Journal of Convex Analysis Volume 1 (1994), No. 2, 225–258

Integral Representations in Conuclear Cones

Erik G. F. Thomas

University of Groningen, Department of Mathematics, Postbus 800, 9700 AV Groningen, The Netherlands.

e-mail : E.Thomas@math.rug.nl

Received 19 July 1994 Revised manuscript received 28 November 1995

We show that closed convex cones, having bounded order intervals (in particular weakly complete proper convex cones) in conuclear spaces, are generated by their extreme rays. An analogue of Choquet’s theorem is obtained for these cones, as well as for the conuclear cones defined in this article. Well-capped cones are conuclear. The main tool is Choquet’s notion of conical measure, of which we present the necessary properties here.

1991 Mathematics Subject Classification: Primary : 46A55, Secondary 43A35.

Dedicated to Professor Gustave Choquet on the occasion of his 80th birthday.

Introduction

At the present time there are two entirely different methods known to obtain integral representations by extreme generators in convex cones : Choquet’s theory of integral representations [8], [10], [11], [29] and certain generalizations [6], [15] on the one hand, and on the other hand the method, described more fully below, based on the nuclear spectral theorem of Maurin [26], or on the results of Berezanski [2], which followed the introduction of nuclear spaces into spectral theory by Gelfand and Kostjucenku [17], [18].

The present paper was motivated by the desire to accomplish a synthesis between these two approaches. In fact more than such a synthesis is obtained : namely a new theorem on the existence of extremals, independent of the Krein Milman theorem, and a corresponding integral representation theorem. This theorem is valid for a certain class of convex cones which we define in section 3, conuclear cones (having metrizable compact sets). The wellcapped cones, defined by Choquet, are conuclear. But the closed convex cones, having bounded order intervals, in conuclear spaces, also happen to be conuclear cones.

Let Γ be a closed convex proper cone in a locally convex space F . Assume, for the purpose of this introduction, that the union ext(Γ ) of the extreme rays is non trivial and that there exists a Suslin space, e.g. a second countable locally compact space T , and a continuous map t −→ e_t from T to ext(Γ )\{0} such that each extreme ray of Γ contains e_t for precisely one value of t (this is an example of an admissible parametrization of the

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag

226 E.G.F. Thomas / Integral representations in conuclear cones

extreme rays, cf. 1.20). An integral representation of an element f ∈ Γ , as understood here, is then a decomposition f = ∫ T e_tdm(t), where m is a Radon measure on T .

Choquet’s theorem states that if Γ has a compact metrizable hyperplane section or ‘base’ B, every element f ∈ Γ has an integral representation f = ∫ T e dm(e), the integral extending over the set T = B ∩ ext(Γ ) of extreme points of B. Moreover, the measure is in each case uniquely determined by f if and only if B is a simplex i.e. Γ is a lattice with respect to its proper order : f ≤ g if g − f ∈ Γ . More generally, if Γ is the union of metrizable caps, compact convex sets K ⊂ Γ such that Γ \K is convex, it is a consequence of Choquet’s theorem that the elements of Γ still have integral representations. Classical integral representation theorems such as those of Bochner, Bernstein, etc. can be recovered in this way, and many others have been first obtained using Choquet theory (cf. [8], [11], [29]).

The second method applies essentially only to the important case of the integral representation of positive kernels on nuclear spaces. For instance, kernels invariant under some group action can be decomposed into extreme invariant kernels by interpreting the kernel as the reproducing kernel of a Hilbert space, diagonalising a maximal commutative C^∗- algebra commuting with the group action, and using Mautner’s theorem [14, ch2]. This method has been used by Maurin [25] and Schwartz [31]. An example of its use in a more complex situation can be found in the work of Borchers and Yngvason [3], and combined with Choquet theory, in Hegerfeldt [21]. This method has the drawback however that there is no statement as to uniqueness if the cone happens to be a lattice.

The main result of this paper, in its most practical form, is the theorem below, in which we make use of the following notation : If f belongs to the convex cone Γ , the set I_f = Γ ∩ (f − Γ ) is the interval between 0 and f with respect to the proper order of Γ , and Γ (f) = ⋃ λ≥0 I_{λf} , the set of elements of Γ majorized by a multiple of f, is the face

generated by f in Γ . It is a convex subcone whose proper order equals the order induced on it by Γ . The cone Γ is a lattice if and only if Γ (f) is a lattice for all f ∈ Γ .

Theorem. Let F be a quasi-complete conuclear space. Let Γ ⊂ F be a closed convex cone such that the order intervals Γ ∩(f −Γ ), f ∈ Γ , are bounded subsets of the topological vector space F . Then :

1. Γ is the closed convex hull of its extreme rays.

2. If t −→ e_t, T −→ ext(Γ ) is an admissible parametrization of the extreme rays then : A) For every f ∈ Γ there exists a Radon measure m on the parameter space T such that f = ∫ T e_tdm(t). B) The measure m is uniquely determined by f if and only if the face Γ (f) generated by f is a lattice. In particular the representing measure is unique for every f ∈ Γ if and only if Γ is a lattice.

Remarks and examples.

There always exists an admissible parametrization of the extreme rays (cf. 1.20).

E.G.F. Thomas / Integral representations in conuclear cones 227

The strong dual of any barreled nuclear space is conuclear, e.g. the space of distributions D^′(V ) on a manifold V is conuclear. Every nuclear Fréchet space is conuclear ; for instance the space C^∞(V ) is conuclear if V is countable at infinity (section 3 and [20]).

If Γ is a weakly complete proper convex cone in a locally convex space F , the order intervals Γ ∩ (f − Γ ) are bounded (Choquet [8], prop. 30.10).

The condition that the order intervals be bounded in the topology of F is not enough to ensure the existence of extreme rays if the space F is not conuclear : for example the set of non-negative elements of L^2[0, 1] is a weakly complete cone, but it has no extreme rays.

On the other hand a closed convex proper cone, with unbounded order intervals, in a conuclear space, does not necessarily have any extreme rays. An example is the cone C^∞_+ (IR) of non negative functions in C^∞(IR). Here every non zero f ∈ C^∞_+ (IR) can be decomposed as a sum f = f_1 + f_2, with f_i ∈ C^∞_+ (IR) not proportional to f (partition of unity), i.e. no f ≠ 0 is extremal. The order interval I_f is unbounded in the C^∞-topology however, unless f = 0.

In the case of Bernstein’s theorem on completely monotonic functions on IR_+ the cone Γ = {f ∈ C^∞(0, +∞) : (−1)^nf^{(n)} ≥ 0 ∀ n ≥ 0} does have order intervals which are bounded in the C^∞-topology. Since the extreme generators e^{−tx}, t ≥ 0, are easy to determine (cf. [8] §32, [11]), Bernstein’s theorem, according to which every f ∈ Γ has an integral representation f(x) = ∫_{+∞} 0 e^{−tx}dμ(t) ∀ x > 0 is an immediate consequence of the above theorem.

Any well-capped cone has bounded order intervals : if f belongs to a cap K ⊂ Γ the interval I_f is contained in K, and so compact.

Let N be a barreled nuclear space. Then the cone Γ composed of separately continuous non-negative sesquilinear forms K : N × N −→ IC, equipped with the topology of bibounded convergence, is the union of metrizable caps [35]. This makes the above theorem, particularly the uniqueness part, or theorem 5.3, available to cases where the nuclear spectral theorem applies.

An important example to which the theorem can be applied is the cone of positive definite distributions on a Lie group G : Γ = {T ∈ D^′(G) : T (φ ∗ φ̃) ≥ 0 ∀ φ ∈ C^∞_c (G)} or any closed convex subcone of Γ . Thanks to the factorization theorem of Dixmier and Malliavin [13], according to which every test function is a finite sum of convolution products of test functions, this cone has bounded order intervals. The subcone of central positive definite distributions is a lattice cone, which leads to a generalization of the Bochner-Schwartz theorem for unimodular Lie groups [12], [23], [35], [36].

An interesting example to which the theorem applies has been discussed by Wyss [40, 4.1]. The term ”integral representation” can indeed be applied to this example, by the

228 E.G.F. Thomas / Integral representations in conuclear cones

above theorem, because not only the cone is weakly complete and proper, but also the surrounding space is conuclear.

A further application can be found in [1].

Methods.

Since the proof of the theorem is long we give some indication here of the method used. We shall in fact prove a more general theorem (theorem 5.1), which at the same time comprises the case of a cone, not necessarily contained in a conuclear space, which is the union of its metrizable caps. Theorem 5.1 involves cones Γ , which we call conuclear cones, with the property that for every compact convex set A ⊂ Γ containing 0, there exists another compact convex set B in Γ , containing A, such that A and the convex hull co(Γ \B) are disjoint. It will turn out that closed convex cones having bounded order intervals in conuclear spaces have this property.

Cones which are the union of their caps (well-capped cones, cf. section 2) obviously also have this property, but an example due to Goullet de Rugy [19] shows that not all conuclear cones are well-capped (Example 3.7 below). As in the case of Choquet’s theorem, which we obtain as a particular case, we have to impose metrizability on the compact sets. In the case of a conuclear space (as always assumed quasi-complete) all compact subsets are metrizable however.

The cones to which our theorem applies do not necessarily have a hyperplane section, even unbounded. The formulation of the theorem with the help of an admissible parametrization of the extreme rays, while practical for the above summary and in many applications, is neither esthetically satisfactory nor a good foundation for a proof of the theorem. Instead we make use of the conical measures, introduced by Choquet [7], [8] for the purpose of formulating representation theorems for cones. Rather than restricting attention to weakly complete cones however, and using maximal conical measures, we directly construct conical measures which are localizable on the extreme rays of a convex cone. In the case of a weakly complete proper convex cone in a conuclear space these are identical to the maximal conical measures used by Choquet. It will be seen that in the general case also our methods of proof are inspired by Choquet’s methods.

To get the existence of extreme rays in a conuclear cone we shall not be able to apply the Krein Milman theorem (as in the case of well-capped cones). In fact at this writing it is unknown whether an arbitrary conuclear cone (one in which the compact subsets are not necessarily metrizable) has any extreme rays. Instead we use a method akin to, and inspired by, the method of Hervé [22] for proving the existence part of Choquet’s theorem : if B is a convex compact metrizable set, and Φ is a strictly convex continuous function on B, any Radon measure m on B maximizing the integral ∫ Φdm among all the Radon probability measures with resultant the given point f ∈ B, is concentrated on the set of extreme points of B.

A large part of the paper is therefore devoted to the properties of localizable conical measures (which for convenience we call conical integrals). This part may be of interest in itself however, as conical measures are used in connection with other subjects as well, e.g. in statistics (cf. [24]).

E.G.F. Thomas / Integral representations in conuclear cones 229

The notion of Radon measure on topological spaces following Bourbaki [4], Choquet [9] and Schwartz [32] is crucial to this paper. A summary of the facts needed about Radon measures can be found at the end of section 1.

I should like to thank D.H. Fremlin [16] for the proof of Lemma 1.9, in the case of an arbitrary locally convex space.

Related work.

This is not the first time a connection has been made between Choquet theory and the theory of nuclear spaces. Mokobodzki [27] has shown that certain normal cones in nuclear spaces are well-capped. Wittstock [39] has shown that in conuclear spaces convex compact sets are contained in simplices. Peters, in his paper [28] asks whether the cone of positive definite Bruhat distributions on a locally compact group is well-capped. In the case where the group is second countable the space of test functions has been shown by Bruhat to be nuclear and so the answer is positive by the results in [35] ; consequently the above theorem is also applicable.

The results in the present paper are not the most general possible. One can, following the example of Bourgin and Edgar [6], [15], generalize by replacing the compact metrizable sets by closed bounded Suslin sets having the Radon Nikodym property. But in the case of conuclear spaces no generality is gained by this (cf. Proposition 3.1), and the price would have been an appreciable lengthening of the proof (cf. [37]).

1. Conical integrals.

Let F be a locally convex Hausdorff space over IR, let F^′ be the set of continuous linear forms ℓ : F −→ IR. Following Choquet [7], [8] define the space h(F ) to be the lattice generated by F^′ in IR^F . The elements φ ∈ h(F ), the Choquet test functions, can be written in the form φ = sup_i ℓ_i − sup_j ℓ^′_j (1.1)

where (ℓ_i) and (ℓ^′_j) are finite sequences of continuous linear forms. In particular the functions φ ∈ h(F ) are positive homogeneous of degree one : φ(λx) = λφ(x) ∀ x ∈ F, ∀ λ ≥ 0 (1.2) Let h^+(F ) denote the set of φ ∈ h(F ) such that φ(x) ≥ 0 ∀ x ∈ F .

