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Abstract
We investigate the LU factorizations of Fibonacci-Hessenberg matrices which enable
us to find the determinant of a new class of Hessenberg matrices and yield a better
computation of determinants of the old ones.

1. Introduction

The Fibonacci sequence is defined by F1 =1, Fo =1, and F,, = F,,_1+F,_2,n > 3.
Moreover, a matrix is said to be Hessenberg [2] if all entries above the superdiagonal
are zero. For instance, the matrix [2]

3 1 0 -+ - 0
1 3 1
E, = 0 1 3 1

is a Hessenberg matrix and its determinant is Fs, 2. Furthermore, a Hessenberg
matrix is said to be a Fibonacci-Hessenberg matrix [2] if its determinant is in the
form tF,_1 + F,,—o or F,,_1 + tF,,_o for some real or complex number ¢. In [1]
several types of Hessenberg matrices whose determinants are Fibonacci numbers
were calculated by using the basic definition of the determinant as a signed sum
over the symmetric group.

In this paper, we count the determinants of certain Hessenberg matrices by firstly
investigating the feasibility of LU factorizations, i.e., a lower triangular matrix with
unit main diagonal and an upper triangular matrix. Furthermore, the factorization is
unique. As we know,the determinant of a triangular matrix is the product of its main
diagonal entries. Then we can calculate easily the determinant of a given Hessenberg
matrix by multiplying the diagonal entries of the corresponding upper triangular
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matrix. Trivially, the LU decomposition is better than the determinant definition
approach used in [1].

2. LU Factorizations of Fibonacci-Hessenberg Matrices

Let A, ; be the n x n Hessenberg matrix in which the superdiagonal entries are 1,
all main diagonal entries are 1 except the last one, which is ¢ + 1, and the entries
of each column below the main diagonal alternate 0’s and 1’s, starting with 0, and
t is an indeterminate. Let B, ; be the matrix obtained from A, ; by alternately
replacing the 1’s on the superdiagonal with 1’s and —1’s, where 1 = /—1. Let
Snt = (Ant + Bpt); obviously S, ; is also a Hessenberg matrix. Let C),; be the
matrix in which the superdiagonal entries are -1’s, all main diagonal are 2’s except
the last one, which is t + 1, and all entries below the diagonal are 1’s. Let D,, be
the matrix with 1’s on the main diagonal, 1’s on the subdiagonal and superdiagonal,
and 0’s elsewhere. Let F, be the matrix with 3’s on the main diagonal, 1’s on
the subdiagonal and superdiagonal, and 0’s elsewhere. Let G,, be the Hessenberg
matrix in which the superdiagonal entries are 1’s, the main diagonal entries are
2’s, and the entries of each column below the main diagonal alternate -1’s and 1’s,
starting with -1. Let H,, be the matrix obtained by changing the superdiagonal
entries of G, to -1’s. Let D,,; be the matrix obtained from D, by replacing the
lowest superdiagonal 1 with 1t. Let E,, ; be the matrix obtained from F,, by replacing
the lowest superdiagonal 1 with ¢. Let G, be the matrix obtained from G,, by
replacing the lowest diagonal 2 with t4-1. Let H,, ; be the matrix obtained from H,,
by replacing the lowest diagonal 2 with ¢+1. Let A,, ; s be the matrix obtained from
Ay + by replacing ¢ 4+ 1 with ¢ + s in the lowest main diagonal entry and multiplying
the lowest superdiagonal entry by s. Let B, : s be the matrix obtained from B, ;
by replacing t 4+ 1 with ¢ + s in the lowest main diagonal entry and multiplying the
lowest superdiagonal entry by s. Let C), ;s be the matrix obtained from C, ; by
replacing t + 1 with ¢t + s in the lowest main diagonal entry and multiplying the
lowest superdiagonal entry by s. Let D, ;, be the matrix obtained from D, ; by
replacing the lowest diagonal 1 with s. Let G, ; s be the matrix obtained from G, ¢
by replacing ¢ 4+ 1 with ¢ + s in the lowest main diagonal entry and multiplying the
lowest superdiagonal entry by s. Let H, ;s be the matrix obtained from H, : by
replacing t + 1 with ¢ 4+ s in the lowest main diagonal entry and multiplying the
lowest superdiagonal entry by s. Because Theorem 2.1 and its proof are typical of
the unproved theorems that follow, we omit the proofs of the remaining theorems.
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Theorem 1 For n > 5, S,,; can be factored as Sy = Ly U+, where Ly =
[Ln,t (4, 5)]1<i j<n, SO

