Journal of Applied Analysis Vol. 2, No. 2 (1996), pp. 203–215

GENERALIZED DOMAINS OF SEMISTABLE ATTRACTION OF NONNORMAL LAWS

M.M. MEERSCHAERT AND H.-P. SCHEFFLER^{1,2}

Abstract. Operator semistable laws are the natural multivariable analogue of semistable laws in one variable. Operator semistable laws occur as the limit of normalized and centered sums of i.i.d. random vectors when we consider only the sums which terminate at some k_n, with the ratio of successive k_n tending to some constant c ≥ 1. The generalized domain of semistable attraction of an operator semistable law consists of all such underlying distributions, when we allow normalizing by linear operators. In this paper we give concise necessary and sufficient conditions for a probability distribution to belong to the generalized domain of semistable attraction of any operator semistable law having no normal component. These results, together with the case of a normal limit, constitute a more general framework in which an i.i.d. sum of random vectors can be usefully approximated by a limit distribution. We anticipate a number of applications to multivariate analysis for random vectors whose covariance matrix is undefined because of heavy tails.

1991 Mathematics Subject Classification. Primary 60F05, secondary 26B35. Key words and phrases. Operator semistable laws, generalized domains of attraction, regular variation.

1 on leave from Fachbereich Mathematik, Universität Dortmund, 44221 Dortmund, Germany.

2 This research was supported by a research scholarship from the Deutsche Forschungsgemeinschaft (DFG).

203

1. Introduction. Suppose that X, X_1, X_2, X_3, . . . are independent random vectors on IR^d with common distribution μ. Suppose that Y is a random vector on IR^d whose distribution ν is full, i.e. it cannot be supported on any d − 1 dimensional hyperplane. If there exist linear operators A_n and nonrandom vectors b_n such that

A_n(X_1 + · · · + X_{kn} ) − b_n ⇒ Y (1.1)

for some sequence of natural numbers k_n → ∞ with k_{n+1}/k_n → c ≥ 1 , then we say that μ belongs to the generalized domain of semistable attraction of ν. The class of all possible limiting distributions is called the operator semistable laws. Operator semistable laws are the natural multivariable analogue of the semistable laws in one dimension, see [7] and [11]. They may also be considered a generalization of the operator stable laws. Operator stable laws form the class of all possible limiting distributions in (1.1) in the special case where k_n = n, see [23].

Generalized domains of semistable attraction are important because they represent a more general context in which the sum X_1 + · · · + X_n of i.i.d. random vectors can be usefully approximated by a limit distribution. This allows statistical inference on the distribution of the sum. If E‖X‖^2 exists then the limit is normal, and the central limit theorem applies (see Section 4 below). In the remaining case, the tails of X are too heavy to allow for the existence of a finite covariance matrix. Heavy tail distributions are important in a number of real applications. See [8] for an excellent survey of this area including applications to physics, chemistry, and economics. Convergence criteria for generalized domains of attraction are known, but their application requires the assumption of regularly varying tails. This does not allow for the tail oscillations seen in many real problems, such as seasonal time series models. The approach of this paper allows such oscillations. We believe that generalized domain of semistable attraction will prove useful in many real applications, since it allows a more robust set of statistical assumptions to be employed.

Full operator semistable laws were characterized in [7]. If c = 1 then the limiting distribution ν in (1.1) is operator stable. If c > 1 then ν is still infinitely divisible, and satisfies

ν^c = Bν ∗ δ(a) (1.2)

for some invertible linear operator B on IR^d and some b ∈ IR^d. Here ν^c is the c-fold convolution product of ν, Bν{dx} = ν{B^{−1} dx}, and δ(x) is the unit mass at x ∈ IR^d. We say that ν is (B, c) operator semistable. In this paper we restrict our attention to the case where ν has no normal component. In that case, the complex absolute value of every eigenvalue of

B must exceed √ c. See the Theorem in [7] and [12] for more details about operator semistable laws.