According to Choquet [7], [8] a conical measure is a linear form μ : h(F ) −→ IR, such that μ(φ) ≥ 0 for all φ ∈ h^+(F ). The set of all these positive linear forms obviously forms a convex cone in the algebraic dual of h(F ). Let it be denoted by M^+(F ).

Now let F_∗ = {x ∈ F : x ≠ 0}, and let B(F_∗) be the set of Borel subsets of F_∗. Let

m : B(F∗) −→ [0, +∞] be a measure, i.e. a countably additive set function, having the

following two properties :

m(A) = sup_{K⊂A} m(K) ∀ A ∈ B(F_∗) (K compact in F_∗) (1.3)

230 E.G.F. Thomas / Integral representations in conuclear cones ∫ |ℓ(x)|dm(x) < +∞ ∀ ℓ ∈ F^′ (1.4) For each ℓ ∈ F^′ consider the set O = {x ∈ F : |ℓ(x)| > 1}. Then O is an open subset of F_∗ and m(O) < +∞. Thus, since every x ∈ F_∗ belongs to a set of this type, m is locally finite on F_∗. Consequently, being inner regular and locally finite, m is a Radon measure (cf. the Note on Radon measures at the end of this section). The condition (1.4) implies that the functions φ ∈ h(F ) are m-summable.

Definition 1.1. A conical measure μ is said to be localizable if there exists a measure m, having the properties (1.3) and (1.4) such that : μ(φ) = ∫ φdm ∀ φ ∈ h(F ) (1.5) In this case μ is said to be localized in m. If m is concentrated on a set S, μ is localizable on S. We shall use the term conical integral instead of ”localizable conical measure”. The set of conical integrals will be denoted by M^+_{loc}(F ).

Remark. Every conical measure localizable on a compact subset K ⊂ F (cf. Choquet [8, 30.4]) is localizable according to the above definition, namely on K ∩ F_∗ (any mass at 0 can be removed without changing the integrals (1.5)).

Remark. There are infinitely many different Radon measures in which a given conical integral μ ≠ 0 can be localized. For instance by (1.2) we have μ(φ) = ∫ φdm = 1 λ ∫ φ(λx)dm(x) for all λ > 0. If m is bounded one may make use of this invariance to replace m by a probability measure.

1.1. Localization on sections

Definition 1.2. A section is a subset S ⊂ F_∗ meeting each ray in at most one point : x ≠ 0, α > 0, β > 0, αx ∈ S, βx ∈ S =⇒ α = β. Thus, for example, a non homogeneous hyperplane {x : ℓ(x) = 1} in F is a section, as is the set of points at distance r > 0 from the origin with respect to a norm on F .

Our next objective is to prove :

1. That a conical integral has at most one localization on a given section S. 2. There exists a section on which every conical integral can be localized.

Let us first prove the following approximation theorem, a variant of the lattice form of the Stone-Weierstrass theorem.

Theorem 1.3. Let X be a completely regular Hausdorff space (containing at least two points). Let m be a Radon measure on X. Let H be a subspace of L^1(X, m) consisting of continuous functions. Assume moreover that : a) H is a sublattice : φ, ψ ∈ H =⇒ sup(φ, ψ) ∈ H, and

E.G.F. Thomas / Integral representations in conuclear cones 231 b) ∀ x, y ∈ X, x ≠ y, ∀ α, β ∈ IR, ∃ φ ∈ H such that φ(x) = α and φ(y) = β. Then H is dense in L^1(X, m).

The proof essentially consists in replacing X by a large compact subset K and keeping control of what happens outside K. Denote H^+ = {h ∈ H : h(x) ≥ 0 ∀ x ∈ X} :

Lemma 1.4. For every compact set K ⊂ X, ϵ > 0 and number M ≥ 0 there is a function h ∈ H^+ such that h(x) ≥ M for all x ∈ K, and ∫ K^c hdm ≤ ϵ. Proof. Let x ∈ K and y ∈ K^c = X\K, then there exists a function φ_{x,y} ∈ H such that φ_{x,y}(x) > M and φ_{x,y}(y) < 0. Thus there exists a neighborhood V_x of x such that φ_{x,y}(z) > M for all z ∈ V_x. If K ⊂ V_{x1} ∪ . . . ∪ V_{xn} , let φ_y = sup(φ_{x1,y}, . . . , φ_{xn,y}). Then φ_y(x) ≥ M for all x ∈ K, and φ_y(y) < 0. Let φ_{yo} be such a function. Now choose a compact set H ⊂ K^c such that ∫ K^c\H φ + yo dm ≤ ϵ. For every point y ∈ H there exists a function φ_y as previously defined, such that φ_y(y) < 0, and consequently φ_y(z) < 0 for z in some neighborhood W_y of y. If H ⊂ W_{y1} ∪ . . . ∪ W_{ym} , let φ = inf(φ_{yo} , φ_{y1}, . . . , φ_{ym} ). This function then has the following properties : i) φ(x) ≥ M ∀ x ∈ K, ii) φ(y) ≤ 0 ∀ y ∈ H, iii) φ ≤ φ_{yo} . Consequently ∫ K^c φ +dm = ∫ K^c\H φ +dm ≤ ∫ K^c\H φ + yo dm ≤ ϵ. Thus the function h = φ^+ satisfies the requirement.

Lemma 1.5. Let Φ ∈ L^1(X, m; IR) be a continuous m-integrable function. Then there exists ψ ∈ H such that ∫ X |Φ − ψ|dm ≤ 3ϵ. Proof. Choose a compact set K ⊂ X, with m(K) > 0, such that ∫ K^c |Φ|dm ≤ ϵ and put M = max_{x∈K} |Φ(x)|. Let h ∈ H^+ be chosen so that h(x) ≥ M on K and ∫ K^c hdm ≤ ϵ (lemma 1). By the approximation theorem of Stone-Weierstrass [5, ch. 10, § 4 no 1, Cor. prop. 2] there exists φ ∈ H such that |Φ(x) − φ(x)| ≤ ϵ/m(K) for all x ∈ K. Let ψ = sup(−h, inf(φ, h)). Then ψ ∈ H and |Φ(x) − ψ(x)| ≤ ϵ/m(K) for all x ∈ K, while |ψ(x)| ≤ h(x) for all x ∈ X. Consequently we have ∫ X |Φ − ψ|dm = ∫ K |Φ − ψ|dm + ∫ K^c |Φ|dm + ∫ K^c |ψ|dm ≤ 3ϵ.

Proof of the theorem. It is well known that in the case of a completely regular space the subspace of continuous integrable functions is dense in L^1(X, m; IR). With lemma 1.5 this completes the proof.

The following theorem was proved by Choquet [8, II, p. 192] in the case of a compact section S.

232 E.G.F. Thomas / Integral representations in conuclear cones

Theorem 1.6. Let S ⊂ F_∗ be a section. Let m_1 and m_2 be localizations on S of a conical measure μ. Then m_1 = m_2.

Proof. Let m = m_1 + m_2. Then m is concentrated on S. Let H be the set of restrictions φ|_S, with φ ∈ h(F ). Then H satisfies the hypotheses of theorem 1.3 : if x ∈ S and y ∈ S are non proportional there exists ℓ ∈ F^′ such that ℓ(x) = α and ℓ(y) = β. If y = λx we must have λ < 0 according to the hypothesis on S. Then if ℓ_1 ∈ F^′ is such that ℓ_1(x) = 1, we have ℓ_1(y) < 0, ℓ^+_1 (x) = 1 and ℓ^+_1 (y) = 0. Similarly there exists ℓ_2 ∈ F^′ such that ℓ^+_2 (x) = 0 and ℓ^+_2 (y) = 1. Then φ = αℓ^+_1 + βℓ^+_2 has the required property. Consequently H is dense in L^1(S, m). The continuous linear forms φ −→ ∫ φdm_i, i = 1, 2, coincide on H, and are therefore identical. It follows that m_1 = m_2.

Theorem 1.7. There exists a section S ⊂ F_∗ such that every conical integral can be localized on S.

The proof will result from the following two lemmas :

Lemma 1.8. Let m be an arbitrary localization of μ. Let p : F −→ [0, +∞] be a function with the following properties.

a) p is positive homogeneous of degree 1 : p(λx) = λp(x) ∀ λ ≥ 0 ∀ x ∈ F. b) p is m-measurable.

c. 0 < p(x) < +∞ m-almost everywhere.

Then μ is localizable on the section S = {x ∈ F : p(x) = 1}.

Proof. Let X = {x ∈ F_∗ : 0 < p(x) < +∞}. For x ∈ X let ρ(x) = x/p(x). Then ρ is defined m-almost everywhere and m-measurable (cf. Note on Radon measures, below). Let ~m = ρ(pm), the image of the measure pm under ρ. Then ~m is a Radon measure, concentrated on S, localizing μ. Note that pm may not be locally finite. Since the result is crucial we give the details : First let us check that ~m satisfies the condition (1.3) : Let λ < ~m(A) = ∫ ρ�1_{(A)} pdm. Then there exists a compact set K ⊂ ρ^{−1}(A) ⊂ X such that λ < ∫ K pdm. By Lusin’s theorem we may assume that the restriction ρ|_K is continuous.

Let H = ρ(K). Then H is a compact subset of A and K ⊂ ρ^{−1}(H). Thus λ < ~m(H) = ∫ ρ�1_{(H)} pdm, which proves that ~m satisfies the condition (1.3). Let φ ∈ h^+(F ). Then φ(ρ(x))p(x) = φ(x) for m almost all x. Therefore ∫ φd ~m = ∫ φ(ρ(x))p(x)dm(x) = ∫ φ(x)dm(x) = μ(φ). Putting φ = |ℓ| we see that ~m also satisfies the condition (1.4).

In particular, ~m is locally finite. Thus, every element φ in h(F ) being the difference of functions φ^± in h^+(F ), ~m is a Radon measure localizing μ. Finally, it has to be shown that ~m is concentrated on S. Since ρ(x) ∈ S for all x ∈ X, it is sufficient to show that S is ~m-measurable. Let C ⊂ F_∗ be a compact subset. Then ~m(C) < +∞. Thus, as in the proof of condition (1.3), given ϵ > 0 we can find a compact set H = ρ(K) ⊂ C such that ~m(C) − ~m(H) ≤ ϵ. But then H ⊂ S ∩ C ⊂ C, and so S ∩ C belongs to the Lebesgue completion of B(F_∗) with respect to ~m. The compact set C being arbitrary, S is ~m-measurable.

E.G.F. Thomas / Integral representations in conuclear cones 233

Lemma 1.9. There exists a universally measurable function p : F_∗ −→ (0, +∞) which is positive homogeneous of degree 1.

Proof. We first give a proof in the particular case, where F is metrizable or separated by a countable subset of the dual. Let (q_n)_{n∈}IN be a sequence of continuous seminorms such that for all x ∈ F_∗ there exists n for which q_n(x) > 0. (If F is separated by the sequence (ℓ_n)_{n∈}IN in F^′ one can take q_n(x) = |ℓ_n(x)|). Let F_n = {x ∈ F : q_n(x) > 0}. Let

Γ_1 = F_1, and Γ_{n+1} = F_{n+1}\^n ⋃ i=1 F_i. Then the sets Γ_n are pairwise disjoint cones covering

F_∗. Let p(x) = q_n(x) if x ∈ Γ_n, i.e. if n is the first index for which q_n(x) > 0. Then p is a Borel function, positive homogeneous of degree 1, and 0 < p(x) < +∞ for all x ∈ F_∗.

Therefore in this case theorem 1.7 is proved.