0 1 < J;
0 i=2.4, 23] =1,
Ln7t: —ajj_l(l—l) i:j+17j+37"'72L%J,j:3,5, '72J%J_1,
g (141) i=j 41,543, 2025+ L5 =24, 2257 );
1 otherwise,
and
2 i=j=1
Qaaa% i=j=24,- 2[5
Lt i=j=305,2/2] 1
Unit = [Unt(3,)1<ij<n = § 2t + 2“(;% i =j=n,nis even;
275‘*‘% i=7=m,nis odd;
0 otherwise,
where
< aq >q22:: 20«171 + aq72 q= 4767 cee

Ag—1+aq—2 q=25,7,---.

Proof. We use mathematical induction on n, the size of S, ;.
(1) The case n = 2:

1 o][2 141]_[2 1+41]_
L“U”_[o 1} {0 2t+2]_{0 2t+2}_52’t'

(2) The case k = k + 1 with k > 1: Assuming Sy, = Ly Uk, holds, we want
to prove Sk11,t = Li+1,tUk+1,¢. It is sufficient to show that

k+1
Sk+1,t(/€, k) = Z Lk+1,t(k7m)Uk+1,t(mak)7

m=1
k+1

Serralk+1,0) =Y Lipre(k+1,m)Usi1a(m,0), 1<1<k,
m=1
k+1

Sp+1.(LE+1) = Z Lig1,(L,m)Up1e(m, k+1), 1<1<k+1.

m=1
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First, if k is even, then k£ + 1 is odd. So

k+1
A 2a
Z Lk+17t(k,m)Uk+1,t(m, k) = — Zkl (]_ — 1) X (1 —+ l) +1x ;]:rl
m=1
_ 20041 — 2051 _ 2(ar + ag—1) — 2ap—1
ag ag
=2 = Sky1.(k, k),
and
k+1
> Lipra(k+1,m)Uki10(m, 1) = Liggae (41, D)Ukg14(1,1) = 1x2 = 2 = Sgp 4 (k+1,1).
m=1

Now, letting [ be odd and 2 <[ < k,

k+1
> Lirra(k + 1,m)Upga,e(m, 1)

m=1
=Lyy14(k+ 1,0 = D)Upy1,4(I = 1,1) + Lg1,¢(k + 1, ) Upy1,(1,1)

aj—1 aj41
= ot 1—1) 41 x 2+t

20, (T+1) x( 1)+ 1x o
Capr— a1 (2e+ai-1) —a

a; ap
=2= Sk+1’t(k + 1,l>

Letting [ be even and 2 <[ < k we obtain
k+1

Z Liy1,0(k 4+ 1,m)Upqr1,e(m,1)
m=1
=Lypy10(k+ 1,0 = D)Upy1,4(I = 1,1) + Lg1,¢(k + 1, ) Upy1,(1,7)

2
= 1x (1410 + (ol (1 41)) x “2HL — 0= Sy ek +1,0)
2a;41 a
and
k+1
> Liprel,m)Ukqre(m, k+1) =0 = Spyae(lLk+1), 1<I<k—1,
m=1
k+1
> Licpra(k,m)Usiai(m, k+1) = Liga (b, k) Uk, (k, b+ 1)
m=1

—1x(1—1)=(1-1)=Sprrs(k k+1);
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k+1
Z Lk-{-l,t(k +1, m)U;H_Lt(m, k+ 1)

m=1

= Lig1,¢(k+1, k) Upyr,e (K, k+1)+Lir o (41, k1) Up g1 o (B+1, k+1)

= Q) X (1 —1) + 1 x (24 K2y gy g T2 T Ok
2041 A1 g1
2 —
o4 Zaknitan) —ax =242 = Spyra(k+1,k+1).