Let GL(IR^d) denote the collection of all invertible linear operators on IR^d. If (1.1) holds with all of the norming operators A_n contained in some subcollection D of GL(IR^d), we say that μ belongs to the D-normed domain of semistable attraction of ν. D-normed domains of semistable attraction where D consists of scalar multiples of the identity, and the case where D consists of all linear operators whose matrix with respect to the standard basis for IR^d is diagonal with all positive entries, were characterized in [20]. The paper [9] also characterized the domain of normal attraction of a nonnormal (B, c) operator semistable law, in which we assume that k_n = [c^n] and A_n = B^{−n}. If (1.1) holds with k_n = n, we say that μ belongs to the generalized domain of attraction of the operator stable limit law ν. A modern reference on operator stable laws is [10]. Necessary and sufficient conditions for a probability measure μ to belong to the generalized domain of attraction of some full operator stable law ν can be obtained from the criteria of [19] for convergence of a triangular array of random vectors. The papers [5] and [13] give alternative necessary and sufficient conditions. In this paper, we will adapt the methods of [13] to extend the results of [20] to the general case D = GL(IR^d).

2. Preliminaries. The basic tools we will use to study generalized domains of semistable attraction are the Lévy representation for infinitely divisible laws, and the standard convergence criteria for triangular arrays of random vectors. See [1] and [19]. If ν is an infinitely divisible probability measure on IR^d, we can write the characteristic function of ν in the form exp(f(t)) where

f(t) = i⟨a, t⟩ − 1 2 Q(t) + ∫ x≠0

e^{i⟨t,x⟩} − 1 − i⟨t, x⟩ 1 + ‖x‖^2 ϕ{dx} (2.1)

where a ∈ IR^d, Q(t) is a nonnegative definite quadratic form on IR^d, and ϕ is a Lévy measure on Γ = IR^d \ {0}. In other words, ϕ is a σ-finite Borel measure on Γ such that∫

x≠0

min{1, ‖x‖^2} ϕ{dx} < ∞. (2.2)

The triple [a, Q, ϕ] is called the Lévy representation of ν. Suppose that for some sequence k_n → ∞ we have for each n that Z_{n1}, . . . , Z_{nkn} are independent and identically distributed with distribution μ_n. Then there exist b_n ∈ IR^d such that Z_{n1} + · · · + Z_{nkn} − b_n ⇒ Y if and only if

k_nμ_n → ϕ (2.3a) and lim_{ε→0} lim sup n→∞ k_n (∫ 0<‖x‖<ε

⟨t, x⟩^2 μ_n{dx} − ( ∫ 0<‖x‖<ε

⟨t, x⟩μ_n{dx})^2 ) (2.3b)

= lim_{ε→0} lim inf_{n→∞} k_n (∫ 0<‖x‖<ε

⟨t, x⟩^2 μ_n{dx} − ( ∫ 0<‖x‖<ε

⟨t, x⟩ μ_n{dx})^2 )

=Q(t)

for some nonnegative definite quadratic form Q(t) and some Lévy measure ϕ on Γ = IR^d \ {0}. In this case, the distribution of the limit Y is infinitely divisible with Lévy representation [a, Q, ϕ], where a ∈ IR^d depends on the choice of centering constant b_n. The convergence (2.3a) is vague convergence in the space of σ–finite Borel measures on Γ. In this topology we have ν_n → ν if ν_n(A) → ν(A) for all Borel sets A ⊂ Γ bounded away from the origin whose topological boundary has ν–measure zero. The centering constants b_n may be chosen according to the formula

b_n = k_n ∫ 0<‖x‖<r

x μ_n{dx} (2.4)

where r > 0 is chosen so that the domain of integration in (2.4) is a ϕ– continuity set.