For the generalization to arbitrary spaces I am indebted to D.H. Fremlin [16]. The proof proceeds by transfinite induction : Let (q_i)_{i∈I} be a family of continuous seminorms such that for each x ∈ F_∗ there exists i ∈ I with q_i(x) > 0 (e.g. a fundamental system of continuous seminorms). Let the set I be well-ordered. If λ is the corresponding ordinal number we may assume I = [0, λ). If 0 ≤ κ ≤ λ , let p_κ(x) = q_i(x) if i ∈ [0, κ) is the smallest index in [0, κ) for which q_i(x) > 0, and p_κ(x) = 0 if there is no such index. Let m be a bounded Radon measure on F_∗. Then it follows by induction on κ that p_κ is m-measurable for all κ ≤ λ. Clearly p_κ is m-measurable if κ is countable. Assume that p_ξ is m-measurable for all ordinals ξ < κ. If κ = ξ + 1 we have p_κ(x) = q_ξ(x) if p_ξ(x) = 0, while p_κ(x) = p_ξ(x) if p_ξ(x) > 0. Thus p_κ is m-measurable. Next assume that κ = sup_n ξ_n, (ξ_n)_{n∈}IN being a sequence of ordinals smaller than κ. Then p_κ = sup_n p_{ξn} , and

so p_κ is m-measurable. Finally, if κ is not the supremum of a sequence of smaller ordinals, let H_ξ = {x : p_ξ(x) = 0} = {x : q_η(x) = 0 ∀ η < ξ}

Then these sets are closed, they decrease as ξ increases, and their intersection for ξ < κ is H_κ. Consequently we have m(H_κ) = inf_{ξ<κ} m(H_ξ). Let ξ_n < κ be such that m(H_{ξn}) ≤ m(H_κ) + 1/n, and let ξ = sup_n ξ_n. Then m(H_κ) = m(H_ξ), while by the hypothesis ξ < κ.

But p_κ(x) = p_ξ(x) for all x not belonging to H_ξ\H_κ, i.e. for m-almost all x. Thus p_κ is m- measurable. This proves that p_λ is universally measurable. As we have p_λ(x) > 0 for all x ∈ F_∗, the function p = p_λ has the required properties.

Thus theorem 1.7 is valid for an arbitrary locally convex Hausdorff space.

1.2. Integration.

Theorem 1.10. Let μ be a conical integral, and let m_1 and m_2 be localizations of μ. 1. Let Φ : F_∗ −→ IR be positive homogeneous of degree α ∈ IR i.e. : Φ(λx) = λ^αΦ(x) ∀ λ > 0, ∀ x ∈ F_∗. Then Φ is m_1-measurable (resp. m_1-almost everywhere equal to 0) if and only if Φ is m_2-measurable (resp. m_2-a.e. equal to 0).

234 E.G.F. Thomas / Integral representations in conuclear cones

2. Let Φ : F_∗ −→ IR be homogeneous of degree 1. Then Φ is m_1-summable if and only if Φ is m_2-summable, and in that case one has ∫ Φ dm_1 = ∫ Φ dm_2. The same equality holds if Φ : F_∗ −→ [0, +∞] is homogeneous of degree 1 and measurable.

Definition 1.11. The function Φ will be said to be μ-measurable if it is homogeneous of degree α for some α ∈ IR, and measurable with respect to some (hence any) localization m of μ. Similarly Φ is μ-summable if Φ is homogeneous of degree 1, and m-summable. If Φ is μ-summable or non-negative, homogeneous of degree 1 and μ-measurable, the integral of Φ with respect to μ is defined by : ∫ Φ(x)dμ(x) = ∫ Φ(x)dm(x) (1.6) The notation μ(Φ) will also be used to denote the integral.

Proof of 1.10. Let p : F_∗ −→ (0, +∞) be positive homogeneous of degree 1 and universally measurable. Let S = {x : p(x) = 1} be the corresponding section, let ρ(x) = x/p(x) and let ~m_i = ρ(pm_i). Then ~m_1 and ~m_2 being localizations of μ on S, one has ~m_1 = ~m_2 by theorem 1.6. Thus it suffices to prove the theorem for m and ~m.

In case 1. a function Φ is ~m-measurable (resp. ~m-negligible) if and only if (Φ ∘ ρ)p is m-measurable (resp. m-negligible). Since Φ(ρ(x))p(x) = p(x)^{1−α}Φ(x) this is clearly equivalent to Φ being m-measurable (resp. m-negligible). Similarly, in case 2, since Φ(ρ(x))p(x) = Φ(x) we have, if Φ ≥ 0, ∫ Φd ~m = ∫ Φdm ≤ +∞. In particular if Φ : X −→ IR, ∫ |Φ|d ~m = ∫ |Φ|dm ≤ +∞ which shows that Φ is m-summable if and only if Φ is ~m-summable. The equalities of the integrals in that case is obtained similarly, or by decomposing Φ in its positive and negative parts Φ^+ and Φ^−, which are also homogeneous of degree 1 and μ-summable.

Remark 1.12. Let Γ ⊂ F be a cone i.e. a set such that λΓ ⊂ Γ for all λ ≥ 0. Then the indicator function is homogeneous of degree 0, and so it makes sense to say that Γ is μ-measurable (resp. μ-negligible) if it is m-measurable (resp. m-negligible) with respect to some localization m of μ.

Let L^1(μ) denote the linear space of functions Φ : F_∗ −→ IR which are positive homogeneous of degree 1, and μ-summable, equipped with the seminorm N_1 : Φ −→ μ(|Φ|). The quotient of L^1(μ) by the subspace of null functions is as usual denoted L^1(μ). It is a Banach space. In fact we have :

Theorem 1.13. Let μ be a conical integral. Then 1. L^1(μ) is complete.

2. The space h(F ) is a dense subspace of L^1(μ).

Proof. 1. Let m be a localization of μ on a section S. Let Φ_n ∈ L^1(μ) be such that ∑ n μ(|Φ_n|) < +∞. Let Φ(x) = ∑ n Φ_n(x) if ∑ n |Φ_n(x)| < +∞, and let Φ(x) = 0 otherwise.

E.G.F. Thomas / Integral representations in conuclear cones 235

Then Φ is positive homogeneous of degree 1, and Φ = ∑ n Φ_n in the space L^1(m), and so

in L^1(μ). This implies that L^1(μ) is complete.

2. Let S be a section on which μ can be localized in a measure m (theorem 1.7). Then, as shown in the proof of theorem 1.6, the set H of restrictions φ|_S , with φ ∈ h(F ), satisfies the conditions of theorem 1.3. The space H being dense in L^1(S, m), h(F ) is dense in L^1(μ).

Note that since μ(||Φ| − |φ||) ≤ μ(|Φ − φ|), the set h^+(F ) is also dense in L^1_+(μ).

Let us determine the dual of L^1(μ) : Let L^∞(μ) be the space of functions Ψ : F_∗ −→ IR which are positive homogeneous of degree 0, i.e. constant on rays, μmeasurable, and such that there exists a number M ∈ IR such that |Ψ(x)| ≤ M μ-almost everywhere (i.e. m-almost everywhere for any localization m of μ). Let N_∞(Ψ) denote the smallest number M with this property. The quotient of the space L^∞(μ) by the subspace of functions equal to 0 μ-a.e. is denoted by L^∞(μ).

Theorem 1.14. Let Φ ∈ L^1(μ), Ψ ∈ L^∞(μ). Then ΦΨ ∈ L^1(μ) and | ∫ ΦΨdμ| ≤ N_1(Φ)N_∞(Ψ) (1.7) In particular Ψ defines a continuous linear form on L^1(μ) which only depends on the class of Ψ in L^∞(μ). The corresponding map from L^∞(μ) to L^1(μ)^′ is an isometric isomorphism of the first space onto the second : i.e. L^1(μ)^′ = L^∞(μ).

Proof. ΦΨ being homogeneous of degree 1 the first assertion is obvious. Let m be a localization of μ on a section S which meets every ray in F_∗. Then the map Ψ −→ Ψ|_S is a linear isomorphism of L^∞(μ) onto L^∞(S, m). Thus the assertion results from the corresponding theorem for Radon measures.

In particular, if Γ is a μ-measurable cone one defines the integral of Φ ∈ L^1(μ) over Γ : ∫ Γ Φdμ = ∫ 1_Γ Φ dμ (1.8)

Remark. If 1 < p < +∞ one can similarly define the space L^p(μ) to be the space of functions Φ : F_∗ −→ IR which are positive homogeneous of degree 1/p, μ-measurable, and such that ∫ |Φ|^pdμ < +∞. The space L^p(μ) is a Banach space whose dual is isomorphic to L^p 0 (μ), if 1/p^′ + 1/p = 1. Theorems 1.13 and 1.14 allow us to prove the following fact however, relevant to our subject :

Theorem 1.15. Let μ be a conical integral, i.e. a localizable conical measure, and let ν be a conical measure such that 0 ≤ ν ≤ μ i.e. :

0 ≤ ν(φ) ≤ μ(φ) ∀ φ ∈ h^+(F ) (1.9)

236 E.G.F. Thomas / Integral representations in conuclear cones

Then ν is localizable. Moreover, if m is a localization of μ there exists a localization n of ν such that 0 ≤ n ≤ m.

Proof. For φ ∈ h(F ) we have : |ν(φ)| ≤ ν(|φ|) ≤ μ(|φ|) (1.10) Thus by theorem 1.13 ν extends to a continuous linear form on L^1(μ). By theorem 1.14 there exists a function Ψ ∈ L^∞(μ) such that : ν(φ) = ∫ φΨdμ ∀ φ ∈ h(F ) (1.11) Now since h^+(F ) is dense in L^1_+(μ), the inequalities (1.9) imply that 0 ≤ Ψ(x) ≤ 1

μ a.e., and so we may assume 0 ≤ Ψ ≤ 1. If μ is localized in m we have, by definition of the integral in (1.11) that ν(φ) = ∫ φΨdm. This means that ν is localized in the measure n = Ψm, and 0 ≤ n ≤ m.

1.3. Admissible sections.

In connection with integral representations one is interested in conical integrals which are concentrated on cones :

If μ is localizable on Γ , i.e. some localization of μ is concentrated on Γ , it is a consequence of theorem 1.10 (remark 1.12) that every localization of μ is concentrated on Γ . In this case the conical integral μ will be said to be itself concentrated on Γ . More intrinsically, Γ_∗ denoting Γ \{0} : μ is concentrated on Γ if the cone F \Γ_∗ is μ-negligible.

Obviously, if μ is concentrated on Γ we have μ(φ) ≥ 0 for every φ ∈ h(F ) such that φ(x) ≥ 0 for all x ∈ Γ , i.e. μ is carried by Γ .

Conversely it can be shown that if Γ is a weakly closed cone (in particular if Γ is a closed convex cone) a conical integral μ carried by Γ is concentrated on Γ , [34].

A subset S of Γ_∗ such that each ray in Γ meets S in precisely one point will be called a section of Γ . One can then define the gauge of S, as the function p_S : Γ −→ [0, +∞), positive homogeneous of degree 1, which is equal to 1 on S. It then follows that S = {x ∈ Γ : p_S (x) = 1}.

Definition 1.16. The section S of Γ will be called admissible if the function p_S : Γ −→ [0, +∞) is universally measurable.

For instance a hyperplane section (where p_S is the restriction to Γ of a continuous linear form) is an admissible section. Note however that even proper closed convex cones do not in general have hyperplane sections (e.g. IRIN_+ in IRIN).

The section constructed for the benefit of theorem 1.7 is an admissible section of F_∗. We therefore have as a consequence of theorem 1.7 :

E.G.F. Thomas / Integral representations in conuclear cones 237

Corollary 1.17. Every cone Γ has an admissible section.

Proof. The restriction to Γ of a universally measurable function is a universally measurable function on Γ (whatever the topological properties of Γ ). It suffices therefore to take the intersection of Γ with an admissible section of F_∗.

Theorem 1.18. Let Γ be a cone and let S be an admissible section of Γ . Let μ be a conical integral which is concentrated on Γ . Then μ has a unique localization on S.

Proof. The uniqueness is a consequence of theorem 1.6. Existence : Let m be a localization of μ. Then m is concentrated on Γ , hence 0 < p_S (x) < +∞ m a.e.. Let ρ(x) = x/p_S (x). By lemma 1.8 μ is localizable on S = {x ∈ Γ : p_S (x) = 1} in the measure ~m = ρ(p_S m).

To obtain practical criteria yielding admissible sections recall that a topological Hausdorff space is called a Suslin space if it is the continuous image of a Polish space. Such a space is of course separable. Borel subsets of Suslin spaces are Suslin. Schwartz [32] has shown that practically every separable space encountered in analysis is Suslin (the only exception seems to be IRIR). In particular any nuclear space which is a strict inductive limit of a sequence of Fréchet spaces (necessarily separable), is a Suslin space and its strong dual is also a Suslin space [32, p.115].

Theorem 1.19.

1. Let S ⊂ Γ be a Suslin section of Γ (i.e. a section of Γ which is a Suslin space).

Then S is an admissible section.

2. A cone Γ has a Suslin section if and only if Γ is itself a Suslin space. In particular, every closed cone in a locally convex Suslin space has a Suslin section.

As a consequence we see that a Borel section of a Suslin cone is admissible. On the other hand there seems to be no particular reason for a Borel section of an arbitrary cone to be admissible.