Ak+1

Secondly, if k is odd, then k + 1 is even. So

k+1
Z Liy1,(k,m)Upgq1,e(m, k) = _azkj (I+1)x(I-1)+1x =
el ag ak
I S (2ar + ap—1) — ap—1
ar Qg
=2 = Spt14(k, k),
and
k+1
> Lisra(k+1,m)Ukr10(m, 1) = Ly g (k+1, DUkp1,(1,1) = 0x2 = 0 = Sy (k+1,1).
m=1

Now, letting [ be odd and 2 < < k,

k+1
Z Lk+1,t(k+la m)Uk_,_Lt(m, l) = Lk+1,t(k—|-1, Z—I)Uk+17t(l—1, l)+Lk+17t(k+1, Z)Uk_;_l,t(l, l)

m=1

= Ix(1=1)+(—— (1-1)) x 2L = 0 = Sjy 10 (k+1,0),
a1 aj
Letting [ be even and 2 <[ < k we obtain
k+1
> Lisra(k+1,m) Uk 14(m, 1) = Ligr o (k41 1=1) Uk 1 10(1=1, 1)+ Ly, (k+1,) U 1,4 (1, 1)
m=1
_ 2 2 — 2a;_
= = UL (1)) (L)1 x 2L 2L 2L
ap aj ai

2(a; + aj—1) — 2431
o k+1,t(k+1,0)
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and
k+1
> Lipra(lm)Usgra(m k+1) = 0= Spprs(Lk+1), 1<1<k—1,
m=1
k+1
> Liprelk, m)Usqae(m b+ 1) = Liga o (ky k)Usgre (kK + 1)
m=1
=1x (1 +1) = (1 +1) = Sk+1’t<k‘,k‘ + 1);
k+1
Z Lk+1,t(k + 1, m)Uk_H,t(m, k + 1)
m=1
= Lyq1,0(k+1, k) Up1,0(k, k+1)+Liy1,0 (k41 k+1)Uppr,e (k+1, k41)
2 2 -2
= () ) (L1) 41 x (2 4 22 gy ZURH2 T 20k
Ak+1 Ak+1 Af+1
2 -2
— 2 + (ap41 + ag) ag =2t +2= Sparelk+1,k+1).
Ak+1
So if n = k + 1, the theorem holds. This completes the proof. o

Example 2. If n =5, then S5+ = L5 1Us ;, where

2 141 0 0 0

0 2 1-1 0 0
Ss;=12 0 2 141 0 |,

0o 2 0 2 1-

2 0 2 0 2+2

10 0 0 0]

0 1 0 0 0
L= |1 =3 1 0 0f;

o 1 - 1 0

(1 -5 1 =50+ 1]

and - -

2 1+1 0 0 0

0 2 1-1 0 0
Uss=[0 0 3 141 0

o 0o o0 & 1-

0 0 0 0 2t+2]
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Corollary 3 Forn > 2,

Pae (2tan + ant+1) nis odd;
det Sn,t =
23 (2ta, +2a,41) nis even.

Theorem 4 For n > 2, A, can be factored as Ani = LiamyUgam,y, where
Liamsy = [Liamy (6, 5)i<ij<n s0

0 1< J;
) Z.:{j,j+2,-~,ZL”T*J+1,J‘—1,3,~~,2L”T‘1J+1;
L = j1j+2a"',2|_%J7j:274a"'72|_%J§
= = 1,i=24,---,2|2];
J=LLr=24,5%,--+, LQJ’
7Fj,1 i = J+17]+3772L%J7]:375772L%J_17
i j+17j+37“'72LnTilJ+17j:2747"'72LnTilJ7
and
1 i=j=1j=i+1;
. 2<i=j<n-1
. . J—
U{A;mt}:[U{A;n,t}(%])]lﬁi,jﬁn: tF,_1+F, . .
S =g
0 otherwise.

