Journal of Convex Analysis Volume 1 (1994), No.1, 61–73

Examples of Convex Functions and Classifications of Normed Spaces

Jon Borwein^1

Department of Mathematics and Statistics, Simon Fraser University Burnaby, BC, Canada V5A 1S6

Simon Fitzpatrick^2

Department of Mathematics, The University of Western Australia Nedlands, WA 6009, Australia

Jon Vanderwerff^3

Department of Mathematics and Statistics, Simon Fraser University Burnaby, BC, Canada V5A 1S6

Received 10 December 1993 Revised manuscript received 29 April 1994

We study various properties of convex functions and their connections to the structure of the spaces on which they are defined. In particular, it is shown boundedness properties of convex functions on various bornologies are related to sequential convergence in dual topologies. Convex functions whose subdifferentials have range with nonconvex interior are constructed on nonreflexive spaces, and we exhibit examples of convex functions on infinite dimensional spaces whose subdifferentials have sparse domains.

Keywords : Convex function, bounded subdifferential, domain, range, Mackey convergence, support points.

1991 Mathematics Subject Classification: 46B20, 52A41.

1. Introduction

It is often important to know when convex functions are bounded on a certain class of sets, for example, to show the Moreau-Yosida approximations of a convex function converge uniformly on bounded sets it is necessary and sufficient to have the function bounded on bounded sets. In a different direction, in the study of monotone operators it is of interest to know when the interior of the range of the subdifferential of a convex function is convex. The goal of this note is to provide limiting examples for these and other properties of convex functions and their subdifferentials. As a byproduct, several

1 Research supported by an NSERC Research Grant and by the Shrum Endowment. 2 Research supported by an NSERC Scientific International Exchange Grant 3 NSERC postdoctoral fellow.

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag Berlin

62 J. Borwein, S. Fitzpatrick, J. Vanderwerff / Examples of convex functions

Banach space properties will be characterized by the existence (or nonexistence) of lower semicontinuous convex functions whose subdifferentials possess certain properties. While it may not be surprising that a Banach space is finite dimensional if and only if every continuous convex function is bounded on bounded sets, the reason this is true is not because bounded closed sets are compact, but rather because weak star and norm convergence agree sequentially only in duals of finite dimensional spaces. Indeed, if one can construct a continuous convex function on each infinite dimensional space that is unbounded on some bounded set, then one obtains the Josefson-Nissenzweig theorem as a corollary (see Lemma 2.3). Moreover, spaces on which continuous convex functions are bounded on weakly compact sets are characterized by the coincidence of Mackey and weak star convergence for sequences in the dual space, rather than by the Schur property. A complete discussion of these results and corresponding results for different bornologies is presented in section two.

In the third section, a characterization of reflexive spaces is given via convexity properties of the interior of the range of subdifferential mappings. Using recent results of Moors ([11]) and Fonf ([7]) respectively, we also observe that spaces with the Radon-Nikodým property and respectively incomplete normed spaces can be characterized in terms of the size of the range of subdifferentials of certain convex functions.

The fourth section builds on an example of Phelps ([13]) to construct examples of convex functions on infinite dimensional Banach spaces whose domains are large but have subdifferentials with relatively small domains.

We will work with real Banach spaces, and occasionally with incomplete real normed linear spaces. For a normed linear space X, its continuous dual will be denoted by X^∗, we also let B_X = {x ∈ X : ‖x‖ ≤ 1} and S_X = {x ∈ X : ‖x‖ = 1}. For a convex function f, the domain of f is the set dom(f) := {x : f(x) < ∞}; by convention we will not allow functions to take the value −∞. The subdifferential of f at x is defined by ∂f(x) := {Λ ∈ X^∗ : ⟨Λ, y − x⟩ ≤ f(y) − f(x) for all y ∈ X}. The domain of ∂f is defined by dom(∂f) := {x : ∂f(x) ≠ ∅} and the range of ∂f is defined by R(∂f) := {Λ ∈ X^∗ : Λ ∈ ∂f(x) for some x ∈ X}.

2. Boundedness properties of convex functions

We will call a collection β of bounded subsets of X a bornology if it contains the compact sets and if it is closed under addition and scalar multiplication. The topology τ_β on X^∗ will denote the topology of uniform convergence on β-sets. The classes of interest to us will be the bounded, weakly compact and compact sets, which in a Banach space respectively generate the norm, Mackey and bounded weak star topology on X^∗, where the latter agrees with the weak star topology on bounded sets.

Before proceeding to our main results, we record the following well-known facts for completeness.

Fact 2.A. Let X be a locally convex topological vector space. Then the following are equivalent:

(a) X is barrelled;

J. Borwein, S. Fitzpatrick, J. Vanderwerff / Examples of convex functions 63 (b) every lsc convex function on X is continuous throughout the interior of its domain; (c) every lsc seminorm on X is continuous.

