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Vector method based on mass moment vectors and vector rotators coupled for pole and oriented
axes is used for obtaining vector expressions for kinetic pressures on the shaft bearings of a rigid
body dynamics with coupled rotations around axes without intersection. Mass inertia moment
vectors and corresponding deviational vector components for pole and oriented axis are defined by
K. Hedrih in 1991. These kinematical vectors rotators are defined for a system with two degrees of
freedom as well as for rheonomic system with two degrees of mobility and one degree of freedom
and coupled rotations around two coupled axes without intersection as well as their angular
velocities and intensity. As an example of defined dynamics, we take into consideration a heavy
gyrorotor disk with one degree of freedom and coupled rotations when one component of rotation
is programmed by constant angular velocity. For this system with nonlinear dynamics, a series
of tree parametric transformations of system nonlinear dynamics are presented. Some graphical
visualization of vector rotators properties are presented too.

1. Introduction

Well-known toy top or a tern is just a simple toy for many that has the unusual property
that when it rotates sufficiently by high angular velocity about its axis of symmetry and it
keeps in the state of stationary rotation around this axis. This feature has attracted scientists
around the world and as a result of years of research created many devices and instruments,
from simple to very complex structures, which operate on the principle of a spinning top that
plays an important role in stabilizing the movement. Ability gyroscope that keeps the line
was used in many fields of mechanical engineering, mining, aviation, navigation, military
industry, and in celestial mechanics.
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Gyroscopes’ name comes from the Greek words yvpo (turn) and okosrew (observed)
and is related to the experiments that the 1852nd were painted by Jean Bernard Leon
Foucault. The principle of gyroscope based on the principle of precession pseudoregular.

Gyroscopes are very responsible parts of instruments for aircraft, rockets, missiles,
transport vehicles, and many weapons. This gives them a very important role, and they need
to be under the strict control of the design and inner workings because in case of damage
they could lead to catastrophic consequences. Gyroscope (gyro, top) is a homogeneous, axis-
symmetric rotating body that rotates by large angular velocity about its axis of symmetry
and is now one of the most inertial sensors that measure angular velocity and small angular
disturbances angular displacement around the reference axis.

Properties of gyroscopes possess heavenly bodies in motion, artillery projectiles in
motion, rotors of turbines, different mobile installations on ships, aircraft propeller rotating,
and so forth. The modern technique of gyroscope is an essential element of powerful
gyroscopic devices and accessories, which are used to automatically control movement of
aircraft, missiles, ships, torpedoes, and so on. They are used in navigation to stabilize the
movement of ships in a seaway, to change direction, and direction of angular and translator
velocity projectiles, and in many other special purposes.

There are many devices that are applied to the military, and their design is based on the
principles of gyroscopes. Technical applications gyros today are so manifold and diverse that
there is a need to get out of the general theory of gyroscopes allocates a separate discipline,
called “applied theory of gyroscopes.”

An overview of optical gyroscopes theory with practical aspects, applications, and
future trends is presented in [1] written by Adi in 2006.

The original research results of dynamics and stability of gyrostats were given in 1979
by Anc¢ev and Rumjancev [2].

Three of papers [3-5] written by Rumjancev related to stability of rotation of a heavy
rigid body with one fixed point in S. V. Kovalevskaya’s case, on the stability of motion of
gyrostats and Stability of rotation of a heavy gyrostat on a horizontal plane pointed out
important research results in this area.

Subjects of series of published papers (see [3-15]) are construction models, dynamics,
and applications of gyroscopes as well as special phenomena of nonlinear vibration prop-
erties of the gyroscope, analysis of gyroscope dynamics for a satellites, analytical research
results on a synchronous gyroscopic vibration absorber, inertial rotation sensing in three
dimensions using coupled electromagnetic ring-gyroscopes, gyroscopes for orientation and
inertial navigation, and others.

By Cavalca et al. [10] published in 2005 an investigation result on the influence of the
supporting structure on the dynamics of the rotor system is presented.

Each mechanical gyroscope is based on coupled rotations around more axes with one
point intersection. Most of the old equipment was based on rotation of complex and coupled
component rotations which resulting in rotation about fixed point gyroscopes.

The classical book [16] by Andonov et al. contains a classical and very important
elementary dynamical model of heavy mass particle relative motion along rotate circle
around vertical axis through its centre, whose nonlinear dynamics and singularities are
primitive model of the simple case of the gyrorotor, and present an analogous and useful
dynamical and mathematical model of nonlinear dynamics.