Example 5 If n =5, then A5 = Lya;53Upa;5,4), where

11 00 0
01 1 0 0
As:= |1 0 1 1 0 |;
01 01 1
1 01 0 t+1
(1 0 0 0
0 1 0 0 O
L{A;5,t}: 1 -1 1 0 0 5
01 -+ 1 o0
1 -1 1 -2 1
and ~
11 0 0 0
0110 0
Uasey =10 0 2 1 0
0 0 0 % 1
0 0 0 0 %

Corollary 6 Forn > 2,

det Any = [ [ Ugain,ey (6,8) = Fo + tFo 1.
i=1
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Theorem 7For n > 2, B, can be factored as Byt = Lip.n,nUiBin,i}, where

Ly = [LiBm,e (4, §)]1<ij<n 50

0,7 < j;
0 j:172:274a' ) |_%J7
. i+2, 2] 1,7=1,3,---,2| 2L 1;
LiBngy =41 2={].].+ Ln2j.+ y 0 S
]7.7"_27"'72L5J7]:2747"'72L§J;
(1)t Fy o [ LB 25 =35 25 - 1
Fima JHLG+30 25 + L =24, 2[5
and
1 t=j5=1
(-1 i=j- L
. F; .
Uiy = [Usman (6, )hi<ig<n = { 77 2<i=j<n-1
thn a4+ Fn - .
Fn_1 Z_j_n7
0 otherwise.

Example 8 If n =5, then Bs; = L5 +}U(p;5,1}, where

1 1.0 0 0
01 -1 0 O
Bsy=|10 1 1 0 |,
01 0 1 =
10 1 0 t+1
1 0 0 0 0 1L 1 0 0 0
01 0 0 0 01 -1 0 0
Lipsgy=11 - 1 0 0|,and Upsy=10 0 2 1 0
01 % 1 0 00 0 3 =
I =1 1 -2 1 00 0 0 35

Corollary 9 Forn > 2,

n

det Bn,t = H U{B;n,t}(iai) = Fn + tFn_l.

=1

Theorem 10 Forn > 1, Cp; can be factored as Cy 1 = Licin,0yUicin,iy, where

0 1< 7J;
L{C;n,t} = [L{C;n,t}(ivj)]lfi,jﬁn =4q1 i =7J;

Fy; L.
Fopr 0 >
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and
1 i=j+1,i=1,2--,n—1
ﬁ 1<i=j<n-1;

U{C;mt} = [U{C;n,t}(izj)]1§i7j§" =

Fay s .
t+F2n71 1=7=mn;

0 otherwise.

Example 11 If n =5, then C5 ; = L{c;5,4U{c;5,¢), Where

2 -1 0 0 0
0 2 -1 0 0
Cse=1|1 1 2 -1 0 |,
11 1 2 -1
1 1 1 1 t+1
1 0 0 0 0 2 -1 0 0 0
110 0 o0 0 3 -1 0 0
Licsay = P 0 0f,and Ugcsy=10 0 £ -1 0
tlos g o 0o o 2
IO 000 0 0 t+3
2 5 13 34 34

Corollary 12 For n > 1,

n
det Cpp = H Utcim,n (i,1) = Fop + 1F 1.

=1

Theorem 13 For n > 1, D,, can be factored as D,, = L{p.nyUip.ny, where

1 i=j;
L{D;n} = [L{D;n}(l,])]lgi,jgn = Fjill 1=+ 1,i= 2737 e, Ny
0 otherwise,
and
T i=s
Utpiny = [Utpiny (6 Hhi<ij<n = 41 i+1=j;

0 otherwise.
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Example 14 If n = 5, then D5 = L{p.;51Up;5}, where

1 10 00
11 100
Ds=1|1 1 1 1 0},
0 0 11 1
0 00 11
10 0 0 O 1 1.0 0 O
1 1.0 0 O 0 2 1 0 0
L{D;5}:O% 1 0 O,andU{D;5}:00%1 0
00 2 1 0 000 5 1
00 0 % 1 000 o0 &

Corollary 15Forn > 1,

det Dy, = [[ Utpiny (i, 4) = Fu1.

i=1

Theorem 16 Forn > 1, E,, can be factored as E,, = L{p.;,,U{g;ny, where

1 =73
Ligny = [Lipmy (i Dli<ijon = § 222 i=j+ 1
0 otherwise,
and
Tt s
Utginy = [Utemy (i, )i<ij<n = § 1 i+1=7;
0 otherwise.