In particular, lsc convex everywhere finite functions on Banach spaces are continuous; this can be shown in a straightforward fashion using the Baire category theorem. Throughout our discussion, continuous functions will be everywhere finite.

Fact 2.B. Let f be a continuous convex function on a normed space. Then f is bounded on β-sets if and only if ∂f is bounded on β-sets, where β is a bornology.

Proof. First, dom(∂f) = X since f is continuous and convex, this means f is bounded below on bounded sets.

⇒: If ∂f is unbounded on some W ∈ β, we choose {w_n}^∞_{n=1} ⊂ W such that Λ_n ∈ ∂f(w_n) and ‖Λ_n‖ > n^2. Choose h_n ∈ X such that ‖h_n‖ ≤^1_n and ⟨Λ_n, h_n⟩ ≥ n. Now K = {h_n}^∞_{n=1} ∪{0} is compact and so W +K ∈ β. However, f(w_n +h_n) ≥ f(w_n)+n ≥ inf_W f +n and so f is unbounded on W + K.

⇐: If f is unbounded on W ∈ β, it must be unbounded above on W . Thus we fix w_0 ∈ W and choose w_n ∈ W such that f(w_n) → ∞. For Λ_n ∈ ∂f(w_n) we have ⟨Λ_n, w_0 − w_n⟩ → −∞ and so ‖Λ_n‖ → ∞.

Lemma 2.1. Let β be a bornology on some Banach space X. Suppose ‖x^∗_n‖ = 1, x^∗_n^{τβ}→ 0 and let f be defined by f(x) := ∞∑ n=1 f_n(⟨x^∗_n, x⟩), where f_n : IR → [0, ∞) is defined

by f_n(t) := 0 if |t| ≤^1_2 and f_n(t) := n(|t| −^1_2 ) otherwise. Then:

(a) f is a continuous convex function, in fact for each W ∈ β, the restriction of f to W +^1_4 B_X is Lipschitz.

(b) If x^∗_n does not converge to 0 in the β_1-topology on X^∗ for some other bornology β_1 on X, then f is unbounded on some β_1-set.

Proof. (a) Let W ∈ β, choose n_0 such that sup_W |x^∗_n| < 1 4 for all n > n_0. Then f(v) = n0∑ n=1 f_n(⟨x^∗_n, v⟩) for all v ∈ W +^1_4 B_X . Because each of the functions f_n ∘ x^∗_n is Lipschitz,

this shows f is a finite sum of Lipschitz functions on W +^1_4 B_X . Therefore the restriction of f to W +^1_4 B_X is Lipschitz.

(b) Let W ∈ β_1 be such that lim sup_n {sup_W x^∗_n} > ϵ. Now choose a subsequence {x_{nk} }_k such that sup_W x^∗_{nk} > ϵ for all k. Letting W_1 =^2_ϵ W we can choose w_k ∈ W_1 such that ⟨x^∗_{nk} , w_k⟩ ≥ 2. Then f(w_k) ≥ n_k, and so f is unbounded on W_1.

Observe that a category argument will show that one cannot have homogeneous convex functions as given by the above lemma.

64 J. Borwein, S. Fitzpatrick, J. Vanderwerff / Examples of convex functions

Theorem 2.2. Let X be a Banach space. The following are equivalent: (a) X is finite dimensional;

(b) weak star and norm convergence agree sequentially in X^∗; (c) each continuous convex function on X is bounded on bounded sets; (d) for each continuous convex function f on X, ∂f is bounded on bounded sets.

Proof. It is clear that (a) implies (c) and the equivalence of (c) and (d) follows from Fact 2.B. If (b) does not hold, then there is a sequence in S_X� that converges weak^∗ to 0. Hence Lemma 2.1, with β the compact sets and β_1 the bounded sets, shows that (c) is not satisfied. The implication (b) ⇒ (a) is precisely the Josefson-Nissenzweig theorem (see [6, Chapter XII]).

To develop results for boundedness properties of convex functions on other bornologies, we will need the following lemma.

Lemma 2.3. Suppose f : X → IR is continuous convex, {x_n}^∞_{n=1} is bounded and f(x_n) → ∞. For n such that f(x_n) > inf_X f, let ϕ_n = x^∗_n/‖x^∗_n‖ where x^∗_n ∈ ∂f(x_n). Then

ϕ_n^{τβ}→ 0, if f is bounded on β-sets.

Proof. Because ‖x_n‖ ≤ M for all n and some M > 0, we have ⟨ϕ_n, −x_n⟩ ≥ −M for all n. Suppose ϕ_n does not converge to 0 in the τ_β-topology. Then by passing to a subsequence if necessary, we can find W ∈ β such that sup_W ϕ_n > ϵ for all n. Let W_1 =^M_ϵ W and fix w_n ∈ W_1 such that ⟨ϕ_n, w_n⟩ ≥ M. Consequently ⟨ϕ_n, w_n − x_n⟩ ≥ 0 for all n and so ⟨x^∗_n, w_n − x_n⟩ ≥ 0 for all n. Therefore

f(w_n) ≥ f(x_n) + ⟨x^∗_n, w_n − x_n⟩ ≥ f(x_n) for all n.