No precisions and errors appear in the functions of gyroscopes caused by eccentricity
and unbalanced gyrorotor body as well by distance between axis of rotations are reason to
investigate determined task as in the title of our paper.
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This vector approach proposed by us is very suitable to obtain new view to the
properties of dynamics of pure classical task, investigated by numerous generations of the
researchers and serious scientists around the world.

Using Hedrih's (see [17-22]) mass moment vectors and vector rotators, some charac-
teristics members of the vector expressions of derivatives of linear momentum and angular
momentum for the gyrorotor coupled rotations around two axes without intersection obtain
physical and dynamical visible properties of the complex system dynamics.

Between them there are vector terms that present deviational couple effect containing
vector rotators whose directions are the same as kinetic pressure components on correspond-
ing gyrorotor shaft bearings.

Also, we can conclude that the impact of different possibilities to establish the phe-
nomenological analogy of different physical vector models (see [17, 20]) expressed by vectors
connected to the pole and the axis and the influence of such possibilities to applications allows
researchers and scientists to obtain larger views within their specialization fields. This is the
reason for introducing mass moment vectors to the rotor dynamics, as well as vector rotators.

. . . =) . . .
The primary-main vector is J3 vector of the body mass inertia moment at the point

A = O for the axis oriented by the unit vector 77 and there is a corresponding 5(70) vector of
the rigid body mass deviational moment for the axis through the point A (see [17, 20]).

Also, there are a number of the vector rotators, pure kinematics vectors depending on
angular velocity and angular acceleration of the body rotation as well as of the mass center
position or deviational plane of the body in relation to the axis.

For the case of a rigid body simple rotation about one axis there are two orthogonal
vector rotators with same intensity depending on angular acceleration and angular velocity.
Directions of these vector rotators are the same as components of kinetic pressures to shaft
bearings. The vector rotators correspond to the rotation axis and one in the deviational plane
through the axis and second orthogonal to the deviational plane and both with intensity
R = Vw? + w. In the listed papers [17-22] as well as in others, written by first author of
this paper, no listed heir, many applications of the discovered vector method by using mass
moment vectors are presented for to express kinetic parameters of heavy rotors dynamics as
well as of coupled multistep rotors dynamics and for gyrorotors dynamics.

Organizations of this paper based on the vector method applications with use of
the mass moment vectors and vector rotators for obtaining vector expressions for linear
momentum and angular momentum and their derivatives of the rigid body coupled rotations
around two axes without intersections. These obtained expressions are analyzed and series of
conclusions are pointed out, all useful for analysis of the rigid body coupled rotations around
two axes without intersections when system dynamics is with two degrees of mobility as well
as with two degrees of freedom, or for constrained by programmed rheonomic constraint and
with one degree of freedom.

By using two vector equations of dynamic equilibrium of rigid body dynamics with
coupled rotations around two axes without intersection for two degrees of freedom it is
possible to obtain two nonlinear differential equations in scalar form for rotations about each
axes and also corresponding kinetic pressures in vector form bearing of both shafts.

2. Mass Moment Vectors for the Axis to the Pole

The monograph [20], IUTAM extended abstract [17], and monograph paper [21] contain
definitions of three mass moment vectors coupled to an axis passing through a certain point
as a reference pole. Now, we start with necessary definitions of mass momentum vectors.
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Definitions of selected mass moment vectors for the axis and the pole, which are used
in this paper are as follows.

o
(1) Vectorg% ) of the body mass linear moment for the axis, oriented by the unit vector
7, through the point—pole O, in the following form (see Figure 1):

8y & ”f [, Fldm = [#,F]M, dm=caV, (2.1)
A%

where p is the position vector of the elementary body mass particle dm in point N,
between pole O and mass particle position N.

0)
(2) Vector_3)7 of the body mass inertia moment for the axis, oriented by the unit vector
71, through the point—pole O, in the following form

) et j HV [7, [7,7]]dm. (2.2)

For special cases, the details can be seen in [17-22]. In the previously cited references,
the spherical and deviational parts of the mass inertia moment vector and the inertia
tensor are analysed. In monograph [20] knowledge about the change (rate) in time and the
derivatives of the mass moment vectors of the body mass linear moment, the body mass
inertia moment for the pole, and a corresponding axis for different properties of the body;, is
shown, on the basis of results from the first author’s reference [22].