Example 17 If n =5, then E5 = Lip.5;U(g;5), where

31000

13100

Es=10 1 3 1 0],

001 3 1

000 1 3
1 0 0 0 0] 310 0 0
110 0 0 0% 1 0 0
Ligsy=10 2 1 0 0|,and Ugpsn =10 0 & 1 0
00 £ 1 0 00 0 2 1
00 0 2 1] 00 0 0 X
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Corollary 18 Forn > 1,

det B, = [[Ugginy i,4) = Fansa.
i=1

Theorem 19 Forn > 1, G, can be factored as G, = LignyU{gin}, where Ligmy =
[L{G;n}(ivj)]lfiajﬁn 50

0 1< 7J;
i =J;
Ligny = { — 2 i_{?“’?”"“’Q%J;j:l’?;‘"”?“i1,
JHLi+3,-- 28] +1,5=2,4,--- 2[5 ];
Py, ,:{j+2,j+4,---,2L”JJ+LJ‘—1,3,---,2L"21J1;
Fajq1 j+2’]’+4’...72L%J’j:2747...’2L%J_2’
and
=g
Utainy = Uiainy (3, 5)1<ij<n = { 1 i+1=yj;
0 otherwise.

Example 20 If n =5, then G5 = L{g;51Ug;5), where

2 1 0 0 0

-1 2 1 0 0

Gs=|1 -1 2 1 o0f,

-1 1 -1 2 1

1 -1 1 -1 2
1 0 0 0 0 2 1.0 0 0
-1 0 0 0 05 1 0 0
Legsny=|3% -2 1 0 0|,andUgsn=10 0 £ 1 0
-+ 32 B 1 0 00 0 32 1
12 53 813 21 1 0 0 0 103 89
2 5 13 34 34

Corollary 21 For n > 1,

n
det Gy = [[Uiginy (i:1) = Fana.
=1
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Theorem 22 For n > 1, H, can be factored as H, = Lig,Uig.ny, where
L{H;n} = [L{H,n} (i,j)]lﬁidﬁﬂ 50

0 1< J;
1 1= 7;
L{Hn}: B 7 = j+15j+37"'72L%J7~j:1’37"'72L%J71;
’ it JHLG+3, 2P 1, = 2,4, 2[ 25 s
B[22 A L = 18 20 -
Fj+2 ]+27]+4772|_%J7.7:2>4772\_%J_27
and
F; s s
Fqif L=
U{H,n} = [U{H;n}(ivj)]lfiyjfn: -1 i+1=y;
0 otherwise.

Example 23 If n =5, then Hs = L{p,53U{p,5), where

2 -1 0 0
1 2 -1 0
Hi=|1 -1 2 -1
-1 1 -1 2 -1

1 -1 1 -1 2

o O O

1 0 0 0 0 s 1 0 0 0

-5 1 0 0 0 0 32 -1 0 0

| -5 3 —3 1 0 ’ o0 0 & -1
i —3 & -3 1 0 0 o o0 1

2 3 5 8 %

Corollary 24 Forn > 1,

n
det Hy = [ [ Utrriny (i,1) = Fara.

=1

Theorem 25 Forn > 1, Dy can be factored as Dyt = Lip.n,tyUipin,ty, where

1 1=7;

Lipmngy = [Lipmany (i) hi<ijen = { 770 =7+ 1
0 otherwise,
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and
L 1<i=j<n-1;
14+ 522 i=j=mn
Uipin,ty = [Uipsm,ey (0, ) 1<ij<n = Q1 2<i+l=j<n-1;
1t i+1=75=mn;
0 otherwise.