Since f(x_n) → ∞, this contradicts the boundedness of f on W_1.

Remark. Observe that Lemma 2.3 justifies the use of the highly nontrivial Josefson- Nissenzweig theorem in the proof of Theorem 2.2. Indeed, suppose f is a continuous convex function on a Banach space that is unbounded on a bounded set. Because f is continuous, it is bounded on compact sets. Thus we may apply Lemma 2.3, with β the compact sets, to produce a sequence in S_X� that converges weak star to 0.

The following theorem, in particular, shows each continuous convex function on an Asplund space (see [14]) is bounded on bounded sets provided it is bounded on weakly compact sets.

Theorem 2.4. For a Banach space X, the following are equivalent. (a) X ⊅ ℓ_1.

(b) Mackey and norm convergence agree sequentially in X^∗.

(c) Every continuous convex function on X that is bounded on weakly compact sets is bounded on bounded sets.

J. Borwein, S. Fitzpatrick, J. Vanderwerff / Examples of convex functions 65

(d) ∂f is bounded on bounded sets for each continuous convex function f with ∂f bounded on weakly compact sets.

Proof. The equivalence of (a) and (b) was shown by Ørno ([12]); see also [1, Theorem 5]. It follows from Fact 2.B that (c) and (d) are equivalent.

(b) ⇒ (c): We suppose (b) holds and that f is a continuous convex function satisfying f(x_n) → ∞ where {x_n}^∞_{n=1} is bounded. Then {ϕ_n}_n given by Lemma 2.3 does not converge in norm to 0. Therefore it does not converge Mackey to 0 by the hypothesis. Consequently Lemma 2.3, with β the weakly compact sets, shows f is unbounded on some weakly compact set.

(c) ⇒ (b): Suppose (b) fails. Then there is a sequence {x^∗_n}^∞_{n=1} ⊂ S_X� that converges Mackey to 0. Using this sequence with β the weakly compact sets and β_1 the bounded sets in Lemma 2.1, shows that there is a continuous convex function bounded on weakly compact sets but unbounded on some bounded set; that is (c) fails.

A Banach space is said to have the Schur property if its weakly compact sets are norm compact. The principal example of a space with the Schur property is ℓ_1(Γ) for any set Γ. Theorem 2.5. A Banach space X has the Schur property if and only if every lsc convex function on X is bounded on weakly compact subsets of the interior of its domain.

Proof. A lsc convex function is continuous on the interior of its domain (see Fact 2.A) and thus if X has the Schur property such a function is bounded on weakly compact sets of its domain. Conversely, suppose X does not have the Schur property, then there is a separable subspace Z ⊂ X which fails to be Schur. Using the w^∗-sequential compactness

of B_Z�, it is not hard to construct {z_n, z^∗_n}^∞_{n=1} ⊂ Z × Z^∗ such that z_n^w→ 0, z^∗_n^{w�}→ 0, ‖z^∗_n‖ = 1 while ⟨z^∗_n, z_n⟩ = 1 for all n (see [2, Theorem 3.4]). Let z̃^∗_n be a Hahn-Banach

extension of z^∗_n to all of X. Define f(x) := ∞∑ n=1 f_n(⟨z̃^∗_n, x⟩) where the f_n’s are as in Lemma

2.1. Now f is unbounded on the weakly compact set {z_n}^∞_{n=1} ∪ {0}. On the other hand arguing as in Lemma 2.1(a), one can check f is continuous on a set containing Z +^1_4 B_X (or one may directly check f is finite on this set and apply Fact 2.A).

It turns out that the Schur property does not characterize the spaces for which everywhere defined continuous convex functions are bounded on weakly compact sets. To see this, we will need the following lemma.

Lemma 2.6. Suppose f : X → IR is continuous and convex, {x_n}^∞_{n=1} is bounded and f(x_n) → ∞. For n such that f(x_n) > min_X f, we let ϕ_n = x^∗_n/‖x^∗_n‖ where x^∗_n ∈ ∂f(x_n).

Then lim sup n→∞ ⟨ϕ_n, x_n⟩ > 0.

