to apply the geometry of IR^n in order to describe the H-convex hull (with respect to the compact set Z). If such a description exists then we can apply Theorem 4.3 to study solvability theorems for systems involving arbitrary l.s.c functions.

9. Appendix - Minimax results for H-convex functions

We conclude this paper with a minimax result for H-convex functions. Let H be a set of functions defined on X such that the following hold: 1. 0 ∈ H 2. If h ∈ H and λ ∈ IR then h + λe ∈ H. (Here e(x) = 1 for all x ∈ X.)

342 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems

Theorem 9.1. Let Z be an arbitrary subset of X and let U be a H-convex set with respect to Z. If inf_{z∈Z} sup_{h∈U} h(z) < +∞

then inf_{z∈Z} sup_{h∈U} h(z) = sup_{h∈U} inf_{z∈Z} h(z).

Proof. The following inequality is always valid:

sup_{h∈U} inf_{z∈Z} h(z) ≤ inf_{z∈Z} sup_{h∈U} h(z). (9.1)

Let v = inf_{z∈Z} sup_{h∈U} h(z). Consider the following two cases:

1. v = 0. Let ψ(z) = sup_{h∈U} h(z). We have inf_{z∈Z} ψ(z) = 0. Therefore ψ(z) ≥ 0 for all z ∈ Z and 0 ∈ s(ψ, H, Z). Since U is H-convex we have s(ψ, H, Z) = U. Hence 0 ∈ U and sup_{h∈U} inf_{z∈Z} h(z) ≥ 0.

2. Now assume v ≠ 0. The result holds trivially if v = −∞ by (9.1). By assumption v < +∞. Thus we have inf_{z∈Z} sup_{h∈U} (h(z) − v) = 0. Let h^′(z) = h(z) − v = (h − ve)(z) and U^′ = {h^′ : h^′ = h − ve, h ∈ U}. Let ψ^′(z) = ψ(z) − v.

Clearly U^′ = s(ψ^′, H, Z) (since h + λe ∈ H for each h ∈ H and λ ∈ IR). Note this follows since h ∈ U =⇒ h ≤ ψ =⇒ h − v ≤ ψ^′ and h̃ ∈ s(ψ^′, H, Z) =⇒ (∀z ∈ Z) h̃(z) ≤ ψ^′(z) =⇒ h̃ + ve ≤ ψ =⇒ h̃ + ve ∈ U =⇒ h̃ = h − ve ∈ U^′. Therefore U^′ is a H-convex set. We have

inf_{z∈Z} sup_{h0∈U0} h^′(z) = 0.

Therefore sup_h0_{∈U}0 inf_{z∈Z} h^′(z) = 0 and so sup_{h∈U} inf_{z∈Z} h(z) = v as required.

Corollary 9.2. Let Z be an arbitrary set, U be a closed convex subset of the space H of all continuous affine functions defined on X, and let U be K_Z -stable (see Section 5) and assume inf_{z∈Z} sup_{h∈U} h(z) < +∞

then inf_{z∈Z} sup_{h∈U} h(z) = sup_{h∈U} inf_{z∈Z} h(z).

References

[1] T. M. Abasov: Normal sets and monotone functions and their applications, J. Comput.

Mathematics and Mathematical Physics, 3(7), 1004–1011, 1993 (in Russian). [2] T. M. Abasov and A. M. Rubinov: On a class of H-convex functions, Doklady RAN (Soviet Math. Doklady), 331(4), 391–392, 1993 (in Russian).

A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems 343

[3] T. M. Abasov and A. M. Rubinov: Subdifferentials of some classes of nonsmooth functions, in Nonsmooth Optimization, V. Dem’yanov (editor), 1995 (in Russian).

[4] E. J. Balder: An extension of duality-stability results to nonconvex optimization problems, SIAM Journal of Control and optimization, 15(2), 329–343, 1977.

[5] G. Birkhoff: Lattice Theory, American Mathematical Society, Providence, R. I. 2nd Edition, 1948.

[6] J.-P. Crouzeix: About differentiability of order one of quasiconvex functions on IRn, Journal of Optimization Theory and Applications, 36(3), 367–385, 1982.

[7] W. Fenchel: On conjugate convex functions, Canadian Journal of Mathematics, 1, 73–77, 1949.

[8] B. M. Glover: A generalized Farkas lemma with applications to quasidifferentiable programming, Zeitschrift für Operations Research, 26, 125–141, 1982.

[9] B. M. Glover: On quasidifferentiable functions and nondifferentiable programming, Optimization, 24, 253–268, 1990.

[10] B. M. Glover, V. Jeyakumar, Y. Ishizuka and H. D. Tuan: Complete characterizations of global optimality of DC minimization problems, to appear SIAM Journal of Optimization, 1995.