This expression

—(01)

—=0) —=(01) | =) N
[ J+ Mc erPo]

Ji =37 +t|PoGa +[Po. [P0l IM (2.3)

is the vector form of the theorem for the relation of material body mass inertia moment vectors, T”;%O)
and ?%Ol), for two parallel axes through two corresponding points, pole O and pole O,. We can
see that all the terms in the last expression have the same structure. These structures are
[?)0/ mr?O]]M/ Wc, m/_f;o]]Mr and r:o)O’ m/?O]]M

In the case when the pole O; is the centre C of the body mass, the vector Tc (the
position vector of the mass centre with respect to the pole O;) is equal to zero whereas the
vector p, turns into p - so that the last expression (2.3) can be written in the following form:

—0) —

Q) N
37 =37 +[Pc [ P]IM (2.4)

This expression (2.4) represents the vector form of the theorem of the rate change of the mass
inertia moment vector for the axis and the pole, when the axis is translated from the pole at the mass
centre C to the arbitrary point, pole O.

The Huygens-Steiner theorems (see [20, 21]) for the body mass axial inertia moments, as
well as for the mass deviational moments, emerged from this theorem (2.4) on the change of

—=(0) . . . . . .
the vector J5; of the body mass inertia moment at point O for the axis oriented by the unit
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vector 71 passing through the mass center C, and when the axis is moved by translate to the
other point O.

S =© . . . :
Mass inertia moment vector J for the axis to the pole is possible to decompose in

. —=(0) . . . —(0) .
two parts: first 7 (77, 35 ) collinear with axis and second ® ~normal to the axis. So we can

write

0) 0) (@] (0)
R =T1’<7,?~ )+5! i e (2.5)

n n n 7 n

. — = =0 . . N
Collinear component 7i(7, 3 ) to the axis corresponds to the axial mass inertia
(0)

(@)
moment [~ of the body. Second component, 57 , orthogonal to the axis, we denote by the

— (1)

Do , and it is possible to obtain by both side double vector products by unit vector 77 with
—=0) . .

mass moment vector J; in the following form:

©)
Dy =

n

[—(0)

~

—(0)
J7 N

(0) (0) —
5 397 _W@’,@ ):‘:;7 . (2.6)

In case when rigid body is balanced with respect to the axis the mass inertia moment vector
—=(0) . . . . i . . L .
J+ is collinear to the axis and there is no deviational part. In this case axis of rotation is main

axis of body inertia. When axis of rotation is not main axis then mass inertial moment vector

. . - =) . . .
for the axis contains deviation part ©;; . That is case of rotation unbalanced rotor according
to axis and bodies skew positioned to the axis of rotation.

3. Linear Momentum and Angular Momentum
Vector Expressions for Rigid Body Dynamic with Coupled Rotation
around Axes without Intersection

3.1. Model of a Rigid Body Rotation around Two Axes without Intersection

Let us to consider rigid body rotation around two axes first oriented by unit vector 711 with
fixed position and second oriented by unit vector 7, which is rotating around fixed axis
with angular velocity @W; = wy7;. Axes of rotation are without intersection. Rigid body is
positioned on the moving rotating axis oriented by unit vector 7i, and rotate around self-
rotating axis with angular velocity @, = w;1, and around fixed axis oriented by unit vector
71 with angular velocity @ = wy71. Then, axes of rigid body coupled rotations are without
intersection. The shortest orthogonal distance between axes is defined by length O;0, and
it are perpendicular to both axes that is to the direction of angular velocities w; = w;7; and

wy = wytiy. This vector is 7y = O10; (see Figure 1):

[711,75]

st , 3.1
IWH%]I roUo1 (3.1)

—
ro="1ro

and it can be seen on Figure 1.
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Figure 1: Arbitrary position of rigid body coupled rotations around two axes without intersection. System
is with two degrees of mobility (two freedom or one degree of freedom and one rheonomic constraint)
where ¢, and ¢, are generalized coordinates fixed coordinate system and two moveable coordinate
systems O1&17161 = O1é&imiz and Ox81262 = O28r122, that are rotating with component angular velocities
of rigid body coupled rotations: independent generalized (/or rheonomic) coordinates are ¢; coordinate

- = —
of precession rotation and ¢, coordinate around self rotation axis. Vector rotators M1, JMo11, and DR are
presented.

When any of three main central axes of rigid body mass inertia moment is not in
direction of self rotation axis, then we can see that rigid body is skew positioned. The angles
Pi, i = 1,2 are angles of skew position of rigid body to the self rotation axis. When center C of
the mass of rigid body is not on self rotation axis of rigid body rotation, we can say that rigid
body is skew. Eccentricity of position is normal distance between mass center C and axis of
self rotation and it is defined by—e> = mz, mc,ﬁz]]. Here?C is vector position of mass center
C with origin in point O,, and position vector of mass center with fixed origin in point O is
7(: =_T>o +_p>c.