Proof. By Lemma 2.3 we know ϕ_n^{w�}→ 0, and thus {ϕ_n}^∞_{n=1} is not relatively norm compact. Hence by passing to a subsequence, we may assume there exists ϵ > 0 such that

66 J. Borwein, S. Fitzpatrick, J. Vanderwerff / Examples of convex functions d(ϕ_n, E_{n−1}) > ϵ where E_{n−1} = span{ϕ_k : 1 ≤ k ≤ n − 1}. To see this, observe if lim sup n→∞ {sup_k d(ϕ_k, E_n)} = 0, then {ϕ_n}^∞_{n=1} would have a finite ϵ-net for each ϵ > 0 because it is a bounded set and because finite dimensional spaces have norm compact balls. This would contradict the fact {ϕ_n}^∞_{n=1} is not relatively norm compact. Replacing ϕ_n with^{ϕn}_ϵ we have d(ϕ_n, E_{n−1}) > 1 for all n. (2.1) We suppose lim sup_{n→∞} ⟨ϕ_n, x_n⟩ ≤ 0, since otherwise there is nothing more to show. By passing to a further subsequence we may assume ⟨ϕ_n, x_n⟩ < 1 2^n for all n;

clearly (2.1) still holds for this subsequence. By induction we can choose {h_k}^∞_{k=1} ⊂ 2B_X and a subsequence {ϕ_{nk} }^∞_{k=1} such that:

⟨ϕ_{nk} , h_j⟩ = 0 for j ≥ k + 1; (2.2) ⟨ϕ_{nk} , h_k⟩ = 2; (2.3) |⟨ϕ_{nk} , h_j⟩| ≤ 1 2^k for j ≤ k − 1. (2.4) Indeed, supposing ϕ_{nj} , h_j have been chosen for j ≤ k − 1, by w^∗-convergence we choose n_k > n_{k−1} such that |⟨ϕ_{nk} , h_j⟩| ≤^1_{2k} for all j ≤ k − 1. By (2.1), ϕ_{nk} ∉ E_{nk −1} + B_X� which is weak^∗ closed because it is the sum of a weak^∗ compact ball with a weak^∗ closed subspace. Thus we may choose h_k ∈ S_X separating E_{nk −1} + B_X� and ϕ_{nk} . Multiplying h_k by an appropriate scalar with absolute value not exceeding 2, we have ⟨ϕ_j, h_k⟩ = 0 for j ≤ n_k − 1 and ⟨ϕ_{nk} , h_k⟩ = 2. Now let h = ∞∑ k=1 2^{−k}h_k. Then

⟨ϕ_{nk} , h⟩ = ⟨ϕ_{nk} , 2^{−k}h_k⟩ + ∑ j<k 2^{−j}⟨ϕ_{nk} , h_j⟩ + ∑ j>k 2^{−j}⟨ϕ_{nk} , h_j⟩. (2.5)

Now, (2.2) implies ∑ j>k 2^{−j}⟨ϕ_{nk} , h_j⟩ = 0, while (2.4) implies ∑ j<k 2^{−j}⟨ϕ_{nk} , h_j⟩ ≥ ∑ j<k 2^{−j}(−2^{−k}) > −2^{−k}.

Combining this with (2.3) and (2.5) yields ⟨ϕ_{nk} , h⟩ > 2 · 2^{−k} − 2^{−k} = 2^{−k}. Thus ⟨ϕ_{nk} , h − x_{nk} ⟩ > 0 and hence ⟨x^∗_{nk} , h − x_{nk} ⟩ > 0 as well. Consequently f(h) ≥ f(x_{nk} ) + ⟨x^∗_{nk} , h − x_{nk} ⟩ ≥ f(x_{nk} ).

J. Borwein, S. Fitzpatrick, J. Vanderwerff / Examples of convex functions 67

Because f(x_k) → ∞, this contradicts the fact f is finite valued.

Since ℓ_∞ is a Grothendieck space with the Dunford-Pettis property (see [6, p. 103, 113]), it follows that weak star and Mackey convergence agree sequentially in ℓ^∗_∞. Therefore, the next theorem shows ℓ_∞ is a space that does not have the Schur property and yet each continuous convex function is bounded on weakly compact sets.

Theorem 2.7. Let X be a Banach space. The following are equivalent: (a) weak star and Mackey convergence agree sequentially in X^∗;

(b) each continuous convex function on X is bounded on weakly compact subsets of X; (c) ∂f is bounded on weakly compact sets for each continuous convex f.

Proof. Fact 2.B shows (b) and (c) are equivalent. To prove (a) implies (b) we suppose there is a continuous convex function that is not bounded on some weakly compact set W . We choose {x_n}^∞_{n=1} ⊂ W such that f(x_n) → ∞. For ϕ_n as in Lemma 2.3, we have

that ϕ_n^{w�}→ 0 by Lemma 2.3. However, by Lemma 2.6, ⟨ϕ_n, x_n⟩ ↛ 0 and thus ϕ_n does not converge Mackey to 0. The implication (b) ⇒ (a) follows from Lemma 2.1.

More generally, using Lemmas 2.1, 2.3 and 2.6 as in the above theorem, one can prove the following result (compare also with Theorems 2.2 and 2.4).

Theorem 2.8. For a Banach space X with bornologies β ⊂ β_1, the following are equivalent.

(a) Each continuous convex function bounded on β-sets is bounded on β_1-sets. (b) τ_β and τ_{β1} convergence agree sequentially in X^∗.