Example 26 If n =5, then D5, = Lip;51U{p;5,1), where

1 1000
1 1 1 0 0
Ds; =10 1 1 1 0f,
00 1 1 1t
000 1 1
100 00 1100 O
110 0 0 021 0 0
Lipspp=10 5 1 0 0|,andUpsyy=10 0 3 1 0
00 20 1 0 000 5
00 0 % 1 000 0 1+3¢

Corollary 27 Forn > 1,

n

det Dy = [ Utpin,ey (i,4) = Fo + tFy 1.

i=1

Theorem 28 Forn > 1, E,; can be factored as En = L.,y Uigm,iy, where

1 i =J;
L{E;n,t} = [L{E;n,t}(zmy)]lgi’jgn = ngzj_g t=J+ L;
0 otherwise,
and
Fojen 1<i=j<n-1;

Faj

3—%;% i=7=mn;

1 2<i4+l=j<n-1;
t t+1l=j5=mn

0 otherwise.

U{E;n,t} = [U{E;n,t}(iaj)]lgivjfn =
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Example 29 If n =5, then E5; = Lip;51Uip;5,), where

3100 0
03100
Es;=10 0 3 1 0],
000 3 ¢
0000 3
10 0 0 0
$ 1.0 00
Ligsnn=10 2 1 0 0f,
00 £ 10
0 0 0 2 1
and -
310 0 0
0% 1 0 0
Upsy =10 0 2 1 0
00 0 22 ¢t
00 0 0 3-2t

Corollary 30 Forn > 1,

det By, 1 = H Ut (i,1) = Fapya — (t — 1) Fapa.

i=1

Theorem 31 Forn > 1, Gy can be factored as Gn i = Lign,yUic;n,i}, where
Ligingy = [Liamay (i 1) hi<ij<n s0

1 < J;
1 i =J;
LiGmay =4 —Fa = It L4300 205],7 =13 2[5] - L;
n, Faji1 JHLI+3, 2[5 41,5 =2,4,-- 2|25 ];
Fy; - JH2, 544,200 41,5 =1,3,-- 2|25 - 1
Faj1 ]'_|_27j_|_4’...’QL%J’]'ZQ’AL...’ZL%J_Q’
and
Fojia . )
7};2;71 1<i=j<n—-1;
- t 2 =g =m
Utgm.ty = Vg (b )li<ij<n = § | Fon 2<i+1’—j<n~
— - —= 1o

0 otherwise.
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Example 32 If n =5, then G54 = L{a5Ua;s,1}, Where

2 1
-1 2
Gsi= |1 -1
-1 1
1 -1
[ 1 0
1
—3 1
L. =1 _3
{G;5,t} 2, 35
PR
L 2
2 1
03
Utgsey = [0 0
0 0
0 0

Corollary 33 Forn > 1,

o oulg~ o ulw

0
1
2

N = OO

-1
1

= o O

5o

R O OO

—_

oo
w

H
w
_0 0O
£l

oL~ oo

\
—_
~

55
t“rﬁ

+ —mocooco

—_

= O o OO

det Gy = [ [ Utginity (i:1) = Fan + tFan_1.

i=1

Theorem 34 Forn > 1, H,; can be factored as Hy, = Lign,0 Uiy, where

Ligmey = (Lm0 J)]1<ij<n S0

1< J;
1 1 =7;
Fna Baa b7 {j+1,j+3,~--
Fjt2 j+2,5+4,--
and

U{H;n,t} = [U{H;n,t} (i7j)]1§i,j§n =

72|.%J’J:173a >2|_%J_1§
72|.nTil.J+17]*2747"'72|.nTilj§
2025+ 1,5 =13, 2025 — 1
205],5=2,4,---,2[3] -2,

?—ﬁ 1<i=j<n-1;
th g i=j=m

-1 i+1=7;

0 otherwise.
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Example 35 If n =5, then Hs; = Liy.;5.4 U5y, where

2 -1 0 0 0
-1 2 -1 0 0

Hs;=|1 -1 2 -1 0

-1 1 -1 2 -1

1 -1 1 -1 t+1

0 0 0 0 2
1 0 0 0 0
-+ 1 0 0|, and Uz = |0
a ;g g 0 0
-3 5 ~—§ 1 0

Corollary 36 Forn > 1,

O O Owlw

[y

det Hyp = [ [ Uttty (i.1) = Fo + tFopa.