In order to simplify the proofs in the next section, we will use regular variation. Regular variation is a powerful analytic tool which has found numerous applications in probability theory, see [3]. Regular variation in IR^d was introduced in [14]. The papers [15], [16] contain two applications of the theory to generalized domains of attraction and operator stable laws in IR^d. In the present context we require a generalization of regular variation called R–O variation. For a modern reference see [22]. In the case of monotone functions, R–O variation is sometimes called monotone variation. A Borel measurable function R(r) is R–O varying if it is real–valued and positive for r ≥ A and if there exist positive constants t_0 > 1, m < 1, M > 1 such that m ≤ R(tr)/R(r) ≤ M whenever 1 ≤ t ≤ t_0 and r ≥ A. We will say that the function R(r, x) is uniformly R–O varying if it is an R–O varying function of r for each x, and the constants A, t_0, m, M can be chosen independent of x. A necessary and sufficient condition for uniform R–O variation is that mt^h ≤ R(tr, x)/R(r, x) ≤ Mt^H whenever t ≥ 1 and r ≥ A. Here we have let h = log m/ log t_0 and H = log M/ log t_0.

Suppose that μ is a probability measure on IR^d, and define the truncated moments U_b, V_a as in [4], i.e. for a, b ≥ 0 let

V_a(r, x) =

∫_∞ r t^a R(dt, x)

U_b(r, x) =

∫_r 0 t^b R(dt, x) (2.5)

where R(r, x) = μ{y : |⟨x, y⟩| ≤ r}.

Theorem 2.1. Suppose that for a probability measure μ there exist a sequence k_n of natural numbers tending to infinity with k_{n+1}/k_n → c > 1 and linear operators A_n such that k_nA_nμ −→ ϕ (2.6) for some σ-finite Borel measure ϕ on Γ = IR^d\{0} which cannot be supported on any d − 1 dimensional subspace of IR^d, and which satisfies cϕ = Bϕ with |β| > √ c for all eigenvalues β of B. Define λ = min{|β|}, Λ = max{|β|}, where β ranges over the eigenvalues of B. Then for any compact set K ⊂ Γ and any ε > 0:

(i) If b > log c/ log Λ then for some A > 0 and M > 0, we have U_b(tr, x) U_b(r, x)

≤ Mt^{b+ε−log c/ log Λ} (2.7)

for all t ≥ 1, r ≥ A, and x ∈ K;

(ii) For some A > 0 and m > 0, we have V_0(tr, x) V_0(r, x)

≥ mt^{−ε−log c/ log λ} (2.8)

for all t ≥ 1, r ≥ A, and x ∈ K.

The proof of both parts is similar, and so we will only prove part (ii). In order to make the proof easier to read, we begin with a few simple lemmas. In each of these, we assume the hypotheses of the theorem. Since the absolute value of any eigenvalue of B must exceed √ c > 1, we must have λ > 1. Recall that if β is an eigenvalue of B, then β is also an eigenvalue of B^∗, and β^{−1} is an eigenvalue of B^{−1}.

Lemma 2.1. Given α ∈ (1, λ) and a relatively compact set S ⊂ Γ, there exists a positive integer k_0 such that ‖(B^∗)^{−k}x‖ < α^{−k} (2.9) for all k ≥ k_0 and all x ∈ S.

Proof. If β_1, . . . , β_p is the spectrum of B, then the spectrum of the linear operator α(B^∗)^{−1} is αβ^{−1}_1 , . . . , αβ^{−1}_p , and so the absolute value of any of these eigenvalues is no larger than α/λ < 1. Thus α^k‖(B^∗)^{−k}x‖ → 0 uniformly on compact sets, which proves the lemma.

The next lemma gives bounds on the tails of ϕ. Define g(x) = ϕ{y : |⟨x, y⟩| > 1} (2.10) for all x ∈ Γ. Since cϕ = Bϕ, we have cg(x) = g(B^∗x) for all x ∈ Γ. Since ϕ cannot be supported on any proper subspace of IR^d, we must also have g(x) > 0 for all x ∈ Γ, and in fact g(x) is bounded away from both zero and infinity on any compact subset of Γ.