We refer the reader to [1] for additional characterizations (in terms of differentiability) of the dual sequential convergence notions studied in this section.

Remark. One can also form dual versions of the results just discussed. For example, a dual version of Theorem 2.2 is: A Banach space X has the Schur property if and only if every continuous weak^∗-lsc convex function on X^∗ is bounded on bounded sets. A dual version of Theorem 2.7 is: A Banach space X has the Dunford-Pettis property if and only if every continuous weak^∗-lsc convex function on X^∗ is bounded on weakly compact sets. A straightforward variation of Lemma 2.3 in which the x^∗_n’s there are ϵ-subgradients (any fixed ϵ > 0 will do) can be used to prove these results. Indeed, w^∗-lsc, continuous convex functions on X^∗ have ϵ-subgradients from X at each point in X^∗, therefore the dual proofs can now be performed as the originals without difficulty.

3. Properties of the range of the subdifferential mapping

We begin with a result that will allow us to characterize reflexive spaces via various properties of the range of the subdifferential mapping, and more generally properties of

maximal monotone operators. We shall say a function f is coercive if lim_{‖x‖→∞} f(x) ‖x‖ = ∞.

68 J. Borwein, S. Fitzpatrick, J. Vanderwerff / Examples of convex functions

Theorem 3.1. A Banach space X is reflexive if the interior of R(∂f) is convex for each coercive continuous convex function f on X.

Proof. Suppose X is nonreflexive and p ∈ X with ‖p‖ = 5 and p^∗ ∈ Jp where J is the duality map, the subdifferential of^1_2 ‖ · ‖^2. Define

f(x) := max { 1 2 ‖x‖^2, ‖x − p‖ − 12 + ⟨p^∗, x⟩, ‖x + p‖ − 12 − ⟨p^∗, x⟩ }

for x ∈ X.

For a function g defined by g := max{ϕ_j : 1 ≤ j ≤ n}, where ϕ_j are continuous convex functions, one has ∂g(x) = conv ⋃ {∂ϕ_j(x) : ϕ_j(x) = g(x)}. Thus we have ∂f(p) = B_X� + p^∗, ∂f(−p) = B_X� − p^∗, ∂f(x) = Jx for x ∈ B_X (3.1) using inequalities like ‖p − p‖ − 12 + ⟨p^∗, p⟩ = 13 >^{25}_2 =^1_2 ‖p‖^2. Moreover, f(0) = 0 and f(x) >^1_2 ‖x‖ for ‖x‖ > 1, thus ‖Λ‖ >^1_2 if Λ ∈ ∂f(x) and ‖x‖ > 1. Combining this with (3.1) shows R(∂f) ∩^1_2 B_X� = R(J) ∩^1_2 B_X�.

Let U_X� denote the open ball in X^∗. Now James’ theorem gives us points x^∗ ∈^1_2 U_X� \ R(J), thus U_X� \ R(∂f) ≠ ∅. However from (3.1) U_X� ⊂ conv((p^∗ + U_X�) ∪ (−p^∗ + U_X�)) ⊂ conv intR(∂f) so R(∂f) has nonconvex interior.

Corollary 3.2. A normed linear space X is reflexive if and only if every continuous convex function f on X has intR(∂f) convex.

Proof. If X is reflexive, then R(∂f) = dom(∂f^∗) and int dom(∂f^∗) = int dom(f^∗) which is convex. For the converse, observe that the proof of Theorem 3.1 applies to any normed linear space for which^1_2 U_X� \ J(X) ≠ ∅. Let ~X denote the completion of X. We have J(X) ⊂ J( ~X). Hence, if ~X is not reflexive, then by James’ theorem^1_2 U_X� \ J( ~X) ≠ ∅ and so^1_2 U_X� \ J(X) ≠ ∅. If ~X is reflexive, then we renorm ~X with a strictly convex norm (see e.g. [5, Section VII.2]) so that J(x) ∩ J(y) = ∅ for x ≠ y where J is the duality mapping with respect to the strictly convex norm. Thus,^1_2 U_X� \ J(X) ≠ ∅ in this case as well.

Remark. Suppose X is reflexive and f is a continuous, convex and coercive function. Then for any ϕ ∈ X^∗, f − ϕ has weakly compact level sets and thus attains its minimum. Consequently, ϕ ∈ R(∂f), which shows R(∂f) = X^∗. On the other hand, Calvert and Fitzpatrick showed R(∂f) ≠ X^∗ if a Banach space X is nonreflexive and f is continuous, convex and coercive ([4]).

Let us recall a maximal monotone operator T mapping X to subsets of X^∗ is said to be coercive provided there is a function c : [0, ∞) → (−∞, ∞) such that c(r) → ∞ when

J. Borwein, S. Fitzpatrick, J. Vanderwerff / Examples of convex functions 69

r → ∞ and ⟨x^∗, x⟩ ≥ c(‖x‖)‖x‖ for each (x, x^∗) ∈ G(T ). Combining Corollary 3.2 and the above remark with some properties of maximal monotone operators (see [16]), we obtain the following theorem.