Proof of 1.19. Let p_S be the gauge of S. Let π : IR_+ × Γ −→ Γ be the function defined by π(λ, x) = λx. Then for every number α ≥ 0, the set {x ∈ Γ : p_S (x) ≤ α} = ⋃ 0≤λ≤α λS = π([0, α] × S) (1.12)

is the continuous image of the Suslin space [0, α] × S and so is a Suslin subspace of Γ . Thus it is a universally measurable subset of Γ [32, p. 124]. If Γ has a Suslin section S, Γ = π([0, +∞) × S) is itself a Suslin space. Conversely, if Γ is a Suslin space, there exists a countable family (ℓ_n)_{n∈}IN of continuous linear forms separating the points of Γ [32, p.105]. Let p(x) = |ℓ_n(x)| if n is the smallest index for which |ℓ_n(x)| is positive. Then S = {x ∈ Γ : p(x) = 1} is a Borel section of Γ , and therefore a Suslin section.

To translate the theorem on integral representations below into the more usual concrete terms we introduce the following definition :

238 E.G.F. Thomas / Integral representations in conuclear cones

Definition 1.20. An admissible parametrization of the cone Γ is a one-to-one continuous map t −→ γ(t) from a Hausdorff space T to Γ such that the image S = Im(γ) is an admissible section and the inverse map S −→ T is universally measurable.

(Trivial example : T = S an admissible section, γ the identity).

Theorem 1.21. Let μ be a conical integral concentrated on Γ . Let γ be an admissible parametrization of Γ . Then there exists a unique Radon measure m on T such that : μ(φ) = ∫ T φ(γ(t))dm(t) (1.13) for all φ ∈ h^+(F ). Conversely, if m is a Radon measure on T such that ∫ T |ℓ(γ(t))|dm(t) < +∞ ∀ ℓ ∈ F^′ (1.14) formula (1.13) defines a conical integral which is localizable on Γ .

Proof. Let n be a localization of μ on S = Im(γ), and let m be the image of n under γ^{−1}. Then γ being continuous, m is locally finite. Moreover m is the only measure whose image under γ is n. Thus n being uniquely determined by μ, so is m. For the converse observe that by (1.14) the image n of m under γ satisfies condition (1.4), and so is locally finite. The regularity condition (1.3) follows from the continuity of γ.

Example 1.22. Let T be a Suslin space. Then if γ : T −→ Γ \{0} is continuous, one-to-one, and such that every ray of Γ meets the image Im(γ) in one point, γ is an admissible parametrization of Γ .

Indeed S = Im(γ) is then a Suslin section of Γ , and the inverse map is universally measurable by von Neumann’s selection theorem ([32] p.127).

Note that every Polish space, and in particular every locally compact space having a countable basis of open sets, is Suslin (cf. Introduction). Also the set E(K) of extreme points of a compact convex metrizable set K is a G_δ in K, so E(K) is Polish ([29], prop. 1.3).

1.4. Note on Radon measures.

A positive Radon measure m on a Hausdorff space X is a positive measure on the Borel sets of X which is locally finite (the open sets of finite measure cover X) and inner regular with respect to compact sets. Since we make use of positive measures only we refer to positive Radon measures simply as Radon measures.

Choquet [9] has characterized Radon measures as functions of a compact set which are increasing, sub-additive, additive for disjoint sets and continuous on the right. This characterization is in the case of Hausdorff spaces almost as useful as the Riesz Markov theorem in the case of locally compact spaces.

E.G.F. Thomas / Integral representations in conuclear cones 239

The integration theory used in this article for m, following [32] and [4], is the standard theory for the measure space (X, B^m, m), where B^m is the set of m-measurable subsets of X i.e. the set of subsets A ⊂ X such that for every compact subset K of X, A ∩ K is in the Lebesgue completion with respect to m of the Borel σ-algebra. For A ∈ B^m m(A) is defined by inner regularity as in (1.3). The Radon measure m is concentrated on a set S ⊂ X if S is m-measurable and m(X\S) = 0. By Lusin’s theorem a function Φ : X −→ IR is measurable with respect to B^m if and only if for every compact K ⊂ X, and ε > 0 there exists a compact subset K^′ ⊂ K, such that m(K\K^′) ≤ ε and the restriction of Φ to K^′ is continuous. For functions Φ to more general topological spaces this is taken as a definition of m-measurability.

If n is a Radon measure on an arbitrary topological subspace S ⊂ X, its image under the inclusion map is a Radon measure m on X which is concentrated on S, and n is the restriction of m to S. Thus one need not distinguish between measures on S and measures on X concentrated on S (cf. [32, pp. 36,37]).

The integral of a non-negative m-measurable function Φ ≥ 0 has the property : ∫ Φdm = sup_K ∫ K Φdm. We use the term m-summable, to denote the m-measurable functions

Φ : X −→ IR such that ∫ |Φ|dm < +∞. These functions are called essentially mintegrable by Bourbaki [4].

If m is moderate, i.e. if X is the union of a countable set of open subsets of finite measure, m is then outer regular as well, and the terms m-summable and m-integrable are synonymous.

If there exists a sequence (ℓ_n)_{n∈}IN in F^′ separating the points of F , every measure m on F_∗ which satisfies condition (1.4) is moderate. The open sets O_{n,k} = {x ∈ F_∗ : |ℓ_n(x)| > 1/k} then form a countable covering of F_∗ by open sets of finite m-measure.

There exist conuclear spaces which are not countably separated, for instance the dual of IR^I , I uncountable, so we do not make any assumption as to the space being countably separated. All spaces of practical importance seem to be countably separated however.

2. Integral representations.

Recall from [7] that if μ is a conical measure on F , the resultant r(μ) of μ is the point f, belonging to the weak completion of F (the algebraic dual of F^′) such that

ℓ(f) = μ(ℓ) ∀ ℓ ∈ F^′ (2.1) If μ is a conical integral it follows that for every localization m of μ, ℓ(f) = ∫ ℓ(x)dm(x) ∀ ℓ ∈ F^′ (2.2) Relation (2.2), which expresses that f is the resultant of the measure m, will be abbreviated as follows : f = ∫ xdm(x) (2.3)

240 E.G.F. Thomas / Integral representations in conuclear cones The identity map x → x being homogeneous of degree 1 one may also write : f = ∫ xdμ(x) (2.4) Let M^+(F ) denote the set of conical integrals μ such that r(μ) belongs to F : M^+(F ) = {μ ∈ M^+_{loc}(F ) : r(μ) ∈ F } (2.5) If Γ ⊂ F is a cone let M^+(Γ ) denote the set of μ ∈ M^+(F ) such that μ is concentrated on Γ .

Observe that M^+(Γ ) is a convex subcone of M^+(F ) : if μ and ν have localizations m and n concentrated on Γ, ν + μ is localized in n + m and so concentrated on Γ . Also r(ν + μ) = r(ν) + r(μ) belongs to F . We shall make use of the notation :

Γ^′ = {ℓ ∈ F^′ : ℓ(x) ≥ 0 ∀ x ∈ Γ } (2.6)

Proposition 2.1. If Γ is a closed convex cone we have r(μ) ∈ Γ ∀ μ ∈ M^+(Γ ) (2.7)

Proof. By (2.2) ℓ(r(μ)) ≥ 0 for all ℓ ∈ Γ^′. But by the Hahn-Banach separation theorem one has Γ = {x ∈ F : ℓ(x) ≥ 0 ∀ ℓ ∈ Γ^′}.

For the remaining part of the paper Γ will be a closed convex cone of F which is proper : i.e. Γ ∩ −Γ = {0}. One then defines an order relation in F by putting : f ≤ g ⇐⇒ g − f ∈ Γ (2.8) In particular Γ = {f ∈ F : f ≥ 0}.

The cone Γ is said to be a lattice if any two members of Γ have a smallest common majorant with respect to this order relation.

An extreme generator of Γ is a point f ∈ Γ such that 0 ≤ g ≤ f implies that g = λf for some number λ ≥ 0. Let ext(Γ ) denote the set of extreme generators. It is obviously a subcone of Γ . Alternatively :

ext(Γ ) = {f ∈ Γ : f = f_1 + f_2, f_i ∈ Γ =⇒ f_i = λ_if} (2.9) If ext(Γ ) = {0} Γ is said to have no extreme generator. Note that M^+(ext(Γ )) ⊂ M^+(Γ ). Consequently we have r(μ) ∈ Γ for all μ ∈ M^+(ext(Γ )).

Definition 2.2. Let Γ be a closed convex proper cone in F , and let f ∈ Γ . An integral representation of f by means of extreme generators is a conical integral μ ∈ M^+(ext(Γ )) such that r(μ) = f.

E.G.F. Thomas / Integral representations in conuclear cones 241

Thus the point f ∈ Γ has a (unique) integral representation by means of extreme generators if there exists μ ∈ M^+(ext(Γ )) (resp. if there exists a unique μ ∈ M^+(ext(Γ ))) such that r(μ) = f.

Let us verify that this definition agrees with the usual concept of “integral representation” :

In the first place, assume Γ has a hyperplane section, a base :

B = {x ∈ Γ : ℓ_o(x) = 1} (2.10)

where ℓ_o ∈ F^′ is such that ℓ_o(x) > 0 for all x ∈ Γ_∗. Then B ∩ ext(Γ ) = E(B), the set of extreme points of B, is an admissible section of ext(Γ ), and so every μ ∈ M^+(ext(Γ )) has a unique localization m on E(B). Thus f ∈ Γ has a (unique) integral representation if and only if there exists a (unique) Radon measure m on E(B), satisfying condition (1.4), such that f = ∫ xdm(x). Next assume γ : t −→ e_t is an admissible parametrization of ext(Γ ) defined on T . Then f has a (unique) integral representation if and only if there exists a (unique) Radon measure on T satisfying condition (1.14) such that ℓ(f) = ∫ ℓ(e_t)dm(t) for all ℓ ∈ F^′, i.e. f = ∫ e_tdm(t). Thus our definition is simply a precise rendering of the accepted notion.

The problem is to know for which convex cones Γ every element f ∈ Γ has a (unique) integral representation. Precisely : for which convex cones is the map r : M^+(ext(Γ )) → Γ surjective (respectively bijective).

To summarize the main results known today we shall say that a closed convex cone Γ has the integral representation property (I.R.P.) if :

a) For every closed convex subcone Γ_1 ⊂ Γ , the map r : M^+(ext(Γ_1)) → Γ_1 is onto. b) The map r : M^+(ext(Γ_1)) −→ Γ_1 is bijective if and only if Γ_1 is a lattice (with respect to its proper order).

Then Choquet’s theorem affirms that if Γ has a compact metrizable base, Γ has the I.R.P. .

The theorem of Edgar and Bourgin [6], [15] says that if F is a separable Banach space, and Γ has a bounded base having the Radon Nikodym property, then Γ has the I.R.P. . Their results and theorem 5.1 below have a common generalization in which the compact metrizable sets are replaced by closed bounded Suslin sets having the Radon-Nikodym property [37].

On the other hand, Choquet’s results on weakly complete cones show that every closed convex proper subcone of IRIN has the I.R.P. . More generally, every weakly complete cone which is the union of metrizable caps, in particular every weakly complete weakly metrizable proper convex cone, has the I.R.P. (cf. [8, §30]).

Recall that a cap of a cone Γ is a convex compact set K ⊂ Γ such that Γ \K is convex. The extreme points of such a cap lie on the extreme rays of Γ , i.e. E(K) ⊂ ext(Γ ). Thus if

242 E.G.F. Thomas / Integral representations in conuclear cones

Γ is a closed convex cone, not necessarily weakly complete, which is the union of its metrizable caps, Choquet’s theorem immediately implies that the map r : M^+(ext(Γ )) −→ Γ is onto. We’ll show that such a cone actually has the I.R.P., i.e. also the uniqueness theorem holds, even if Γ is not weakly complete.

3. Conuclear spaces and conuclear cones.

Recall the definition of a conuclear space (cf. [20], [30], [32]) : Let F be a locally convex Hausdorff space, which, to avoid trivial complications, is assumed to be quasi-complete (i.e. the closed bounded sets are complete).

Let S be a set of closed, bounded, convex, symmetric subsets of F . With every set A ∈ S one associates the space FA =^⋃_{λ≥0} λA, equipped with the norm whose unit ball is

A. Then F_A is a Banach space continuously included in F . If B ∈ S and A ⊂ B one has continuous inclusions F_A → F_B → F .