Lemma 2.2. Given α ∈ (1, λ) and a relatively compact set S ⊂ Γ, there exists t_0 > 1 and δ_0 > 0 such that g(y/t) g(y)

≥ δ_0t^{− log c/ log α}

0 (2.11)

whenever 1 ≤ t ≤ t_0 and y ∈ S.

Proof. It suffices to prove the lemma for sets of the form S = {y ∈ IR^d : a ≤ ‖y‖ ≤ b}, where 0 < a < b such that Γ = ⋃ B^kS where k ranges over the integers. Now apply Lemma 2.1 and set t_0 = α^{k0} a. Given y ∈ S and t ∈ [1, t_0], we can write y/t = (B^∗)^{−k}y^′ for some k and some y^′ ∈ S. Since ‖(B^∗)^{−k}y^′‖ = ‖y/t‖ ≥ a/t_0 = α^{−k0} we see from Lemma 2.1 that k ≤ k_0. Then g(y/t) g(y) = g((B^∗)^{−k}y^′) g(y) = c^{−k}g(y^′) g(y) is bounded below by c^{−k0} · L, where L is a lower bound of g(y^′)/g(y) for y, y^′ ∈ S. Now compute that c^{−k0} = (t_0/a)^{− log c/ log α}. This proves the lemma, since now (2.11) holds with δ_0 = La^{log c/ log α}.

Define F (x) = μ{y : |⟨x, y⟩| > 1} (2.12) for all x ∈ Γ. The next lemma gives bounds on the growth rate of the tail function F .

Lemma 2.3. Given α ∈ (1, λ) and a relatively compact set D ⊂ Γ, there exists t_1 > 1, δ_1 > 0, and n_0 > 1 such that F (A^∗_nx/t) F (A^∗_nx)

≥ δ_1t^{− log c/ log α}

1 (2.13)

whenever n ≥ n_0, 1 ≤ t ≤ t_1 and x ∈ D.

Proof. It suffices to prove the lemma for sets of the form D = {y ∈ IR^d : b ≤ ‖y‖ ≤ d}. Apply Lemma 2.2 with S = {y : b/2 ≤ ‖y‖ ≤ 2d}, and then let t_1 = t_0/2. It follows easily from (2.6) that k_nF (A^∗_nx_n) → g(x) whenever x_n → x, provided that H(x) = {y : |⟨x, y⟩| > 1} is a ϕ–continuity set. Let K = {y : b/t_1 √ 2 ≤ ‖y‖ ≤ √ 2d} and note that F (A^∗_nx)/F (A^∗_nx^′) → g(x)/g(x^′) uniformly over all x, x^′ ∈ K such that both H(x) and H(x^′) are ϕ–continuity sets. Given any x ∈ D and t ∈ [1, t_1], we may always choose 1 < s < √ 2 such that both H(x/st) and H(sx) are ϕ–continuity sets. Now observe that F (A^∗_nx/t) F (A^∗_nx) ≥ F (A^∗_nx/st) F (A^∗_nsx) → g(x/st) g(sx) uniformly in x ∈ D and 1 < s < √ 2 such that both H(x/st) and H(sx) are ϕ–continuity sets. Choose ε > 0 small and let n_0 be sufficienctly large to make |F (A^∗_nx)/F (A^∗_nx^′) − g(x)/g(x^′)| < ε for all n ≥ n_0 and all x, x^′ ∈ K such that both H(x) and H(x^′) are ϕ–continuity sets. Since sx ∈ S and 1 ≤ s^2t ≤ t_0, we can apply the lower bound of Lemma 2.2 along with the uniform convergence to see that the expression on the left hand side of (2.13) is bounded below by δ_0t^{− log c/ log α}

0 − ε. This proves the lemma, since now (2.13) holds with δ_1 arbitrarily close to 2^{− log c/ log α}δ_0, depending on ε.