i=1

o

o owo |

—_

482

o O

O utloo ‘

Theorem 37 Forn > 2, A, s can be factored as An s = L{A;,L,t7s}U{A;mt7s},
where L{A;n,t,s} = [L{A;n,t,s}@vj)]lSiJSn S0

Liant,sy =

and

L=7;
i i:{j+Lj+&~-
Fs J+1,5+3,
i:{j+2j+&~-
G2, +4,--
otherwise,

aZL%J7]:375a 72L%J _]-a
72L%J7J:2747 72L%J -2

i=j=12<i+1=j<n-—1;

2<i=j<n-—1

1

s 1+1=7=mn;
Utaints) = Uaimitsy (i Di<ijen = 4 725

t—&—%s 1=7=mn;

0 otherwise.
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Example 38 If n =5, then As; s = Lias.,5)Uga;5,,5), Where

1100 0
0110 0
Asgs=1|1 01 1 0 |,
01 01 s
1 01 0 t+s
1 0 0 0 1100 0
01 0 0 0 0110 0
Liasesy=|1 =1 1 0 0|, and Upgsep=1(0 0 2 1 0
0 1 -4 1 0 000 3 s
1 -1 1 -2 1 000 0 t+3s

Corollary 39 Forn > 2,

det Ants = [ [ Utamitsy (6,8) = sF + tF, 1.
i=1

Theorem 40 For n > 2, B, ;s can be factored as Bnys = Liint,s1UBn,t,s}5
where L{B;n,t,s} = [L{B;n,t,s}(i7j)]1§ivj§" $0

0 1< J;
1 =7
0 i=j+1,j+3,---,2[5],i=1

Lign.t,sy = (71)%1@1 i = J+1,5+3,,2[2],i=3,5-,2[2] -1
. j+17j+37"'72L%J+1,j=2,47---,QL"*W;

1 S i 2 2 L =13, 2 -
]+2a.7+4a72|_%J1]:274772\_%J_27
and

(—1)% 2<i4+1=73<n-1;

(=1)"s1 i=7=mn;

.. 1 1=7=1

U{B;n,t,s} - [U{B;n,t,s}(za])hfi,jfn = FFj1 2<i=j5<n-1;
7
Fr i — -
t—l—ms 1=7="n;

0 otherwise.
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Example 41 If n =5, then Bs ;s = L{p;5:s1U{B;5,:,5}, Where

L{B;S,t,s} =

and

U{B;S,t,s} =

Corollary 42 For n > 2,

_ O = O

—_0 = O

S o oo

(= N

SO O ==

— oo _ O = jan)

==

S O N

OoOvw e~ O O

_ o o o

o o

o

—s1
t+ gs

det Bn,t,s = H U{B;n,t,s} (ia Z) = sk, +tF,_1.

i=1

Theorem 43 Forn > 1, Cp s can be factored as Cpts = Licm,t,s3UiCin,t,5}

where
0 1 < J;
L{C;n,t,s} = [L{C:n,t,s} (i»j)]lgi,jgn =41 =73
i s
Foj+1 ’
and

U{C;n,t7s} = [U{C;n,t7s}(iaj)]lﬁivjfn =

it 1<i=j<n-1;
t+%s 1=7=mn;

-1 2<i+1l=j53<n-1;
—s 1+ 1=7=mn;

0 otherwise.
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Example 44 If n =5, then Cs5 ;s = L{c5.4,5)Ugc;5,1,5), Where

2 -1 0 0 0
1 2 -1 0 0
Csis=11 1 2 -1 0 |,
1 1 1 2 -s
1 1 1 1 t+s
1 0 0 0 0O
i1 0 0 0
Licsis) = s 1 g0
e 1 3 3 ’
5 2 2 10
A T
L2 5 13 34
and
2 -1 0 0 0
0 3 -1 0 0
Ugcsesy =10 0 2 -1 0
o 0 0 # s
0 0 0 0 t+3s

Corollary 45 Forn > 1,

det Cmt,s = H U{C;n,t,s}(ia Z) = sFy, +tFo,_1.