The space F is S-conuclear if for every set A ∈ S, there exists B ∈ S, such that A ⊂ B, and such that the inclusion F_A → F_B is a nuclear map (cf. [32] p.222, 227). If S is the set of all closed convex bounded symmetric sets of F , the space F is simply called a conuclear space.

Proposition 3.1. In a quasi-complete conuclear space every closed bounded set A is compact and metrizable.

Proof. The closed convex hull of A∪(−A) being bounded we may assume that A is closed convex and symmetric. Then there exists a closed bounded symmetric set B containing A such that the inclusion map F_A → F_B is nuclear. But then, nuclear maps being compact, A is relatively compact in the Banach space F_B. Being closed in F, A is closed and so compact in F_B, hence compact metrizable in F .

Most conuclear spaces are duals of nuclear spaces. In fact a space is conuclear, quasicomplete, and barreled if and only if it is the strong dual of a quasi-complete barreled nuclear space. The dual of a nuclear Fréchet space being nuclear, and nuclear Fréchet spaces being reflexive, every nuclear Fréchet space is conuclear (cf.[20], [32]).

One can give an equivalent definition of conuclear spaces as follows :

Proposition 3.2. The space F is S-conuclear if for every set A ∈ S, there exists

B ∈ S, with A ⊂ B, such that the inclusion FA → FB is an absolutely summing map.

Proof. Nuclear maps being absolutely summing, and the product of two absolutely summing maps being nuclear, this is clear (cf. [30] 3.3.5).

If B is a closed convex bounded set in F , containing 0, let :

p_B(x) = inf{λ ≥ 0 : x ∈ λB} (3.1)

Then p_B : F → [0, +∞] is subadditive, positive homogeneous of degree 1, and one has : B = {x ∈ F : p_B(x) ≤ 1} (3.2)

E.G.F. Thomas / Integral representations in conuclear cones 243 If B is symmetric F_B = {x ∈ F : p_B(x) < +∞} and the restriction of p_B to F_B is the norm of F_B.

Proposition 3.3. The inclusion map F_A → F_B is absolutely summing if and only if there exists a constant M ≥ 0 with the property that for every finite family (x_i)_{i∈I} in F_A one has ∑ i∈J x_i ∈ A ∀ J ⊂ I =⇒ ∑ i∈I p_B (x_i) ≤ M. (3.3)

(which implies ∑ i∈I p_{MB}(x_i) ≤ 1).

Proof. More generally, let F_A and F_B be normed spaces over IR with unit ball A and B respectively, and let u : F_A −→ F_B be a linear map. Denote A^∘ the unit ball of the dual (F_A)^′. Then u is absolutely summing if there exists M such that for every finite family (x_i)_{i∈I} in F_A one has : ∑ i∈I | < x_i, x^′ > | ≤ 1 ∀ x^′ ∈ A^∘ =⇒ ∑ i∈I ||u(x_i)|| ≤ M (3.4)

Now the condition ∑ i∈I | < x_i, x^′ > | ≤ 1 ∀ x^′ ∈ A^∘ implies | < ∑ i∈J x_i, x^′ > | ≤ 1 ∀ x^′ ∈ A^∘, hence ∑ i∈J x_i ∈ A, for all J ⊂ I. Conversely the condition ∑ i∈J x_i ∈ A, for all J ⊂ I,

implies ∑ i∈I | < x_i, x^′ > | ≤ 2 ∀ x^′ ∈ A^∘ ; it suffices to distinguish the indices i ∈ I such

that < x_i, x^′ >> 0 and < x_i, x^′ >≤ 0. The conclusion follows.

One can now define conuclear cones in analogy with this : Let Γ be a convex cone in a locally convex Hausdorff space F . Let co(S) denote the convex hull of a set S ⊂ F .

Proposition 3.4. Let A, B be closed convex bounded sets in Γ , containing 0. Then the following properties of the pair (A, B) are equivalent : 1. For every finite family (x_i)_{i∈I} of elements in Γ one has : ∑ i∈I x_i ∈ A =⇒ ∑ i∈I p_B(x_i) ≤ 1 (3.5)

2. A ∩ co(Γ \B) = ∅.

Notation : If (A, B) satisfies these equivalent conditions we write A << B. Note that A << B implies A ⊂ B. Proof of the equivalence : 1. =⇒ 2. Let (A, B) satisfy 1. and let us assume on the contrary that A ∩ co(Γ \B) ≠ ∅. Let y_i ∈ Γ \B, ∑ i α_iy_i ∈ A, α_i ≥ 0, and ∑ i α_i = 1. Then ∑ i α_ip_B (y_i) = ∑ i p_B(α_iy_i) ≤ 1, which is a contradiction since p_B(y_i) > 1 for all i.

244 E.G.F. Thomas / Integral representations in conuclear cones

2. =⇒ 1. Let x_i ∈ Γ be such that ∑ i x_i ∈ A, x_i ≠ 0 for all i, and assume to the contrary

that ∑ i p_B(x_i) > 1. Then there are numbers α_i such that 0 < α_i < p_B(x_i) and ∑ i α_i = 1.

Let y_i = x_i/α_i. Then p_B(y_i) > 1 so y_i ∈ Γ \B, and ∑ i x_i = ∑ i α_iy_i ∈ co(Γ \B), in

contradiction to the assumption.

Let S be a set of closed bounded convex subsets of Γ containing 0. It is convenient to

assume that S satisfies the following two conditions : A ∈ S =⇒ λA ∈ S ∀ λ ≥ 0, Γ = ∪{A : A ∈ S}. (3.6)

Definition 3.5. The cone Γ will be called S-conuclear if Γ is the union of the sets belonging to S and if for every A ∈ S there exists B ∈ S such that A << B.

If S is the set of all compact convex subsets of Γ containing 0, we shall say that Γ is

cc-conuclear.

Example 3.6. Let Γ be the union of its caps (resp. its metrizable caps). Let K (resp. K_o) denote the set of caps (resp. metrizable caps) of Γ . Then Γ is K-conuclear (resp. K_o-conuclear).

In fact a cap is a convex compact subset A ⊂ Γ containing 0 such that Γ \A is convex. Thus A << A by the second characterization in 3.4. This can also be seen by the first characterization, because it is known that the gauge p_A of a cap is additive.

Example 3.7. Let F = C([0, 1])^′ = M([0, 1]) be the space of real Radon measures on [0, 1], equipped with the weak * topology. Let δ be the Dirac measure at 0 (or any other point). Let K = {ν − δ : ||ν|| ≤ 1} and let Γ = ⋃ λ≥0 λK. Then Γ is a closed convex

cc-conuclear cone in M([0, 1]) which is not the union of its caps.

The fact that it is closed is seen as follows : every element in Γ can be written in the form λ(ν − δ), where ||ν|| ≤ 1 and ν{0} = 0. This implies ||ν − δ|| ≥ ||ν|| + 1 ≥ 1. From this one easily deduces that the intersection of Γ with every closed ball is closed (in the weak * topology). Thus by the theorem of Banach-Dieudonné Γ is itself closed. Now it has been shown by Goullet de Rugy ([19], prop. 2.3) that K << 2K (K is ‘conical’ in the terminology of [19]) and that Γ is not the union of its caps. Thus if S = {λK}_{λ≥0} Γ

is S-conuclear, although Γ is not the union of its caps. By the argument showing that Γ

is closed it follows that every compact subset of Γ is contained in some set λK. Thus Γ is also cc-conuclear.

Proposition 3.8. Let Γ be a closed convex cone which is S-conuclear. Then any closed convex cone Γ_1 ⊂ Γ is S_1-conuclear where S_1 is the set of intersections A ∩ Γ_1, with A ∈ S. This is obvious.

E.G.F. Thomas / Integral representations in conuclear cones 245

Proposition 3.9. Let Γ be a closed convex cone which is S-conuclear. Then for every point f ∈ Γ the order interval Γ ∩ (f − Γ ) is a bounded subset of Γ . In particular Γ ∩ (−Γ ) = {0}, i.e. Γ is proper. If Γ is cc-conuclear, Γ ∩ (f − Γ ) is compact for each f ∈ Γ . Proof. Let f ∈ A ∈ S. Choose B ∈ S such that A << B. Then Γ ∩ (f − Γ ) ⊂ B. In fact, if g ∈ Γ ∩ (f − Γ ) one has f = g + (f − g), both term belonging to Γ , so p_B(g) + p_B (f − g) ≤ 1. In particular p_B(g) ≤ 1, i.e. g ∈ B. The set Γ ∩ (−Γ ), being a bounded linear subspace, equals {0}. Finally, if B is compact (resp. compact metrizable) the set Γ ∩ (f − Γ ), being a closed subset of B, has the same property.

Theorem 3.10. Let F be a quasi-complete conuclear space. Let Γ ⊂ F be a closed convex cone. Then the following conditions are equivalent : 1. Γ ∩ (f − Γ ) is bounded for every f ∈ Γ . 2. Γ ∩ (f − Γ ) is compact for every f ∈ Γ . 3. Γ is cc-conuclear.

4. There exists S satisfying conditions (3.6) such that Γ is S-conuclear.

We shall call a closed convex cone Γ in a quasi-complete conuclear space, which satisfies the conditions in theorem 3.10, simply a conuclear cone.

Corollary 3.11. Let F be a quasi-complete conuclear space and let Γ ⊂ F be a weakly complete proper convex cone. Then Γ is conuclear.

In fact it is known that in that case F^′ = Γ^′ − Γ^′ (cf. (2.6)), and so the order intervals are weakly bounded, hence bounded by Mackey’s theorem (cf. [8 prop. 30.10]).

Proof of 3.10. 1. =⇒ 2. by theorem 3.1. ; 3. =⇒ 4. is trivial ; 4. =⇒ 1. is a consequence of 3.9. For the proof of the main assertion 2. =⇒ 3. we need the following lemma. In it and in the sequel we use the notation :

I_f = Γ ∩ (f − Γ ) (3.7)

for the the interval between 0 and f with respect to the proper order of Γ , and

A^∗ = Γ ∩ (A − Γ ) (3.8)

for the set ⋃ f∈A I_f .

Lemma 3.12. Let Γ be a closed convex cone in a sequentially complete locally convex space F such that the order intervals I_f are compact for all f ∈ Γ . Then for every compact subset A ⊂ Γ , the set A^∗ is closed and bounded.

Proof. Since A−Γ is closed so is A^∗. To prove that A^∗ is bounded it is sufficient to show that every sequence (x_n)_{n∈}IN in A^∗ is bounded. Let y_n ∈ A be such that 0 ≤ x_n ≤ y_n. Let (λ_n)_{n∈}IN be a sequence of non negative numbers such that ∑ n λ_n < +∞. Then for

246 E.G.F. Thomas / Integral representations in conuclear cones

every continuous seminorm p, we have ∑ n λ_np(y_n) < +∞. The space F being sequentially

complete the series^∞ ∑ n=1 λ_ny_n converges. Let f =^∞ ∑ n=1 λ_ny_n and put s_n =^n ∑ k=1 λ_kx_k. Then

0 ≤ s_n ≤ s_{n+1} ≤ f. Consequently, for every ℓ ∈ Γ^′ (cf. (2.6)) we have ℓ(s_n) ≤ ℓ(s_{n+1}) ≤ ℓ(f), which implies that lim_{n→∞} ℓ(s_n) exists. Now since Γ ∩ (−Γ ) = {0}, Γ^′ separates the points of F . Therefore on the compact set I_f the uniform structure induced by F coincides with the uniform structure defined by the topology σ(F, Γ^′). Thus (s_n)_{n∈}IN is a Cauchy sequence. It converges and so the series ∑ n λ_nx_n converges. In particular

lim_{n→∞} λ_np(x_n) = 0 for every continuous seminorm p. This being the case for every such sequence (λ_n)_{n∈}IN we have sup_n p(x_n) < +∞, i.e. (x_n)_{n∈}IN is bounded.

One can now prove the implication 2. =⇒ 3. in 3.10 : Let A be a convex compact subset of Γ . Then A^∗ is convex and compact by the lemma and by proposition 3.1. Thus the set A_s = A^∗ − A^∗ is convex compact and symmetric. The space F being conuclear, there exists a convex compact symmetric set B_s containing A_s such that the inclusion map F_{As} → F_{Bs} is absolutely summing. Replacing B_s by MB_s if necessary, one can assume that the constant M occurring in the analogue of (3.3) equals 1. Then if B = Γ ∩ B_s we have A << B. In fact, if x_i ∈ Γ and ∑ i∈I x_i ∈ A, we have ∑ i∈J x_i ∈ A^∗ ⊂ A_s for all subsets

J ⊂ I, and so, since p_B(x) = p_{Bs} (x) for all x ∈ Γ , we have ∑ i∈I p_B(x_i) ≤ 1

4. Approximation lemmas.

Let F be any locally convex Hausdorff space over IR. Let s(F ) be the set of functions of the form φ = sup_i ℓ_i (4.1)

i.e. supremum of a finite family of continuous linear forms. Then s(F ) is a convex cone in h(F ), and h(F ) = s(F ) − s(F ) (cf. (1.1)).