Lemma 2.4. The sequence {(A^∗_{n+1})^{−1}A^∗_n} is relatively compact.

Proof. Suppose S is a ϕ–continuity set with positive ϕ measure of the form S = {a ≤ y ≤ b} for 0 < a < b. Let α_n = k_nA_nμ(S), α = ϕ(S) and let ν_n, ν denote the restriction of the measures α^{−1}_n k_nA_nμ, α^{−1}ϕ to the set S. Then ν_n ⇒ ν as probability measures and it is easy to see that ν is full. Define T_n = cA_{n+1}A^{−1}_n and observe that T_nν_n ⇒ ν. Then the convergence of types theorem of [2] implies that {T_n} is relatively compact. Now take the inverse transpose of T_n and multiply by c.

Proof of Theorem 2.1. Given x ∈ K, we define n(r, x) = sup{n : ||(A^∗_n)^{−1}x|| ≤ r}. In order that (2.6) holds where ϕ cannot be supported an any proper subspace of IR^d, we must have that μ is full, and A_nμ → δ(0). Then ‖A_n‖ → 0, and so ‖A^∗_n‖ → 0 as well. It follows that ‖(A^∗_n)^{−1}x‖ → ∞ uniformly on compact subsets of Γ, and so n = n(r, x) is well–defined, and tends to infinity uniformly in x ∈ K. Define y_n = (A^∗_n)^{−1}(x/r). Then for some positive reals a and b we have by virtue of Lemma 2.4 that a‖y‖ ≤ ‖A^∗_{n+1}(A^∗_n)^{−1}y‖ ≤ b‖y‖ for all y ∈ IR^d. Then ‖y_n‖ ≤ 1 while ‖(A^∗_{n+1})^{−1}A^∗_ny_n‖ > 1, so that y_n ∈ D = {y : 1/b ≤ ‖y‖ ≤ 1} for all n. In particular, the sequence {y_n} is relatively compact. Note also that V_0(r, x) = F (x/r), so that by Lemma 2.3 we have V_0(tr, x) V_0(r, x) = F (A^∗_ny_n/t) F (A^∗_ny_n)

≥ δ_1t^{− log c/ log α}

1 (2.14)

whenever 1 ≤ t ≤ t_1, x ∈ K, and r ≥ r_0, where r_0 is sufficiently large to make n(r, x) ≥ n_0 for all x ∈ K. Since V_0 is monotone, we have now shown that V_0 is R–O varying, uniformly on x ∈ K. Then (2.8) follows by a standard argument, see for example [22, Theorem A.2]. This concludes the proof of part (ii). The proof of part (i) is similar, using results analogous to those of Lemmas 2.1 through 2.4.

3. Results. In this section we will characterize the generalized domain of semistable attraction of an arbitrary nonnormal (B, c) operator semistable law. As usual nonnormal means a law without a Gaussian component, i.e. with Lévy representation [a, 0, ϕ]. We will use the basic theory of infinitely divisible laws and triangular arrays, along with the regular variation theory developed in the previous section. The following theorem generalizes the results of [9], [13], and [20].

Theorem 3.1. A probability measure μ on IR^d belongs to the generalized domain of semistable attraction of a full nonnormal (B, c) operator semistable law ν on IR^d if and only if there exist linear operators A_n and natural numbers k_n → ∞ with k_{n+1}/k_n → c > 1 such that

k_nA_nμ → ϕ (3.1)

for some σ–finite Borel measure ϕ on IR^d \ {0} which cannot be supported on any d − 1 dimensional subspace of IR^d, and which satisfies

cϕ = Bϕ (3.2)

with |β| > √ c for all eigenvalues β of B.