Theorem 3.3. Let X be a Banach space. The following are equivalent: (a) X is reflexive;

(b) R(∂f) = X^∗ for some coercive continuous convex function f on X; (c) R(∂f) = X^∗ for each coercive continuous convex function f on X; (d) R(T ) = X^∗ for each coercive maximal monotone operator T on X; (e) the interior of R(∂f) is convex for each coercive continuous convex function f on X; (f) the interior of R(T ) is convex for each coercive maximal monotone operator T on X; (g) the interior of R(∂f) is convex for each continuous convex function f on X; (h) the interior of R(T ) is convex for each maximal monotone operator T on X.

We do not know if X is reflexive provided R(∂f) has nonempty interior for each coercive continuous convex function f on X.

Recall that a Banach space is said to have the Radon-Nikodým property (RNP) if each bounded subset is dentable; see [3]. We will say a set is generic if it contains a dense G_δ-set.

Theorem 3.4. A Banach space has the RNP if and only if R(∂f) is generic for each coercive convex lsc function f.

Proof. Suppose X has the RNP and f is a coercive, convex, lsc function. Then dom(f^∗) = X^∗. Because X has the RNP, Collier’s result ([3, Theorem 5.7.4]) shows f^∗ is Fréchet differentiable on a dense G_δ set—which is contained in R(∂f). To prove the converse, we suppose X does not have the RNP. By a recent result of Moors ([11, Theorem 4.4]), there is a norm ‖ · ‖ on X such that for its dual norm ‖ · ‖^∗ on X^∗, the set S = {ϕ ∈ X^∗ : ∂‖ · ‖^∗(ϕ) ∩ X ≠ ∅} is not generic. Now define f by f(x) =^1_2 ‖x‖^2. If ϕ ∈ R(∂f), then there is an x ∈ S_X such that ⟨ϕ, x⟩ = ‖ϕ‖. Thus R(∂f) ⊂ S, and so R(∂f) cannot be generic.

For general normed linear spaces we have the following result.

Theorem 3.5. Let X be a normed linear space. The following are equivalent: (a) X is a Banach space;

(b) ∂f is maximal monotone for each lsc proper convex f;

(c) ∂f is maximal monotone whenever R(∂f) ≠ ∅ and f is a proper lsc convex function; (d) dom(∂f) is dense in dom(f) for each proper lsc convex f; (e) R(∂f) ≠ ∅ for each proper lsc convex f.

Proof. Rockafellar’s theorem ([14, Theorem 3.25]) shows (a) implies (b) while the Bronsted-Rockafellar theorem ([14, Theorem 3.18]) shows (a) implies (d). Both (b) implies (c), and (d) implies (e) are trivial.

70 J. Borwein, S. Fitzpatrick, J. Vanderwerff / Examples of convex functions

(c) ⇒ (a): Let X be an incomplete normed space. Then X has a separable incomplete subspace Z that is closed as a subset of X. By a recent result of Fonf ([7]) there is a closed bounded convex nonempty subset C of Z with no support points. Define g to be the indicator function of C, so g is 0 on C and ∞ elsewhere. Then g is lsc, because C is a closed subset of X. Now ∂g is not maximal monotone. Indeed, ∂g(x) = Z^⊥ for x ∈ C and ∂g(x) = ∅ elsewhere. There is a proper maximal monotone extension of ∂g by taking T z = Z^⊥ for all z ∈ Z.

(e) ⇒ (a): Let Z and C be as above and let y ∈ Z \{0}. Define h(x) := inf{t : x+ty ∈ C} for x ∈ X. As usual we take inf ∅ = ∞. Then h is a lsc, proper and convex function, and the inf is attained when it is finite. Suppose x^∗ ∈ ∂h(x). Then for z ∈ C we have h(z) ≤ 0 and h(z − h(x)y) ≤ h(x). Now ⟨x^∗, z − h(x)y − x⟩ ≤ h(z − h(x)y) − h(x) ≤ 0 and x + h(x)y ∈ C so x^∗ supports C at x + h(x)y. Thus x^∗ ∈ Z^⊥.

On the other hand h(x + y) = h(x) − 1 so ⟨x^∗, y⟩ ≤ h(x + y) − h(x) = −1 and since y ∈ Z we obtain the contradiction x^∗ /∈ Z^⊥. Therefore ∂h(x) = ∅ for all x.

4. Functions whose subdifferentials have small domain

We just saw that Fonf’s result implies there is a proper lsc convex function f on each incomplete space with dom(∂f) = ∅. In general, dom(∂f) is not convex on spaces of dimension 2 or larger: indeed, one can consider f(x, y) = max{|x|, 1 − √ y} on IR^2. Our next examples show that although dom(∂f) is dense in dom(f) in Banach spaces, in other ways dom(∂f) can be quite small. These examples were motivated by an example of Phelps ([13, Example 3]) and they build on the techniques therein. In what follows, we will say X has a separable quotient, if it has a separable infinite dimensional quotient.