A plane in which lies the shortest distance, lenght O;0,, that is perpendicular to
fixed axis of precession rotation by angular velocity @; = w7, is denoted as R,,. A plane
that is formed by the shortest distance and fixed axis of component (transmission) rotation
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gyrorotor system is denoted as Ry and in referent position with Oix we denote axis of
fixed coordinate system, with O;z we denote axis in line with axis of component rotation
by angular velocity @w; = w7 while third axis Oy is perpendicular to it. Lets choose a

moveable axis O1¢; in line to vector 7o = m, axis 0141 = Ojz that rotates by angular
Velocityﬁl = w1 around the moveable coordinate system is rotating O1¢11161 = O1&171z as
it can be seen on Figure 2.

In the rigid body, an elementary mass around point N we denote dm with position
vector p, and with origin in the point O, on the movable self rotation axis and with 7 vector
positions of the same body elementary mass with origin in the point O; where point Oy
is fixed on the axis oriented by unit 711 and O, is on self-axis rotation oriented by unit T,
and both points are on the end of shortest orthogonal distance betwen axis of body coupled
rotations. Position vector of elementary mass with origin in pole O; is 7 = 7+ p, and velocity
of mass particle dm is: T = @1,_130] + @1 +ﬁ2,7].

3.2. Linear Momentum and Angular Momentum of a Rigid Body Coupled
Rotations around Two Axes without Intersection

By using basic definition of linear momentum and angular momentum as well as expresson
for velocity of rotation elementary body mass © = [w1, To] + [wh +32,7], we can write the
following vector expressions:

(a) for linear momentum in the following vector form (see [20, 23]):

— —(02) —(02)
R= wl,ro]M+w16—> +w26—> , (3.2)

(02
whereTC>>—> =[[[,[11,pldm and 6—> —fffv [7i2,p]dm are correspond body mass
linear moment of the r1g1d body for the axes orlented by direction of component
angular velocities of coupled rotations through the movable pole O on self-rotating
axis;

(b) for angular momentum in the following vector form (see [20, 23]):

R —(0y)
Lo, = wlﬁlrgM + wq WC, Wh?o]]M +w [70/ S5, ] +ws

L, —(02)
ro, 1o

—(02) —=(02)

+wiJ3 +w21,‘7{2 s

(3.3)

—=(02) —=(02)
where 35 ) def ”fv (1, plldmand 3+ Y def fffvf (712, p]]dm are correspond-
ing rigid body mass 1nert1a moment vectors for the axes orlented by directions of
component rotations through the pole O, on self-rotating axes.

First term in expression (2.6) presents transmission part of linear momentum as if all
rigid body mass is concentrate in pole O, on self-rotating axis and rotate around fixed axes
with angular velocity wy. This part is equal to zero in case when axes are with intersection.
Second and third terms in expression for linear momentum present linear momentum of pure
rotation, as relative motion around two axes with intersection in the pole O, on self rotation
axes. This two parts are different from zero in all case.
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(a) (b)

— — —(02)
Figure 2: Vector rotators 2, (a) and R, (b) in relations to corresponding mass moment vectors 37|2 and

2)

=(02) . . . = =(02) . .
J4, »and their corresponding deviational components ®;  and ©;,  as well as to corresponding devi-

ational planes.

Term (75); = [711,7 0] M is corresponding linear mass moment vector as if all rigid body
mass M is concentrate in pole O, on the self rotation axis for the axis oriented by direction of
precision rotation, threw the pole O;.

First term in expression (3.3) presents transmission part of angular momentum as if
all rigid body is concentrate in pole O, on self-rotating axes and rotate arround fixed axis
with angular velocity wj. This part is equal to zero in case when axes are with intersection.
First, second, third, and fourth members present transmission parts and fifth and sixth parts
present relative angular momentum with respect to pole O, of pure rotation by two axes
as they are with intersection in pole O, on self axis rotation. In case when axes are with
intersection first four members in expression for angular moment are equal to zero.