Proof. Suppose that μ belongs to the generalized domain of semistable attraction of ν full, and apply the standard convergence criteria to the triangular array Z_{ni} = A_nX_i. The convergence (3.1) follows immediately from (2.3a), and (3.2) can be obtained by substituting (1.2) into the Lévy representation (2.1). Since ν is full and Q(t) = 0 for all t ∈ IR^d, it follows easily that the Lévy measure ϕ cannot be supported on any proper subspace of IR^d, and we know from [7] that |β| > √ c for all eigenvalues β of B. This proves the direct half of the theorem. As to the converse, the condition (3.1) is again equivalent to the first condition (2.3a) for convergence of the triangular array. It remains to show that (2.3b) holds with Q(t) = 0 for all t ∈ IR^d.

The Schwartz inequality implies that both expressions under the limit in (2.3b) are nonnegative, and so the first (lim sup) convergence implies the second. For this it is sufficient to establish the convergence with the squared integral term deleted. Note that it is sufficient to show this for ‖t‖ = 1. Finally, there is no harm in enlarging the domain of integration. All together, we see that it will suffice to show that for any unit vector t ∈ IR^d we have

lim_{ε→0} lim sup n→∞ k_n ∫ 0<|⟨t,x⟩|≤ε

|⟨t, x⟩|^2 A_nμ{dx} = 0. (3.3)

Write A^∗_nt = r_nθ_n where ‖θ_n‖ = 1 and r_n > 0. Then after a change of variable the expression under the limit in (3.3) becomes k_nr^2_nU_2(ε/r_n, θ_n). Apply Theorem 2.1 (ii) to see that V_0(r, θ) is uniformly R–O varying on the unit sphere {‖θ‖ = 1}, and recall that λ > √ c, so that we can write −ε − log c/ log λ = δ − 2 for some δ > 0. Now apply a result of [4, p. 289] to see that for V_0(r, θ) uniformly R–O varying we must have r^2V_0(r, θ)/U_2(r, θ) bounded away from zero independent of θ and r sufficiently large. (The result of [4, p. 289] is only for R–O variation, but the lower bound can be explicitly computed, and depends only on the constants A, a, m, M in the definition of R–O variation, and so the same proof shows that the result holds for uniform R–O variation as well.) Then we have k_nr^2_nU_2(ε/r_n, θ_n) ≤ c_1k_nε^2V_0(ε/r_n, θ_n) for some c_1 > 0. Now use (2.8) to see that this is bounded above by c_2ε^δk_nV_0(r^{−1}_n , θ_n) = c_2ε^δk_nμ(A^{−1}_n H(t)) for all large n, where H(t) = {x : |⟨t, x⟩| > 1}. Use the portmanteau theorem for finite measures to bound this quantity above by c_2ε^δϕ(H̄(t)), where H̄(t) denotes the closure. This quantity tends to zero as ε → 0, which concludes the proof.

One advantadge of the regular variation methods used in the proof of Theorem 3.1 is that centering results can be obtained with little additional effort. The following corollary extends the results of [4, p. 289] in IR^1 and [15] in IR^d, who only considered the (generalized) domain of attraction. For domains of semistable attraction, the following result is new even in IR^1.

Corollary 3.1. Suppose X is a random vector whose distribution μ belongs to the generalized domain of semistable attraction of a nonnormal (B, c) semistable law. Then the centering constants b_n in (1.1) may be taken as:

(a) b_n = k_nE(A_nX_1) if Λ < c, so we center to zero expectation; and (b) b_n = 0 if λ > c.