Given conical measures μ and ν one defines, following Choquet [8], an order relation as follows : μ ≺ ν ⇐⇒ μ(φ) ≤ ν(φ) ∀ φ ∈ s(F ) (4.2) Since s(F ) generates h(F ) this relation is in fact anti-symmetric.

Also note that for ℓ ∈ F^′, both ℓ and −ℓ belong to s(F ). Thus μ ≺ ν =⇒ r(μ) = r(ν) (4.3) For any point x belonging to F , or its weak completion, one defines the conical measure ε_x, for φ ∈ h(F ), by :

ε_x(φ) = φ(x) (4.4)

E.G.F. Thomas / Integral representations in conuclear cones 247 Note that by (1.2) λε_x = ε_{λx} ∀ λ ≥ 0 (4.5) expressing the fact that we are dealing with rays in cones rather than with points in convex sets. The conical measure ε_x is localizable if and only if x belongs to F . If f = r(μ) one obviously has :

ε_f ≺ μ (4.6) Let D be the set of conical integrals which are finite sums ∑ i ε_{xi}, with x_i ∈ F .

The following definitions will be useful when dealing with cones which are not necessarily weakly complete :

Definition 4.1. A conical measure μ ∈ M^+(F ) is approximable if one has, μ(φ) = sup{ν(φ) : ν ≺ μ, ν ∈ D} ∀ φ ∈ s(F ) (4.7) A conical measure μ ∈ M^+(F ) is strictly approximable if μ belongs to the closure, for the topology σ(M^+(F ), h(F )), of the set of conical integrals ν ∈ D such that ν ≺ μ. Remark. Every strictly approximable conical measure is obviously approximable. No example seems to be known of an approximable conical measure which is not strictly approximable. By the Hahn-Banach theorem D is dense in M^+(F ) for the topology σ(M^+(F ), h(F )).

If Γ is a weakly closed cone, in particular if Γ is a closed convex cone, a conical measure μ is said to be carried by Γ if μ(φ) = 0 for all φ ∈ h(F ) such that φ(x) = 0 for all x ∈ Γ . Equivalently μ(φ) ≥ 0 for all φ ∈ h(F ) such that φ(x) ≥ 0 for all x ∈ Γ (cf. [8, 30.5, 30.6]).

Proposition 4.2. Let μ be an approximable conical measure carried by a closed convex cone Γ . Then, if ν = ∑ i ε_{xi} ≺ μ, we have x_i ∈ Γ for all i. Also r(μ) ∈ Γ .

Proof. Let ℓ ∈ Γ^′ and let ℓ^− = sup(−ℓ, 0) be its negative part. Then ∑ i ℓ^−(x_i) = ν(ℓ^−) ≤ μ(ℓ^−) = 0. Thus ℓ^−(x_i) = 0 for all i. Consequently ℓ(x_i) ≥ 0 for all ℓ ∈ Γ^′, and so by the Hahn-Banach separation theorem x_i belongs to Γ . Finally r(μ) = r(ν) = ∑ i x_i belongs to Γ .

Applying this with Γ = F we get :

Corollary 4.3. If μ is approximable r(μ) belongs to F .

In the remainder of this section it is assumed that Γ is a closed convex cone such that the closed convex hull of any compact subset K ⊂ Γ is compact, i.e. Γ has the convex envelope property : Γ ∈ (CE).

If F is quasi-complete this is the case for every closed convex cone.

248 E.G.F. Thomas / Integral representations in conuclear cones

Proposition 4.4. Let Γ be a closed convex cone satisfying condition (CE). Then every conical integral concentrated on Γ , with r(μ) ∈ F , is strictly approximable and carried by Γ . Proof. Let μ be localized in m on Γ . Let K be a compact subset of Γ and let μ_K be the conical integral defined by μ_K (φ) = ∫ K φ(x)dm(x). By our hypothesis on Γ, r(μ_K ) = ∫ K xdm(x) belongs to Γ . Consequently r(μ − μ_K ) = r(μ) − r(μ_K ) belongs to F , hence to Γ , μ − μ_K being concentrated on Γ (cf. 2.1).

Now fix φ ∈ h(F ) and let ϵ > 0 be given. Choose K convex and compact in Γ such that |μ(φ) − μ_K (φ)| ≤ ϵ and such that, if x_o = r(μ − μ_K ), |φ(x_o)| ≤ ϵ. The restriction of φ to K being uniformly continuous for the weak topology, there exists a partition of K into convex Borel sets A_i, i = 1, . . . , n, intersections of polyhedral sets with K, such that for any choice of points a_i belonging to the closure A_i one has the following approximation of the integral by Riemann-Lebesgue sums : | ∫ K φdm − n∑ i=1 φ(a_i)m(A_i)| ≤ ϵ (4.8)

in particular for a_i =^1_{m(Ai)} ∫ A_i xdm(x) if m(Ai) > 0. Thus, if mi = 1Ai m and xi = r(mi)

we have : |μ_K(φ) − n∑ i=1 φ(x_i)| ≤ ϵ (4.9) Also, if ψ ∈ s(F ), we have : n∑ i=1 ψ(x_i) = n∑ i=1 ′m(A_i)ψ(a_i) ≤ n∑ i=1 ∫ A_i ψdm = ∫ K ψdm (4.10)

the primed sum being over all the indices i such that m(A_i) > 0. Thus we have^n ∑ i=1 ε_{xi} ≺ μ_K . Since ε_{xo} ≺ μ − μ_K we have^n ∑ i=0 ε_{xi} ≺ μ. By our construction it follows that |μ(φ) −^n ∑ i=0 ε_{xi}(φ)| ≤ 3ϵ. It is clear that if {φ} is any finite subset of h(F ), one could

have chosen K and the partition (A_i) in such a way that the approximation is valid simultaneously for all the functions φ under consideration. Thus μ belongs to the closure of the set of ν ∈ D such that ν ≺ μ. Since any conical integral concentrated on Γ is obviously carried by Γ this ends the proof.

Proposition 4.5. Let Γ be a closed convex cone satisfying the condition (CE). Let Γ be S-conuclear, S being a set of compact subsets of Γ satisfying the conditions (3.6). Then the following conditions on the conical measure μ ∈ M^+(F ) are equivalent : 1. μ is localizable on Γ and r(μ) ∈ F , briefly : μ ∈ M^+(Γ ).

E.G.F. Thomas / Integral representations in conuclear cones 249

2. μ is strictly approximable and carried by Γ . 3. μ is localizable on a set B ∈ S, in a measure m with ∫ B dm ≤ 1. Proof. 1. =⇒ 2. This is a particular case of the previous result 4.4. ; 2.=⇒ 3. By 4.2 we know that r(μ) belongs to Γ . Let f = r(μ) belong to A ∈ S.

Choose B such that A << B. If ν = ∑ i∈I ε_{xi} ≺ μ, we have x_i ∈ Γ and ∑ i∈I x_i = f.

Consequently ∑ i∈I p_B(x_i) ≤ 1. Thus, δ_y being the Dirac measure at y, ν is localizable on B

in the measure ∑ i∈I p_B(x_i)δ_{yi}, where y_i = x_i/p_B (x_i). This measure has a total mass ≤ 1.

(Since ε_0 = 0, we may assume without loss of generality that x_i ≠ 0 for all i ∈ I). Now let (ν_α) be a net in D, with ν_α ≺ μ, and μ(φ) = lim_α ν_α(φ) for all φ ∈ h(F ). Let m_α be a localization of ν_α on B such that ∫ dm_α ≤ 1. The set of Radon measures on B, with total mass ≤ 1, is compact in the vague topology. If m is a limit point of the net (m_α) we have :

μ(φ) = lim_α ν_α(φ) = lim_α ∫ B φdm_α = ∫ B φdm (4.11) Thus the restriction of m to B\{0} is a localization of μ on B with total mass at most 1.

3. =⇒ 1. If μ is localized on B in m, with ∫ B dm ≤ 1, we have r(μ) = r(m) ∈ B. Thus r(μ) belongs to F , and μ belongs to M^+(Γ ).

Remark 4.6. It has been shown in the course of the proof that if A and B are compact subsets of Γ such that A << B, every μ ∈ M^+(Γ ), such that r(μ) ∈ A, can be localized on B in a measure with total mass ≤ 1.

5. The main integral representation theorem.

In this section it is again assumed that F is an arbitrary locally convex Hausdorff space and that Γ is a closed convex cone in F satisfying the condition (CE) i.e. the closed convex envelope of every compact subset of Γ is compact. If F is quasi-complete every closed convex cone Γ in F has this property.

For f ∈ Γ let I_f = Γ ∩(f−Γ ) be the order interval between 0 and f, and let Γ (f) = ⋃ λ≥0 I_{λf} be the face generated by f in Γ . Then Γ (f) is a convex subcone of Γ whose proper order is identical to the order induced by Γ . Clearly Γ is a lattice if and only if Γ (f) is a lattice for all f ∈ Γ .

Theorem 5.1. Let Γ be a closed convex cone in F satisfying condition (CE). Assume that Γ is S-conuclear, S being a set of compact metrizable subsets of Γ whose union is Γ . Then we have :

A) The map r : M^+(ext(Γ )) −→ Γ is surjective, i.e. every point f ∈ Γ has an integral representation.

250 E.G.F. Thomas / Integral representations in conuclear cones

B) The point f ∈ Γ has a unique integral representation, i.e. the set

{μ ∈ M^+(ext(Γ )) : r(μ) = f} is a singleton, if and only if Γ (f) is a lattice. In particular the map r : M^+(ext(Γ )) → Γ is bijective if and only if Γ is a lattice.

Before proving this theorem we note two consequences : the theorem mentioned in the introduction (in terms of conical integrals), and the theorem on well-capped cones :

Theorem 5.2. Let F be a quasi-complete conuclear space. Let Γ ⊂ F be a closed convex cone such that the order intervals Γ ∩(f −Γ ), f ∈ Γ , are bounded subsets of the topological vector space F . Then Γ has the properties A) and B) of theorem 5.1. In particular this is the case for every weakly complete proper convex cone Γ ⊂ F .

The first statement is a consequence of theorem 5.1 because Γ is cc-conuclear (theorem 3.10) and because the compact subsets of Γ are metrizable (proposition 3.1). By corollary 3.11 weakly complete cones have bounded order intervals.

Theorem 5.3. Let F be an arbitrary locally convex Hausdorff space. Any closed convex cone Γ ⊂ F , satisfying the condition (CE), which is the union of metrizable caps, has the properties A) and B).

In fact, if K_o is the set of metrizable caps in Γ , Γ is K_o-conuclear. Note that in this case the surjectivity of the map r : M^+(ext(Γ )) → Γ is an immediate consequence of Choquet’s theorem applied to the caps.

Corollary 5.4. Under the assumption of theorem 5.1 Γ equals the closed convex hull of its extreme generators : Γ = co(ext(Γ )).

Proof. By proposition 2.1 Γ = r(M^+(ext(Γ ))) is contained in co(ext(Γ )) ⊂ Γ .

Corollary 5.5. Under the hypotheses of theorem 5.1 Γ has the integral representation property (cf. section 2).

In fact by proposition 3.8. every closed convex subcone of Γ satisfies the conditions of the theorem.

Corollary 5.6. (Choquet). Any closed convex proper cone in IRIN has the integral representation property.

In fact IRIN being both weakly complete and conuclear, this immediately results from theorem 5.2. In this case Choquet has shown that Γ is actually well-capped [8].

Remark 5.7. a) It can happen that some but not all elements of Γ have a unique integral representation. For instance, any element e ∈ ext(Γ )\{0} has a unique integral representation : Γ (e) is a ray (cf. [29, 1.4]).

If Γ is a cone with four extreme rays in IR^3 it is clear that the elements on the topological boundary have a unique “integral representation” while those in the interior do not.