3.3. Derivatives of Linear Momentum and Angular Momentum of Rigid Body
Coupled Rotations around Two Axes without Intersection

By using expressions for linear momentum (3.2) after taking in account derivatives of parts,
the derivative of linear momentum of rigid body coupled rotations around two axes without
intersection, we can write the following vector expression:

_
AR (02)
= @[T M+ @i i, [ ol | M+ @Sy +

[, —=(02)

Tl1,671>

1

(3.4)
. —=(02) 5 —(02) —(02)
w6, +ws [y, Gy, | +2wiws |1, Gy, |
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After analysis structure of linear momentum derivative terms, we can see that it is
possible to introduce pure kinematic vectors depending on component angular velocitie and
component angular accelerations of component coupled rotations that are useful to express
derivatives of linear moment in following form

= [=(02)
+ Ro 67[2

N
df
T §01 |[7i1,70] | M +97{011

©02) ©02)
Sy + 2w1w» [71,& ’ (3.5)

na

By using vector expressions for angular momentum (4.1) after taking in account
derivatives of parts, the derivative of angular momentum of rigid body coupled rotations
around two axes without intersection, we can write the folowing expression:

R
ifo, |
df = w1 [Fo, [11, 0] | M + wiw: [Fo, [[11,712], P ] | M + wiws [ [P -], [1H1, Fo] | M

+awn[pe, [1i, o] [M - wi[pe, To] M +wi [, ], [, o] [M

o o o
+ w1 F’O,?;’%f) + w% [Wl,?o],g(—,z:)] + w% F)O, F{Lg%:)]
. —(02) 5 —(02) N — — N
+wn |70, 65, [+wWi[To, [, 65, | [+ wiwaM{[7o,71] (P 1) - [To, P ] (i1, 72))

+ i M{72 (B, [, Fol) =P e (7o, 11, Fol) + [Fo, 72 (71,8 )| = [Fo P e (7, 72) ]}

. —=(0) 5 —(02) . —=(02) 5 —(02) —(02)
w1 Jg, twi|ny, I, | twedy, tws|hz, Ju, | +2wiwr |, Ig, |-

(3.6)

After analysis structure of angular momentum terms, we can see, as in previous
chapter for the derivatives of linear momentum, that it is possible to introduce pure kinematic
vectors rotators depending on angular velocities and angular accelerations of component
coupled rotations and that is used to express derivatives of angular momentum in the
following shorter form:

-
dfo —(02)
. — — . . — — ) ~
= Y12 (To, P M, o, i, w1, wo, 11, 1) + @iirg M + 2wiw; [, I,
(3.7)
.= =0\ L= 2O0)\ = =0 = [=(02)
+w1<n1, 2 )i twz| fo, 5, )r2+ R (D, |+ R2|D3, |,
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where the following denotation is used:

— — . . - =
X12 (?O/ PC/ M/ wl/w2/w1/w2/ nl/ nz)

=w1[pe [, 7o |M +wi[ny, [P, [111,70] || M
. —(02) . (Oz)
+w1[—r>0,671 ]+w2 +w1[—>1,[ 0, &3,
+ w%?l)l <_T‘>0,€%(?2)>M + (A)% [70, 72,->(02 ] wi1wr [rlr rO 7N,
(02)
+ WM (P, [11,70]) + wiws r)h o] 87{22

Oz) —_> —(02)
+wow1 (7o, |11, G5 +wiwy (7o, (12, G5,

+w1ws (P e, 11) [Fo, M) M — wiws (P o, 1) [Fo, 11| M

[, —>(Oz)
70,63 Tis

(Oz)
+w2 7'0, T

—(02)

(3.8)

M

4. Vector Rotators of Rigid Body Coupled Rotations around Two Axes
without Intersection

We can see that in previous expression (3.5) for derivative of linear momentum the following
three vectors are introduced:

e .= —
NRo1 = w1 tior + Wy Vo1,

- 2 o
= 0 2 |— — 0
Ror = w1 |ny, — | +wi| niy, |, — | |,
1o L
e .= —>
Ro11 = Wi o1 + Wi Vo1,

—(02) —(02)
G- ,
?{011 — wl ny + w% 71, ny — [—>1’ pC] 2 Fl’ [—>1 pC] (41)

_>(n(?2) (75)%(?2) | [71,7 ] | “ el
;%22 = Wi + w%?f)ozz,
—(02) —(02)
Ro—w S, A S, [—>2r PC] 2 112, [—>2r/7C]
R K T I v A TR T AT AT
Y Gy, rPc rPc

— —
The first two vector rotators 2g; and g1 are orthogonal to the direction of the first
—
fixed axis and third vector rotator fRpy, is orthogonal to the self rotation axis. But, first vector
— —
rotator Ry is coupled for pole O; on the fixed axis and second and third vector rotators, Ro11

ity
and Ry, are coupled for the pole O, at self rotation axis and for corresponding direction
oriented by directions of component angular velocities of coupled rotations. Intensity of two
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first rotators is equal and is expressed by angular velocity and angular acceleration of the first
component rotation, and intensity of third vector rotators is expressed by angular velocity
and angular acceleration of the second component rotation, and are in the following forms:

Ro1 = Ro11 = \/wf + w;l, Roxo = \/w% + wé (4.2)