Proof. If Λ < c, then EX_1 exists by virtue of [21, Theorem 4.1]. From (2.4) we obtain b_n = k_n ∫ ‖x‖<R

x A_nμ{dx} (3.4)

for any R > 0 such that the domain of integration is a ϕ-continuity set. Part (a) states that in (1.1) we can take b_n = k_nE(A_nX_1). Hence we want to show that d_n = k_n ∫ ‖x‖>R

x A_nμ{dx}

can be made arbitrary close to zero for all large n by taking R > 0 sufficiently large. For any ‖t‖ = 1 and r_n, θ_n as in the proof of Theorem 3.1 we have

|⟨d_n, t⟩| ≤ k_nr_nV_1(R/r_n, θ_n) + k_n ∫ A(R,t)

|⟨x, t⟩| A_nμ{dx} (3.5)

where A(R, t) = {x : ‖x‖ > R, |⟨x, t⟩| ≤ R}. The second integral on the right is bounded above by Rk_nA_nμ(A(R, t)) which is again bounded by KRϕ(A(R, t)) for all n. Arguing as in the proof of Lemma 2.2 we see that for any δ > 0 there exists a R_0 > 0 such that ϕ(A(R, t)) ≤ ϕ{x : ‖x‖ > R} ≤ KR^{− log c/ log Λ+δ} for all R ≥ R_0. Since Λ < c we get for a suitable choice of δ > 0 that the second integral in (3.5) can be made arbitrary small by taking R > 0 sufficiently large. Now in order to bound the first term in (3.5) we apply Theorem 2.1 to see that U_2(r, θ) is uniformly R–O varying, and recall that Λ < c, so that we can write 2+ε−log c/ log Λ = 1−δ for some δ > 0. An application of the result of [4, p. 289] yields k_nr_nV_1(R/r_n, θ_n) ≤ Kr^2_nR^{−1}U_2(R/r_n, θ_n). Now use (2.7) to see that this is bounded above by K_1k_nr^2_nR^{−δ}U_2(r^{−1}_n , θ_n). Using uniform R–O variation and the result of [4, p. 289] again this is bounded by K_2R^{−δ}k_nV_0(r^{−1}_n , θ_n) = K_2R^{−δ}k_nA_nμ(H(t)). Using (3.1) we see as in the proof of Theorem 3.1 that this can be made arbitrary small by taking R large enough.

The proof of part (b) is similar: Apply Theorem 2.1 to see that V_0(r, θ) is uniform R–O varying. Since λ > c we can write −ε − log c/ log λ = −1 + δ for some δ > 0. Using the result of [4, p. 289] we get

|⟨b_n, t⟩| ≤ k_nr_nU_1(R/r_n, θ_n) ≤ KRk_nV_0(R/r_n, θ_n) ≤ K_1R^δk_nA_nμ(H(t))

and the result follows as in the proof of Theorem 3.1 by taking R > 0 small enough. This concludes the proof.

4. Remarks. Inherent in Theorem 3.1 is information about the tails of a probability measure μ which belongs to the generalized domain of semistable attraction of a nonnormal limit. The estimates of Theorem 2.1 show that the tails of such a distribution must tend to zero no faster than t^{− log c/ log λ} and no slower than t^{− log c/ log Λ}. In order to characterize the growth rate of R–O varying functions, it is common to employ the Matuszewska index, see for example [3]. In view of Theorem 2.1 it is reasonable to believe that V_0 is R–O varying with lower index − log c/ log λ and that U_2 is R–O varying with upper index 2 − log c/ log Λ, but we have not been able to prove this. Related to the tail behavior is the existence and nonexistence of moments. The paper [21] contains moment results for generalized domains of semistable attraction.

It is also of some interest to describe the generalized domain of semistable attraction in the case of a normal limit, or a limit with both a normal and a nonnormal component. In [17] we consider this problem. From [18], theorem 6 we get that the generalized domain of semistable attraction of an operator stable law (for example, a normal law) is exactly the same as the generalized domain of attraction. In other words, in this case there is no loss of generality in assuming that k_n = n in (1.1). Using this fact, we also show that the generalized domain of semistable attraction of a mixed limit, with both a normal and a nonnormal component, can be described in terms of the generalized domain of semistable attraction of each component.