From the theory of the Stieltjes moment problem it follows that there exists a closed convex proper cone Γ ⊂ IRIN which is not a lattice, such that the set of elements in Γ having a

E.G.F. Thomas / Integral representations in conuclear cones 251

unique integral representation is dense in Γ . In fact the closed cone Γ ⊂ IRIN generated by the sequences e_λ = (λ^n)_{n≥0}, λ ∈ IR_+, which can be shown to form a section of ext(Γ ), is not a lattice cone. For Stieltjes [33, p.510] has shown that there are sequences in Γ having more than one integral representation (cf.[38]). On the other hand the sequences e_λ, with λ ∈ IR_+, being linearly independent, their finite linear combinations with positive coefficients, which are dense in Γ , have a unique ”integral representation”.

b) Under the assumptions of theorem 5.1 it can be shown (using dilations) that a conical integral μ ∈ M^+(Γ ) belongs to M^+(ext(Γ )) if and only if μ is maximal in M^+(Γ ) with respect to the Choquet order. If Γ is weakly complete every conical measure carried by Γ is strictly approximable [8, proof of 30.9], hence belongs to M^+(Γ ). Therefore if Γ is weakly complete μ belongs to M^+(ext(Γ )) if and only if μ is maximal in the cone M^+(Γ ) of conical measures carried by Γ .

Problem : By theorem 5.1 the cone considered in example 3.7 has the integral representation property although it is not the union of its caps. Whether the cones in conuclear spaces considered in theorem 5.2 are union of their caps (i.e. well-capped) is unknown, even in the case of weakly complete cones. If such a cone is a lattice it is a consequence of theorem 5.2 that it is well-capped (essentially because M^+(ext(Γ )) is well-capped).

For the proof of A) and B), under the assumptions of theorem 5.1, we use the following abbreviations :

M_f = {μ ∈ M^+(Γ ) : r(μ) = f} (5.1) and D_f = D ∩ M_f (5.2)

i.e. the set of finite sums ν = ∑ i ε_{xi}, with x_i ∈ Γ and ∑ i x_i = f.

Without restricting the generality we may assume that S is invariant under the transformations A → λA, λ ≥ 0, i.e. S satisfies conditions (3.6).

For every φ ∈ h(F ) and x ∈ Γ let

φ^′(x) = sup ∑ i φ(x_i) (5.3)

where the supremum is taken over all finite families (x_i)_{i∈I} such that x_i ∈ Γ for all i ∈ I, and ∑ i x_i = x. Equivalently :

φ^′(x) = sup{ν(φ) : ν ∈ D_x) (5.4)

Lemma 5.8. The function φ^′ has the following properties : φ(x) ≤ φ^′(x) < +∞ ∀ x ∈ Γ (5.5) φ^′(x + y) ≥ φ^′(x) + φ^′(y) ∀ x, y ∈ Γ (5.6)

252 E.G.F. Thomas / Integral representations in conuclear cones φ^′(λx) = λφ^′(x) ∀ λ ≥ 0, ∀ x ∈ Γ (5.7) φ^′(x) = φ(x) ∀ x ∈ ext(Γ ) (5.8)

These are, except for the finiteness in (5.5), immediate consequences of the definition. The inequality φ^′(x) < +∞ can be obtained as follows : Let x ∈ A << B, and let M = sup_{y∈B} φ(y). Then by the homogeneity of p_B we have φ ≤ Mp_B on Γ . Consequently

φ^′(x) ≤ M sup( ∑ i p_B (x_i)) ≤ M, the supremum being taken over the same families as in

(5.3).

Lemma 5.9. For every set A ∈ S the restriction φ^′|_A is upper semi-continuous.

Proof. Instead of (5.4) we also have

φ^′(x) = sup{μ(φ) : μ ∈ M_x} (5.9)

since by proposition 4.4 D_x is dense in M_x. If x ∈ A << B we know (remark 4.6) that every μ ∈ M_x can be localized on B in a measure m with ∫ B dm ≤ 1. Let M^1_x(B) be the set of Radon measures on B such that ∫ B dm ≤ 1 and r(m) = x. Then by (5.9) φ^′(x) = sup{ ∫ φdm : m ∈ M^1_x(B)}. Now M^1_x (B) being compact in the vague topology (i.e. the weak * topology in the duality with the continuous functions on B), this supremum is attained. If (x_α) is a net in A converging to x, and such that k ≤ φ^′(x_α) for all α, let m_α ∈ M^1_x (B) be such that φ^′(x_α) = ∫ B φdm_α, and let m be a limit point of the net (m_α) with respect to the vague topology. Then m ∈ M^1_x (B) and we have k ≤ ∫ B φdm ≤ φ^′(x). Thus φ^′|_A is upper semi-continuous.

Lemma 5.10. If μ ∈ M_f , φ^′ is μ-summable and one has :

μ(φ) ≤ μ(φ^′) ≤ φ^′(f) (5.10)

Proof. Let f ∈ A << B, and let m be a probability measure on B localizing μ (if m ∈ M^1_f (B) and λ = ∫ dm < 1 one can always replace m by 1/λ times the image of m under the map x → λx). Then by (5.5) and the fact that φ|_B is upper semi-continuous φ^′ is m-integrable and we have ∫ B φdm ≤ ∫ B φ^′dm. Also, since by (5.6) and (5.7) φ^′ is concave we have ∫ B φ^′dm ≤ φ^′(f) (note that, by the Hahn-Banach theorem, φ^′|_B is the infimum of functions −ψ, ψ ∈ s(F ) (cf. [8], 21.23). Thus φ^′ being homogeneous of degree 1, φ^′ is μ-summable and we have (5.10).

We can now proceed with the proof of part A) of the theorem : Let f ∈ Γ be given. Choose A, B and C in S such that f ∈ A << B << C. Then B^∗ ⊂ C and so B^∗, being obviously closed (cf.(3.8)), is compact and metrizable. There then exists a sequence (ℓ_n)_{n∈}IN of continuous linear forms on F with the property that if x, y ∈ B^∗ are not proportional, there exists n ∈ IN such that ℓ_n(x) and ℓ_n(y) are of opposite sign, hence

E.G.F. Thomas / Integral representations in conuclear cones 253 |ℓ_n(x + y)| < |ℓ_n(x)| + |ℓ_n(y)| . Scaling the ℓ_n if necessary, we may assume |ℓ_n(x)| ≤ 1/n^2 for all x ∈ B. Put Φ(x) = ∑ n∈IN |ℓ_n(x)| for all x ∈ Γ . Then Φ : Γ −→ [0, +∞] is positive homogeneous of degree 1, subadditive, and the restriction Φ|_B is finite and continuous. Also we have Φ(x_1 + x_2) < Φ(x_1) + Φ(x_2) if x_1 and x_2 belong to B^∗ and are nonproportional. Let Φ^′(x) = sup ∑ i Φ(x_i), the supremum being taken over all finite families (x_i)_{i∈I} with x_i ∈ Γ , and ∑ i x_i = x. Then, except for the finiteness, Φ^′ has the properties of φ^′ described in Lemma 5.8. In particular Φ(x) ≤ Φ^′(x) for all x ∈ Γ , with equality for x ∈ ext(Γ ).

Lemma 5.11. If μ ∈ M_f , Φ^′ is μ-summable. Moreover μ(Φ) ≤ μ(Φ^′) ≤ Φ^′(f) < +∞ (5.11) and Φ^′(f) = sup{μ(Φ) : μ ∈ M_f } (5.12)

Proof. If Φ(x) ≤ M for all x ∈ B, Φ(x) ≤ Mp_B (x) for all x ∈ Γ , hence Φ^′(f) ≤ M. Let Φ_n(x) =^n ∑ i=1 |ℓ_i(x)|. Then Φ_n ≤ Φ_{n+1} ≤ Φ, Φ^′_n ≤ Φ^′_{n+1} ≤ Φ^′, Φ = sup_n Φ_n and so exchanging two suprema : Φ^′ = sup_n Φ^′_n. By lemma 5.10 we have μ(Φ_n) ≤ μ(Φ^′_n) ≤ Φ^′_n(f), and so, applying the monotone convergence theorem to some localization of μ, we obtain the inequalities (5.11). Now (5.12) is obvious since by definition Φ^′(f) = sup{ν(Φ) : ν ∈ D_f }. Note that Φ^′_n|_B being upper semi-continuous, Φ^′|_B is a Borel function. The proof of A) now results from :

Lemma 5.12. The supremum in (5.12) is attained. If μ ∈ M_f is such that μ(Φ) = Φ^′(f), μ is concentrated on ext(Γ ). (In particular ext(Γ ) ≠ {0}).

Proof. Every μ ∈ M_f being localized in some m ∈ M^1_f (B), the supremum in (5.12) can be written sup{ ∫ Φdm : m ∈ M^1_f (B)}, and this is attained, Φ|_B being continuous. This proves the first assertion.

Let μ ∈ M_f be such that μ(Φ) = Φ^′(f) then by (5.11) we have μ(Φ) = μ(Φ^′). If m is a localization of μ on B : ∫ Φdm = ∫ Φ^′dm. Thus Φ(x) = Φ^′(x) for m-almost all x ∈ B.

Now if x ∈ B and x = x_1 + x_2, x_1 and x_2 being non proportional elements of Γ , we have Φ(x) < Φ(x_1) + Φ(x_2) ≤ Φ^′(x). Thus m is concentrated on the set B ∩ ext(Γ ) = {x ∈ B : Φ(x) = Φ^′(x)} (5.13)

254 E.G.F. Thomas / Integral representations in conuclear cones and so μ is concentrated on ext(Γ ). Since r(μ) = f this ends the proof of A). It is convenient at this point to first prove :

Proposition 5.13. Under the assumptions of theorem 5.1, ext(Γ ) is universally measurable. For all B ∈ S, B ∩ ext(Γ ) is a G_δ in B. In particular, if Γ is cc-conuclear K ∩ ext(Γ ) is a G_δ in K for every compact set K ⊂ Γ .

Proof. By (5.13) B ∩ ext(Γ ) is a Borel set for all B ∈ S. More precisely B ∩ ext(Γ ) = {x ∈ B : Φ^′(x) ≤ Φ(x)} = ⋂ n∈IN {x ∈ B : Φ^′_n(x) < Φ(x) + 1/n} is a G_δ in B for all B ∈ S.

Now let m be any Radon measure on Γ with compact support. Then by condition (CE) r(m) belongs to Γ . Thus the conical integral μ which is localized in m belongs to M^+(Γ ). By proposition 4.5 μ is also localized in a measure m^′ on a set B ∈ S. Then as we have seen, ext(Γ ) is m^′-measurable. But the indicator of ext(Γ ) being homogeneous of degree 0, theorem 1.10 implies that ext(Γ ) is m-measurable.

A similar argument, using lemma 5.8, shows that the functions φ^′ are universally measurable.

Now we can give the proof of B) in theorem 5.1 : First assume that Γ (f) is a lattice. Lemma 5.14. The set D_f is directed with respect to the Choquet order.

Proof. Let ν^′ = ∑ i∈I ε_{xi} and ν^{′′} = ∑ j∈J ε_{yj} be elements of D_f . In particular, ∑ i∈I x_i = ∑ j∈J y_j = f. Then by the Riesz decomposition property (cf. [29, 9.1]) there exists a family (z_{ij})_{i∈I,j∈J} in Γ (f) such that x_i = ∑ j∈J z_{ij} and y_j = ∑ i∈I z_{ij} for every i and j. If ν = ∑ i,j ε_{zi,j} we have ν ∈ D_f , ν^′ ≺ ν and ν^{′′} ≺ ν.

As a consequence of this lemma we have, for each φ ∈ s(F ) : φ^′(f) = sup_{ν∈D} f ν(φ) = lim_{ν∈Df} ν(φ) (5.14)

Since h(F ) = s(F ) − s(F ) the limit on the right hand side, with respect to the directed set D_f , also exists for every φ ∈ h(F ). If φ ∈ h(F ), let : μ_f (φ) = lim_{ν∈Df} ν(φ) (5.15)

Then μ_f is obviously a conical measure, carried by Γ , with resultant f. Moreover μ_f is strictly approximable by construction. Thus proposition 4.5 implies that μ_f is a conical integral localizable on a set B ∈ S. Also, with the notation of Lemma 5.11 and its proof, we have μ_f (Φ_n) = μ_f (Φ^′_n) = Φ^′_n(f) and so μ_f (Φ) = μ_f (Φ^′) = Φ^′(f). Consequently by lemma 5.12 we have μ_f ∈ M^+(ext(Γ )).