Lets introduce notation yo1, yo11, and o2 denote difference between corresponding
component angles of rotation ¢; and ¢, of the rigid body component rotations and
corresponding absolute angles of pure kinematics vector rotators about axes oriented by unit
vectors 11 and #,. These angles are determined by the following relations:

¢1 92
Yo1 = You1 = arctan (_71, Yoz = arctan ‘72 (4.3)

— — —

Angular velocity of relative kinematics vectors rotators Pgi, JRo11, and Rgpx which

rotate about corresponding axes in relation to the component angular velocities of the rigid
body component rotations are

¢1(291 — ¢191) oo = @2 (22 — 92 P5)
P1\cP1 ~9171) = P2\eP2 = $2Fa)

—— , —— (4.4)
@1 + o @3+ 43

Yo1 = You1 =

X — — —
In Figure 1. Vector rotators g1, MRoi1, and Ry, are presented.
—
Fourth vector rotator Ro1, is in the following vector form and with intensity fRoio:

[T’l) —>(02)J

1,63, —

Ro1z = 2w1w0o —GoT = Zwlsz, Wﬁnzi =Rz = 2wiwy.  (4.5)
785 | | [0 (2. ]

N
This vector rotator fg1» depends on both components of coupled rotations.
We can see that in previous vector expression (3.6) or (3.7) for derivative of angular

momentum are introduced following two vectors rotators: Ry = wiu; + wf?l and R, =

. — . .
W1t + w> T, in the following vector form:

—(07) —(07)
- . n 7 |— 1 L= —
R =w L twi | =Wl + WU
1 500 1" S0y 1U1 101,
5 ny
) ) (4.6)
—(02) —(02)
o . 7 — n .=
MRy = wn 4 w% 1o, 2 = oty + w%?z.
—(02) —(0)
ny 972
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— —
The first 3, is orthogonal to the fixed axis oriented by unit vector 71 and second R, is

—
orthogonal to the self rotation axis oriented by unit vector 7i,. Intensity of first rotator 9, is

=
equal to intensity of previous defined rotator Ry; and intensity of second rotator R, is equal
to intensity of previous defined rotator PRy, defined by expressions (3.7). Their intensities are

9%1 = \/(A'J%+(,Uéll, 9{2 = \/w%+w§. (4:7)

— —
In Figure 2 vector rotators R, (in Figure 2(a)) and R, (in Figure 2(b)) in relations to

—=(02) —(02)
corresponding mass moment vectors 3712 and 3722 , and their corresponding deviational

—(02) —(02) . .

components D;  and D;  as well as to corresponding deviational planes are presented.

Vector rotators i)?l and ?%2 are pure kinematical vectors first presented in [20, 21] as
a function on angular velocity and angular acceleration in a form R = U + PPW = 9‘%3%0.
Also from Section 3.3 expressions (3.5) and (3.6) or (3.7) for derivatives for linear and
angular momentum contain members with in tree types of different pure kinematical vectors
rotators which rotate around first and second axis in corresponding directions of coupled
rotation components, but with pole in O; or in O,. These vector rotators are possible to
separate by following criteria: (1) intensity of vector rotator is expressed by angular velocity

wy and angular acceleration w; in the form MR; = \/a')% + w‘l1 or angular velocity w, and

angular acceleration w, in the form and R, = \/a'J% + w‘zl; (2) intensity of the vector rotators
is expressed by both angular velocity components w; and w,, and no contain angular
accelerations w; and w»; (3) vector rotators are coupled by pole in O; or in Oy; (4) type of
angular velocities components of vector rotators.

Rotators from first set are rotated around through pole O, axis in direction of
first component rotation angular velocity and depend of angular velocity w; and angular
acceleration w;. There are two vectors of such type and all trees have equal intensity. Rotators
from second set are rotated around axis in direction of second component rotation and
depend of angular velocity w, and angular acceleration w,. There are two vectors of such
type and they have equal intensity.