Theorem 3.1 extends the result of [13] for nonnormal operator stable laws. It may also be possible to extend the results of [5] to obtain a different characterization of the generalized domains of semistable attraction.

References

[1] Araujo, A. and Giné, E. (1980), The Central Limit Theorem for Real and Banach Valued Random Variables, Wiley, New York.

[2] Billingsley, P. (1966), Convergence of types in k-space, Z. Wahrsch. verw. Geb. 5, 175–179.

[3] Bingham, N., Goldie, C. and Teugels, J. (1987), Regular Variation, Encyclopedia of Mathematics and its Applications 27, Cambridge University Press.

[4] Feller, W. (1971), An Introduction to Probability Theory and Its Applications, Vol II, 2nd Ed., Wiley, New York.

[5] Hahn, M. and Klass, M. (1985), Affine normability of partial sums of i.i.d. random vectors: A characterization, Z. Wahrsch. verw. Geb. 69, 479–505.

[6] Hudson, W., J. Veeh and Weiner D. (1988), Moments of distributions attracted to operator stable laws, J. Multivariate Anal. 24, 1–10.

[7] Jajte, R. (1977), Semistable probability measures on IR^N , Studia Math. 61, 29–39. [8] Janicki, A. and Weron, A. (1994), Can one see α–stable variables and processes?, Statist. Sci., 9, 109–126.

[9] Jurek, Z.J. (1980), Domains of normal attraction of operator–stable measures on Euclidean spaces, Bull. Acad. Pol. Math. 28, 397–409.

[10] Jurek, Z.J. and Mason, J.D. (1993), Operator–limit distributions in probability theory, Wiley & Sons, New York.

[11] Lévy, P. (1957), Theorie de l’Addition des Variables Aleatoires, Gauthier–villars, Paris, 2nd ed., Paris.

[12] Luczak, A. (1981), Operator semi–stable probability measures on IR^N , Colloq. Math.

45, 287–300.

[13] Meerschaert, M. (1986), Domains of attraction of nonnormal operator stable laws, J. Multivariate Anal. 19, 342–347.

[14] Meerschaert, M. (1988), Regular variation in IR^k, Proc. Amer. Math. Soc. 102, 341–348.

[15] Meerschaert, M. (1994), Regular variation and generalized domains of attraction in IR^k, Stat. Probab. Lett. 18, 233–239.

[16] Meerschaert, M. (1996), Norming operators for generalized domains of attraction, J. Theoretical Probab. 7, 793–798.

[17] Meerschaert, M. and Scheffler, H.P. (1996), The Structure of Generalized Domains of Semistable Attraction, Stat. Probab. Lett. (to appear).

[18] Nobel, S. (1991), Limit theorems for probability measures on simply connected nilpotent Lie groups, J. Theoretical Probab. 4, 261–284.

[19] Rvačeva, E.L. (1962), On domains of attraction of multidimensional distributions, Select. Transl. Math. Stat. Probab. 2, 183–205.

[20] Scheffler, H.P. (1994), Domains of semi–stable attraction of nonnormal semi– stable laws, J. Multivariate Anal. 51, 432–444.

[21] Scheffler, H.P. (1995), Moments of distributions attracted to operator semi–stable laws, Stat. Prob. Lett. 24, 187–192.

[22] Seneta, E. (1976), Regularly Varying Functions, Lecture Notes in Mathematics, Vol 508, Springer, Berlin.

[23] Sharpe, M. (1969), Operator–Stable Probability Distributions on Vector Groups, Trans. Amer. Math. Soc. 136, 51–65.

MARK M. MEERSCHAERT HANS-PETER SCHEFFLER DEPARTMENT OF MATHEMATICS FACHBEREICH MATHEMATIK UNIVERSITY OF NEVADA UNIVERSITÄT DORTMUND RENO NV 89557 D-44221 DORTMUND

USA GERMANY hps@math.uni-dortmund.de