i=1

Theorem 46 Forn > 1, Dy s can be factored as Dyt s = Lipm.t.s3UiDin,t,s}5
where

1 =g
Lipmtsy = LDty (i D)i<ijon = 7ot i=J+1Li=12,n—-1
0 otherwise,
and
e 1<i=j<n-—1
t g j=j=n;
Uipint,sp = [UgDin,t,s3 (1, J)]1<ij<n = Q1 2<i+l=j<n-1

S1 i+1=7=mn;
0 otherwise.
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Example 47 If n =5, then D5 s = Lip:5,:s1U{D;5,4,5}, Where

1 100 0

11 1 0 0
D5t5: 0 1 1 1 0 5

0 0 1 1 s1

0 0 0 1 t+s

1 0 0 0 0

1 1 0 0 0
L{D;5,t,s}: 0 % 1 0 0f,
00 51 10

00 0 %41

and ~

1 1.0 0 0

02 1 0 0
Upsisy =10 0 3 1 0
000 2 a
00 0 0 t+5s

Corollary 48 Forn > 1,

det Dp.t.s = [ [Uipim.t.sy(is1) = sFp +tF, 1.

=1

Theorem 49 For n > 1, Gy s can be factored as Gnis = Ligin,t,s1U{Gin,t,s}5
where L{G;n,t,s} = [L{G;n,t,s}(iaj)]lgi,jgn S0

0 1 < J;
1 i =J;
o 1,543,202, =1,3,---,2]2] - 1;
LiGnto = —piy i=47 107 e L
it .7+17.7+37"'72LTJ+17]_2747"'72|_ij
Fy; S fir A2 L =13, 2 -
Faj1 j+27j+47"':2L%J7j:2’4:"'72L%J—27
and
Foj41 C_ 1.
F2j—1 1§Z_J§n 17
t+p2-s i=j=mn;
U{G;n,t,s} = [U{G;n,t,s}(iaj)]lﬁi.,jﬁn =41 2<i+1=7537<n—-1;

0 otherwise.
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Example 50 If n =5, then G54 s = Lig;s.:,s3Ua;5,1,5y, Where

2 1
-1 2

G5,t,s == 1 —1

-1 1

1 -1

[ 1 0

_% 1

L{G;&t,é’} = % _g
103

PR

L 2 5

and

2 1 0

0 2 1
Ugpisy = [0 0 3

00 0

00 0

Corollary 51 Forn > 1,

0 0 0
1 0 0
2 1 0 |,
-1 2 S
1 -1 t+s
0 0 0
0 0 0
1 0 0],
8
-2 1 0
g3 2
5 a1 1L
0 0
0 0
1 0
34
13 S
0 t+Bs

det Gn,t,s = H U{G;n,t,s} (i, Z) = sFop +1F2, 1.

i=1

Theorem 52 Forn > 1, H, ;s can be factored as Hy s = L{Hm7t,s}U{H;n7t7s},
where L{H;n,t,s} = [L{H;n,t,s}(i?j)]1§i7j§n S0

0 1< J;
1 i = js
L{H ts} = __F; i = J+17J+37
mhs Fji2 i4+1,5+3,---
Fjio i4+2,j+4,--
and

U{H;n,t,s} = [U{H;n,t,s} (i’j)]lﬁivjﬁn =

J _2747"' 72|_nT_1J7

1<i=j<n-1

1= =mn;
2<i+1=5<n-1;
1+ 1=7=mn;

otherwise.
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Example 53 If n =5, then Hs s = Lig.5:.53Ugn;5,,6y, Wwhere

Hs;o=|1 -1 2 -1

1 0 0 0 0
-1 1 0 0 0
L{H;S,t,s} = 4 7% 1 0 0 )
1 1 _2 1 9
T S
2 3 5 8
and
2 -1 0 0 0
0 2 -1 0 0
Umsesy =10 0 5 -1 0
oo o0 % —s
0 0 0 0 t+3s

Corollary 54 For n > 1,

n
det Hyts = H U{H;n,t,s}(iv Z) =tF, + sFy_1.

i=1

3. Conclusions
In the near future, we will discuss the sums of A, ¢, By ¢, Cnt, -+, and so on and

try to find another class of Fibonacci-Hessenberg Matrices by using the technique
of LU factorization.
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