E.G.F. Thomas / Integral representations in conuclear cones 255

To prove the uniqueness in B) we will show that for any μ ∈ M^+(ext(Γ )) with r(μ) = f one has μ = μ_f . It is clear from lemma 5.10 and the identity (5.14) that for μ ∈ M^+(Γ ) we have μ(φ) ≤ μ_f (φ) ∀ φ ∈ s(F ) (5.16) To get the opposite inequality if μ ∈ M^+(ext(Γ )) it will be convenient to use the following lemmas :

Lemma 5.15. Let μ ∈ M^+(Γ ). Then

μ(φ^′) = inf ν(φ^′) (5.17)

where ν describes the set of discrete conical integrals obtained as follows : ν = ∑ i∈I ε_{xi} , where x_i = r(μ_i), with μ_i ∈ M^+(Γ ) and ∑ i∈I μ_i = μ.

Proof. By lemma 5.10, μ_i(φ^′) ≤ φ^′(x_i), hence μ(φ^′) ≤ ∑ i∈I φ^′(x_i) = ν(φ^′). Let r(μ) ∈

A << B, and let μ be localized on B in a measure m with ∫ B dm ≤ 1. Then φ^′|_B being upper semi-continuous, there exists, ϵ > 0 being given, a continuous function g : B → IR such that g ≥ φ^′|_B and ∫ B gdm ≤ ∫ B φ^′dm + ϵ, (cf. [8], 21.23). Moreover, g being uniformly continuous with respect to the weak topology, which on K coincides with the given topology, there exists a finite partition of B : ⋃ i∈I B_i = B, in convex Borel sets, such

that the oscillation of g on each set B_i is at most ϵ. Let b_i =^1_{m(Bi)} ∫ B_i xdm(x) if m(Bi) > 0. Then b_i ∈ B_i and so g(b_i) ≤ g(x) + ϵ for all x ∈ B_i. Let x_i = m(B_i)b_i if m(B_i) > 0 and x_i = 0 otherwise. Then we have ∑ i∈I φ^′(x_i) = ∑ i∈I m(B_i)φ^′(b_i) ≤ ∑ i∈I m(B_i)g(b_i) ≤ ∑ i∈I ∫ B_i (g(x) + ϵ)dm(x) ≤ ∫ B gdm + ϵ ≤ μ(φ^′) + 2ϵ. If μ_i is defined by the formula

μ_i(ψ) = ∫ B_i ψdm, we have μi ∈ M +(Γ ), r(μ_i) = x_i, and ∑ i∈I μ_i = μ.

Lemma 5.16. Let μ ∈ M_f . Then we have :

μ_f (φ) ≤ μ(φ^′) ∀ φ ∈ s(F ) (5.18)

Proof. By the previous lemma it is sufficient to prove this when μ = ∑ i∈I ε_{xi} belongs

to D_f , which we now assume. Let ν ∈ D_f be such that μ_f (φ) < ν(φ) + ϵ. This can be achieved with μ ≺ ν, μ_f being the limit of elements ≻ μ (5.15). Let ν = ∑ j∈J ε_{yj} . Using the Riesz decomposition property of Γ (f) we may even assume that ν has been so chosen that there exists a partition J = ⋃ i∈I J_i such that x_i = ∑ j∈J_i y_j for all i ∈ I. Then ∑ j∈J_i φ(y_j) ≤ φ^′(x_i) by definition of φ^′. Adding these inequalities we obtain ν(φ) ≤ μ(φ^′),

and so μ_f (φ) ≤ μ(φ^′) + ϵ, which proves the lemma.

256 E.G.F. Thomas / Integral representations in conuclear cones

With this the proof of the uniqueness is complete, for if μ ∈ M_f is concentrated on ext(Γ ) we have φ^′(x) = φ(x) μ almost everywhere, whence μ_f (φ) ≤ μ(φ^′) = μ(φ) for all φ ∈ s(F ). Comparing with (5.16) we see that μ(φ) = μ_f (φ) for all φ ∈ s(F ), hence μ = μ_f .

Thus we have shown that if Γ (f) is a lattice f has a unique integral representation. In particular, if Γ is a lattice the map r : M^+(ext(Γ )) −→ Γ is a bijection.

Next consider the converse. Let us first assume that the map r is a bijection, and show that Γ is a lattice. The map r being linear it is sufficient to show that M^+(ext(Γ )) is a lattice. Now h(F ) being a lattice, it is well known that M^+(F ) is a lattice. But M^+(ext(Γ )) is a face in M^+(F ) i.e. 0 ≤ ν ≤ μ, μ ∈ M^+(ext(Γ )) implies ν ∈ M^+(ext(Γ )). In fact, by theorem 1.15 if m is a localization of μ on a set B ∈ S with ∫ B dm ≤ 1, ν has a localization n on B with n ≤ m. Thus r(ν) = ∫ xdn(x) belongs to F and n is concentrated on ext(Γ ), i.e. ν ∈ M^+(ext(Γ )). Therefore M^+(ext(Γ )) is a lattice.

To obtain the full converse, assume f ∈ Γ has a unique integral representation i.e. M_f ∩ M^+(ext(Γ )) is a singleton. Then every element g ∈ Γ with g ≤ f has a unique integral representation. In fact if g = r(μ^′) = r(μ^{′′}), with μ^′, μ^{′′} in M^+(ext(Γ )), and ν ∈ M^+(ext(Γ )) is such that r(ν) = f − g, the conical integrals μ^′ + ν and μ^{′′} + ν are elements of M^+(ext(Γ )) representing f. Since they are equal μ^′ = μ^{′′}. More generally, every element in Γ (f) has a unique integral representation.

If x ∈ Γ (f) let μ_x denote the unique element of M^+(ext(Γ )) such that r(μ_x) = x. Then, if f = g +h, μ_g +μ_h is a conical integral concentrated on ext(Γ ) representing f. Therefore μ_f = μ_g + μ_h, in particular μ_g ≤ μ_f . Let M^+(μ_f ) be the face generated by μ_f in M^+(F ). Then again by theorem 1.15 we have M^+(μ_f ) ⊂ M^+(ext(Γ )). In particular r maps M^+(μ_f ) into Γ and so into Γ (f). Therefore the map r : M^+(μ_f ) → Γ (f) is bijective, and so M^+(μ_f ) being a lattice, Γ (f) is a lattice.

Remark 5.17. If Γ (f) is a lattice one can write instead of (5.15) :

μ_f (φ) = lim ∑ i φ(f_i) (5.19)

equivalently : μ_f = lim ∑ i ε_{fi} (5.20)

the limit being taken with respect to the directed set of finite partitions of f, i.e. the finite families (f_i)_{i∈I} in Γ such that ∑ i∈I f_i = f, ordered by the relation “finer than”. This

will be useful in applications to direct integrals.

E.G.F. Thomas / Integral representations in conuclear cones 257 References [1] A. Bélanger, E. Thomas : Positive forms on nuclear ∗-algebras and their integral representations. Can. J. Math. Vol XLII, 1990, pp. 410–469.

[2] Ju. M. Berezanski : Expansions in Eigenfunctions of Selfadjoint Operators, Translations of Mathematical Monographs, Vol 17, Amer. Math. Soc. Providence, 1968.

[3] H.J. Borchers, J. Yngvason : On the Algebra of Field Operators. The Weak commutant and Integral Decompositions of States, Comm. Math. Phys. 42 (1975), 231–252.

[4] N. Bourbaki : Intégration ch. 9, Hermann, Paris (1969). [5] N. Bourbaki : Topologie générale ch 10, 2nd ed., Hermann, Paris (1961). [6] R.D. Bourgin, G.A. Edgar : Noncompact simplexes in Banach spaces with the Radon Nikodym property, Jour. Func. Anal. 23 (1976), 62–176.

[7] G. Choquet : Mesures coniques affines et cylindriques, Symposia Mathematica Vol II, pp.

145–182 Acad. Press 1969.

[8] G. Choquet : Lectures on Analysis, Benjamin 1969.

[9] G. Choquet : Theory of capacities, Annales de l’Institut Fourier, 5 (1953) pp. 131– 295. [10] G. Choquet : Existence et unicité des représentations intégrales au moyen des points extrémaux dans les cônes convexes, Séminaire Bourbaki (Dec. 1956), 139, 15 pp.

[11] G. Choquet, Deux examples Classiques de Représentation intégrale. L’Enseignement mathématique, XV (1969), pp. 63–75.

[12] G. van Dijk : On a Class of Generalized Gelfand Pairs. Math. Z. 193 (1986), 581–593. [13] J. Dixmier, P. Malliavin : Factorisations de fonctions et de vecteurs indéfiniment différentiables, Bull. Soc. Math. France, 102 (1978), 305– 330.

[14] J. Dixmier : Les algèbres d’opérateurs dans l’espace hilbertien, Gauthier Villars, Paris, 1957. [15] G.A. Edgar : A non compact Choquet theorem, Proc. Amer. math. Soc. 49 (1975), 354– 358.

[16] D.H. Fremlin : personal communication.

[17] I.M. Gelfand, A.G. Kostjucenku : Expansion in Eigen functions of differential and other operators, Dokl. Akad. Nauk SSSR 103 (1955), 349–352.

[18] I.M. Gelfand, N. Ya. Vilenkin : Generalized Functions. Vol 4, Academic Press, New York, 1964.

[19] A. Goullet de Rugy : Sur les cônes engendrés par une famille de convexes compacts, Bull.

Soc. Math. de France 97 (1973), 241–252.

[20] A. Grothendieck : Produits tensoriels topologiques et espaces nucléaires, Amer. Math, Soc.

Memoir 16, 1955.

[21] G.C. Hegerfeldt : Extremal Decompositions of Wightman Functions and States on Nuclear ∗-algebras by Choquet theory, Comm. Math. Phys. 45 (1975), 133–135.

[22] M. Hervé : Sur les représentations intégrales à l’aide de points extrémaux dans un ensemble convexe compact métrisable, Comptes Rendus Acad. Sci. Paris t. 253 (1961), 366– 368.

[23] F. Klamer : Thesis, University of Groningen, 1979.

258 E.G.F. Thomas / Integral representations in conuclear cones

[24] L. LeCam : Notes on Asymptotic Methods in Statistical Decision Theory, Publication du Centre de Recherche Mathématiques de l’Université de Montréal, CRM 245, 1974. Case Postale 6128, Montréal H3C 3J7 Canada.

[25] K. Maurin : A Theory of characters, Harmonic Analysis on Type I-groups of connected type, Bull. Acad. Pol. Sci. XI, 9 (1963), 587–592.

[26] K. Maurin : Generalized eigenfunction expansions and unitary representations of topological groups, Warsaw, Polish Scientific Publishers, 1968.

[27] G. Mokobodzki : Cônes normaux et espaces nucléaires. Cônes semi-complets, Séminaire Choquet (Initiation l’Analyse) 7e année (1967/68), no. B.6.

[28] J. Peters : Well capped cones in the duals of nuclear spaces, J. London math. Soc. (2), 16, (1977), 112–116.

[29] R.R. Phelps : Lectures on Choquet’s Theorem, Van Nostrand, 1966. [30] A. Pietsch : Nuclear locally convex spaces, Springer, 1972.

[31] L. Schwartz : Sous espaces hilbertiens et noyaux associés ; applications aux représentations des groupes de Lie., 2ième Colloque sur l’Analyse Fonctionelle, Luik 1964, CBRM.

[32] L. Schwartz : Radon Measures on arbitrary topological spaces, Oxford University Press, 1973.

[33] T.J. Stieltjes : Collected papers Vol II, Springer Verlag, 1991.

[34] E.G.F. Thomas : Integral representations in convex cones, Report, Groningen University 1977.

[35] E.G.F. Thomas : Integral representations of invariant reproducing kernels. Proceedings, Bicentennial Congress Wiskundig genootschap (Amsterdam 1978) Part II, 391–404, Mathematisch Centrum, Amsterdam 1979.

[36] E.G.F. Thomas : The theorem of Bochner-Schwartz-Godement for generalized Gelfand pairs.

Proc. 3rd Paderborn conference on Functional Analysis. North Holland Publ. Co. 1983. [37] E.G.F. Thomas : A converse to Edgar’s theorem, Springer Verlag Lecture Notes in Mathematics 794 (1979), 497–512.

[38] D.V. Widder : Laplace Transform, Princeton University Press, 1941. [39] G. Wittstock : Choquets simplexe und nucleare Räume. Inventions Math. 15 (1972), 251– 258.

[40] W. Wyss : The Field Algebra and its Positive Linear Functionals, Comm. Math Phys. 27 (1972), 223–234.