Example 4.1. Let X be a Banach space with a separable quotient. Then there exist proper lsc convex functions f and g such that: (a) dom(f) = dom(g) and dom(f) is dense in X; (b) ∂f and ∂g are at most single-valued; (c) dom(∂f) ∩ dom(∂g) = ∅. Proof. Let Z be a subspace of X such that X/Z is separable and infinite dimensional. According to [10, Proposition 1.f.3], X/Z admits a Markushevich basis, thus we can find a biorthogonal collection {x_n, x^∗_n}^∞_{n=1} such that x^∗_n ∈ Z^⊥, ‖x_n‖ = 1 for all n and span({x_n}^∞_{n=1} ∪ Z) is norm dense in X. Now define f and g as follows:

f(x) := ∞∑ n=1 (n⟨x^∗_n, x⟩)^2 and g(x) := f(x − y) where y = ∞∑ n=1 n^{− 74} x_n.

Let us begin by verifying (a). First, span({x_n}^∞_{n=1} ∪ Z) ⊂ dom(f) and so dom(f) is dense

J. Borwein, S. Fitzpatrick, J. Vanderwerff / Examples of convex functions 71 in X. If x ∈ dom(f), then f(x ± y) = ∞∑ n=1 n^2(⟨x^∗_n, x⟩ ± n^{− 74} )^2 ≤ ∞∑ n=1 n^2(2⟨x^∗_n, x⟩^2 + 2n^{− 72} ) < ∞. (4.1)

It follows from (4.1) that x − y ∈ dom(f) if and only if x ∈ dom(f); consequently dom(f) = dom(g). For (b) it suffices to check ∂f is at most single-valued. Suppose Λ_1, Λ_2 ∈ ∂f(u) for some u ∈ X. Now for z ∈ Z and x_n fixed,

f(u + t(x_n + z)) = f(u) + n^2(2t⟨x^∗_n, u⟩ + t^2).

This is a differentiable function in t and hence Λ_1, Λ_2 agree on t(x_n + z). Because span({x_n}^∞_{n=1} ∪ Z) is norm dense in X, this means Λ_1 = Λ_2. To prove (c) we first observe that x ∉ dom(∂f) if there is a C > 0 such that

|⟨x^∗_n, x⟩| > Cn^{− 74} for infinitely many n. (4.2)

Indeed, suppose x ∈ dom(f) satisfies (4.2). Let m be such that |⟨x^∗_m, x⟩| > Cm^{− 7}4 , and let h_m = ⟨x^∗_m, x⟩x_m. Then ‖h_m‖ = |⟨x^∗_m, x⟩| and ⟨x^∗_m, x − h_m⟩ = 0 and thus f(x − h_m) − f(x) ‖h_m‖ = ∑ n≠m(n⟨x ∗ n, x⟩)^2 − ∑_∞ n=1(n⟨x^∗_n, x⟩)^2 ‖h_m‖ = −m^2⟨x^∗_m, x⟩^2 ‖h_m‖ ≤ −Cm^{14} . Hence x ∉ dom(∂f) provided (4.2) holds. Finally if x ∈ dom(∂f), then (4.2) fails to hold, and it is easy to see x − y satisfies (4.2) and so x ∉ dom(∂g).

We recall that x ∈ K is said to be a proper support point of the closed convex set K if there exists Λ ∈ X^∗ such that ⟨Λ, x⟩ = inf_K Λ < sup_K Λ. The next example contrasts the distinction between nonsupport points and interior.

Example 4.2. If X is a Banach space having a separable quotient, then there is a lsc convex function f on X whose domain K is densely spanning and dom(∂f) is contained in the proper support points of K.

Proof. Choose {x_n, x^∗_n}^∞_{n=1} and Z as in Example 4.1. Let K = ∩^∞_{n=1}{x : 0 ≤ ⟨x^∗_n, x⟩ ≤ 4^{−n}}. Then K is densely spanning and we let δ_K be the indicator function of K. Now we define f by f(x) := δ_K(x) + ∞∑ n=1 2^n⟨x^∗_n, x⟩. We claim ⟨x^∗_n, x̄⟩ = 0 eventually provided x̄ ∈ dom(∂f). Indeed, if ⟨x^∗_{n0}, x̄⟩ = ϵ_n0 for some subsequence, then f(x̄ − ϵ_n0x_n0) − f(x̄) ≤ −2^{n0}ϵ_n0; hence in this case ∂f(x̄) = ∅.