Let us introduce notation, y; and y, denote difference between corresponding compo-
nent angles of rotation ¢; and ¢, of the rigid body component rotations and corresponding
absolute angles of pure kinematics vector rotators about axes oriented by unit vectors 72; and
71, through pole O,. These angles are determined by following relations:

) )
y1 = arctan &, Y2 = arctan & (4.8)
P1 ¥

— —

Angular velocity of relative kinematics vectors rotators 9i; and R, which rotate about
axes in corresponding directions in relation to the component angular velocities of the rigid
body component rotations through pole O, are

o BCE-0G) L 203 92)

—— , —— (4.9)
@1 + o @3 + 5
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Also, it is possible to separate a few numbers of rotators and between the following:

—(02)
ni, I3,

—(02)
ni, I3,
—(02) —=(02)

I, 1/ |m1, %, 1|l unit vector orthogonal to the axis oriented by unit

- —
90&12 = 2(4.71(.02 = 2(4)1(4721412, (4.10)

_
where U1, = [,

— —=(02) L . —
vector 717 and mass moment vector J;, for the axis oriented by unit vector 7, through
pole O,, and intensity equal 12 = 2wyw; twice multiplication of product of intensities of
component angular velocities w; and w; of rigid body coupled rotations around exes without
intersection.

5. Vector Rotators of Rigid Body-Disk Dynamics with Coupled
Rotations around Two Orthogonal Axes without Intersection

Let us consider vector rotators for the special case when rigid body-disk rotate around two
orthogonal axes without intersection.

Vector of relative mass center position g in relation to the pole O, and self rotation
axis oriented by unit vector 75, we can express in the movable coordinate systems with

axes oriented by basic unit vectors: T, Uy and 502 which rotate around self rotation axis
. . . d . . .

with angﬂar lelomty i)z in t_he form p. = PC(CF)S ﬂﬁ) P + sin ﬁm), as wel.l as by bglc umt
vectors 1o, U1 and n; which rotate around fixed axis oriented by unit vector #; with
angular velocity w; in the following form: p c =pc (cos ﬂ?im —sin fcos Vg1 +sin fsinpotiy).
p is angle between mass center vector position p and self rotation axis oriented by unit
vector 5. Vector of the orthogonal distance between orthogonal axes without intersection is
70 = —7’0?01-

For this case unit vectors 711 and 7, are orthogonal, and after taking into account this
orthogonality and corresponding formulas (4.1), (4.5), (4.6), and (4.10) for vector rotators we
obtain the following vector expressions:

. 2 . . nd . . . 2
R (Tor (an cos f§ — w? sin B sin o) — 11 (w; sin B sin g +w] cos f)) R S vt
011 = 7 011 | ="\ witw;
\/ cos2f + sin?fsin¢p,
= L= — P .0 4
Rozz = wr Vo — wito, |?ﬁ022| =\/w; +w,
— N —
NRo12 = —2wiwr o1, '9‘i012| = Ro12 = 2w,

- . 2 . — o >
e 101 (w1 cos f + w? sin fcos 2) + o1 (—wn sin fcos s + w7 COSﬂ)/ ;‘ill ZW
\/ cos?f} + sin? fcos?¢,
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= L= — P .0 4
Ry =wr oy —wiU, |9“L2| =\ w; +w,

— N —
Rz = 2wiws =2wiwstity, |9%12| =R = 2w wy.

(5.1)

Previous expressions for vectors rotators are derived with supposition that rigid body
is disk and that unit vectors in different deviation planes are:

—(02) . — —(02) . N
7, (cos Bl — sin B cos p: D1, ) -, Dy cos fUg; + sin ff cos pati g
== niy, = -
—(02) . ! —(02) .
2 230052 2 230052
’ = \/cos p + sin”Pcos? ¢, = cos?f + sin”fcos? ¢,
—(02) —(02)
- b d ny g - — ny
U = Uz = , U =Tz = |1y,
—(02) —(02)
972 ny
(5.2)

In Figure 3. four schematic presentations of deviational planes and component
directions of the vector rotators of rigid body-disk dynamics with coupled rotation around
two orthogonal axes without intersection are presented. In Figure 3(a) deviation plane

P . PR} —> . .
containing body mass center C, vector of relative mass center position g in relation to the
pole O, and self rotation axis oriented by unit vector 7, is visible. In Figure 3(b) deviation

] . . . . —> . .
plane containing self rotation axis oriented by unit vector 7, and body mass inertia moment

—=(02) . .. . —(02)
vector J5;, and its deviational component vector of mass deviational moment ©-; ~ for self
rotation axis and pole O; is visible. In Figure 3(c) two deviational planes through pole O;:

deviation plane containing self rotation axis oriented by unit vector 77, and body mass inertia
—=(02) . . i =(02)
moment vector 3722 and its deviational component vector of mass deviational moment @722

for self rotation axis and pole O, and deviation plane containing axis parallel to fixed axis
: : S =02 : L
oriented by unit vector 77; and body mass inertia moment vector J- 12 and its deviational