[11] B. M. Glover, V. Jeyakumar and W. Oettli: A Farkas lemma for difference sublinear systems and quasidifferentiable programming, Mathematical Programming, Series A, 63, 109–125, 1994.

[12] B. M. Glover, V. Jeyakumar and W. Oettli: Solvability theorems for classes of difference convex functions, Nonlinear Analysis, Theory, Methods and Applications, 22(10), 1191–1200, 1994.

[13] B. M. Glover, A. M. Rubinov and B. D. Craven: Solvability theorems involving inf-convex functions, Journal of Mathematical Analysis and Applications, 191, 305–330, 1995.

[14] J. Gwinner: Results of Farkas type, Numerical Functional Analysis and Optimization, 9, 471–520, 1987.

[15] Chung-wei Ha: On systems of convex inequalities, Journal of Mathematical Analysis and Applications, 68, 25–34, 1979.

[16] J.-P. Hiriart-Urruty: From convex to nonconvex minimization: Necessary and sufficient conditions for global optimality, in Nonsmooth Optimization and Related Topics, 219–240, Plenum, New York, 1989.

[17] J.-B. Hiriart-Urruty and C. Lemarechal: Testing necessary and sufficient conditions for global optimality in the problem of maximizing a convex quadratic function over a convex polyhedron, Preliminary Report, University of Paul Sabatier, Toulouse, 1990.

[18] J.-B. Hiriart-Urruty and C. Lemarechal: Convex Analysis and Minimization Algorithms, Volumes I and II, Springer-Verlag, Berlin Heidelberg, 1993.

[19] R. Horst and H. Tuy: Global Optimization, Springer-Verlag, Berlin, 1990. [20] Y. Ishizuka: Farkas’ theorem of nonconvex type and its application to a min-max problem, Journal of Optimization Theory and Applications, 57, 341–354, 1988.

[21] Y. Ishizuka: Optimality conditions for quasidifferentiable programs with application to twolevel optimization, SIAM Journal of Control and Optimization, 26(6), 1388–1398, 1988.

[22] V. Jeyakumar and B. M. Glover: A new Farkas lemma and global convex maximization, Applied Mathematics Letters, 6(5), 39–43, 1993.

344 A. Rubinov, B. Glover, V. Jeyakumar / A general approach to solvability theorems

[23] V. Jeyakumar and B. M. Glover: Nonlinear extensions of Farkas’ lemma with applications to global optimization and least squares, to appear Mathematics of Operations Research, 1995.

[24] V. Jeyakumar and H. Wolkowicz: Generalizations of Slater’s constraint qualifications for infinite convex programming, Mathematical Programming, Series A, 57, 85–101, 1992.

[25] S. S. Kutateladze and A. M. Rubinov: Minkowski duality and applications, Russian Mathematical Surveys, 27(3), 137–192, 1972.

[26] V. L. Makarov and A. M. Rubinov: Mathematical Theory of Economic Dynamics and Equilibria, Springer-Verlag, 1977.

[27] J. E. Martinez-Legaz: Quasiconvex duality theory by generalized conjugation methods, Optimization, 19, 603–652, 1988.

[28] J. E. Martinez-Legaz: General conjugation and related topics, in Generalized Convexity and Fractional Programming with Economic Applications, Lecture Notes in Economics and Mathematical Systems, 345, 198–218, Springer-Verlag, Berlin, 1990.

[29] J. J. Moreau: Inf-convolution des fonctions numerique sur un espace vectorial, C. R. Acad.

Sci. Paris, 256, 5047–5049, 1963.

[30] J.-P. Penot and M. Volle: On quasiconvex duality, Mathematics of Operations Research, 15(4), 597–625, 1990.

[31] R. T. Rockafellar: Convex Analysis, Priceton University Press, 1970. [32] R. T. Rockafellar: Conjugate Duality and Optimization, SIAM Regional Conference Series in Applied Mathematics, 1974.

[33] S. Rolewicz: Convex analysis without linearity, Control and Cybernetics, 23, 247–256, 1994. [34] S. Rolewicz and D. Pallaschke: Foundations of Optimization, to appear, 1994. [35] A. M. Rubinov: Superlinear Multivalued Mappings and their Applications to Problems of Mathematical Economics, Leningrad, Nauka, 1980 (in Russian).

[36] A. M. Rubinov and B. Shimshek: Conjugate quasiconvex nonnegative functions, to appear, Optimization, 1995.

[37] A. P. Shveidel: Support sets of linear functionals and separation of star-shaped sets, unpublished manuscript, Karaganda State University, Kazakhstan, 1988.