72 J. Borwein, S. Fitzpatrick, J. Vanderwerff / Examples of convex functions

Now, if x̄ ∈ K satisfies ⟨x^∗_{n0}, x̄⟩ = 0, then x̄ is a proper support point of K because k̄ = x̄ + 4−n0 x_{n0} ∈ K and ⟨x∗_{n0}, k̄⟩ > 0. Remark. (a) We do not know if functions as in the above examples can be constructed in every infinite dimensional Banach space. However, if the assumption of densely spanning domains is dropped, then of course one can construct such examples on every infinite dimensional separable subspace of a Banach space. Moreover, it is still unknown whether every Banach space has a separable quotient. Classes of spaces that are known to have separable quotients are weakly compactly generated spaces, and more generally spaces with Markushevich bases. The space ℓ_∞ is an example of a space with a separable quotient but no Markushevich basis (see [8, 10]).

(b) If a space admits an uncountable biorthogonal system, then it has a closed convex set consisting only of proper support points ([9]) and it is still unknown whether such a set can be constructed in each nonseparable Banach space. However, no such set exists in a separable space and so Example 4.2 is not redundant. Moreover, it is not clear how to construct densely spanning support sets in nonseparable spaces when densely spanning biorthogonal systems do not exist.

The previous two examples provide us with the following characterization of finite dimensional Banach spaces. Let us recall that the relative interior of a convex set is its interior relative to its affine hull; see [15, Section 6].

Theorem 4.3. For a Banach space X, the following are equivalent. (a) X is finite dimensional.

(b) dom(∂f) ∩ dom(∂g) ≠ ∅ whenever f, g are proper lsc and dom(f) = dom(g). (c) For every lsc convex function f with compact domain K, dom(∂f) is not contained in the proper support points of K.

Proof. (a) ⇒ (b): This is well-known because convex sets have nonempty relative interior in IR^n and the relative interior of the domain of a convex function is contained in the domain of its subdifferential; see [15, Theorems 6.2 and 23.4].

(a) ⇒ (c): This is also well-known because points in the relative interior of dom(f) are not proper support points of dom(f).

(b) ⇒ (a): If X is infinite dimensional, then it contains a separable subspace E so we may apply Example 4.1 on E.

(c) ⇒ (a): If X is infinite dimensional, then we consider a separable subspace E with a Schauder basis {x_n, x^∗_n}^∞_{n=1} (see [6, p. 39]). Using this basis in place of the biorthogonal system in the proof of Example 4.2, we see that the domain K of the function f constructed there is compact.

Acknowledgment. We owe thanks to S. Simons and several referees for their careful and incisive

reading of an earlier version of this paper.

References

J. Borwein, S. Fitzpatrick, J. Vanderwerff / Examples of convex functions 73

[1] J. Borwein, M. Fabian: On convex functions having points of Gateaux differentiability which are not points of Fréchet differentiability, Canad. J. Math. 45 (1993), 1121–1134.

[2] J. Borwein, M. Fabian, J. Vanderwerff: Locally Lipschitz functions and bornological derivatives, CECM Information document 93–012, Simon Fraser University.

[3] R.D. Bourgin: Geometric Aspects of Convex Sets with the Radon-Nikodým Property, Lecture Notes in Mathematics 993, Springer-Verlag, 1983.

[4] B. Calvert, S. Fitzpatrick: In a nonreflexive space the subdifferential is not onto, Math Z.

189 (1985), 555–560.

[5] R. Deville, G. Godefroy, V. Zizler: Smoothness and Renormings in Banach Spaces, Pitman Monographs and Surveys in Pure and Applied Mathematics 64, 1993.

[6] J. Diestel: Sequences and Series in Banach spaces, Graduate Texts in Mathematics 92, Springer–Verlag, Berlin–New York–Tokyo, 1984.

[7] V.P. Fonf: On supportless convex sets in incomplete normed spaces, Proc. Amer. Math.

Soc. (in press).

[8] W.B. Johnson: No infinite dimensional P space admits a Markuschevich basis, Proc. Amer.

Math. Soc. 26 (1970), 467–468.

[9] A.J. Lazar: Points of support for closed convex sets, Illinois J. Math. 25 (1981), 302–305. [10] J. Lindenstrauss, L. Tzafriri: Classical Banach Spaces I, Springer–Verlag, 1977. [11] W.B. Moors: The relationship between Goldstine’s theorem and the convex point of continuity property, preprint.

[12] P. Ørno: On J. Borwein’s concept of sequentially reflexive Banach spaces, unpublished manuscript, 1992.

[13] R.R. Phelps: Counterexamples concerning support theorems for convex sets in Hilbert space, Canad. Math. Bull. 31 (1988), 121–128.

[14] R.R. Phelps: Convex Functions, Monotone Operators and Differentiability, Lecture Notes in Mathematics 1364, Springer–Verlag, 1989.

[15] R.T. Rockafellar: Convex Analysis, Princeton University Press, Princeton, 1970. [16] E. Zeidler: Nonlinear Functional Analysis and its Applications, Vol. II/A Linear Monotone Operators, Vol. II/B Nonlinear Monotone Operators, Springer–Verlag, 1985.