.. —(02) . . . N
component vector of mass deviational moment ©5; ~ for axis oriented by unit vector 7
and through pole O, are visible. In Figure 3(d) schematic presentation of the rigid body-
disk skew and eccentrically positioned on the self rotation axis with corresponding mass
moment vectors and deviation plane as a detail of the rigid body-disk coupled rotation
around two orthogonal axes without intersection is visible. In all form of the parts in Figure 3.
the component directions of the vector rotators components are visible.
By use derived vector expressions of the vector rotators we can obtain some angles
between corresponding vector rotator and basic vectors of corresponding movable coordinate
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Figure 3: Schematic presentation of deviational planes and component directions of the vector rotators
of rigid body-disk dynamics with coupled rotation around two orthogonal axes without intersection. (a)
Deviation plane containing body mass center C, vector of relative mass center position 7(: in relation to
the pole O,, and self rotation axis oriented by unit vector 7. (b) Deviation plane containing self rotation

L . - A =(02) . -
axis oriented by unit vector 7i; and body mass inertia moment vector J5, and its deviational component

—(02)
vector of mass deviational moment @722 for self rotation axis and pole O,. (c) Two deviational planes
through pole O,: deviation plane containing self rotation axis oriented by unit vector 7, and body mass

P =02) : s L =(0)
inertia moment vector J, and its deviational component vector of mass deviational moment D,

for self rotation axis and pole O, and deviation plane containing axis parallel to fixed axis oriented
. . . —(02) . .
by unit vector 711 and body mass inertia moment vector J—,{lz and its deviational component vector of

—(02)
mass deviational moment 53—,;12 for axis oriented by unit vector 77; and through pole O,. (d) Schematic

presentation of the rigid body-disk skew and eccentrically positioned on the self rotation axis with
corresponding mass moment vectors and deviation plane as a detail of the rigid body-disk coupled rotation
around two orthogonal axes without intersection.
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systems coupled with corresponding compounding axis of component coupled rotations in
the following form:

W @
tgn=—, tgym =-— =1ign
wy wy

1 - (wn/w?)tgpcos o 1-tgyitgpcos s

Loy = or in the form tgy; =
&n (@n/w?) +tgPcos ¢, &n tgy1 +tgp cos ¢ (5.3)
01/w?) — tgpsi t —tgPsi
tgYo11 = (wl/w1> 5 gp s1.n L or in the form tgyp11 = 8You — £8P s1'n L .
1+ (wn/w?)tgPsin s 1+ tgyontgpPsin ¢,
For the case that w; = 0, wy = constant
w1/ w?) — tghsin
160 ) R8P e P2 (5.4)
b = = ctgf—
SN tepcosgy S ospy’

where y; is relative angle of rotation in comparison with angle of rotation ¢, when 7; is
absolute angle of rotor rotation about axis oriented by unit vector T, taking into account its
rotation about axis oriented by unit vector 7.

6. Dynamic of Rigid Body Coupled Rotation around Two Orthogonal
Axes without Intersection and with One Degree of Freedom

6.1. Model Description of a Gyrorotor Coupled Rotations around Two
Orthogonal Axes without Intersection and with One Degree of Freedom

We are going to take into consideration special case of the considered heavy rigid body with
coupled rotations about two axes without intersection with one degree of freedom, and in the
gravitation field. For this case generalized coordinate ¢, is independent, and coordinate ¢
is programmed. In that case, we say that coordinate ¢, is rheonomic coordinate and system
is with kinematical excitation, programmed by forced support rotation by constant angular
velocity. When the angular velocity of shaft support axis is constant, ¢y = w; = constant,
we have that rheonomic coordinate is linear function of time, ¢; = wit + 19, and angular
acceleration around fixed axis is equal to zero w; = 0.

Special case is when the support shaft axis is vertical and the gyrorotor shaft axis
is horizontal, and all time in horizontal plane, and when axes are without intersection at
normal distance a. So we are going to consider that example presented in Figure 5. The
normal distance between axes is a. The angle of self rotation around moveable self rotation
axis oriented by the unit vector 72 is ¢po and the angular velocity is wy> = ¢». The angle of
rotation around the shaft support axis oriented by the unit vector 71 is ¢; and the angular
velocity is wy = constant. The angular velocity of rotor iSW = w1 +wyty = (plﬁ)l + (j)z?z. The
angle ¢, is generalized coordinates in case when we investigate system with one degree of
freedom, but system has two degrees of mobility. Also, without loss of generality we take that
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Ay

Figure 4: Model of heavy gyrorotor with two component coupled rotations around orthogonal axes
without intersections.

rigid body is a disk, eccentrically positioned on the self rotation shaft axis with eccentricity e,
and that angle of skew inclined position between one of main axes of disk and self rotation
axis is f, as it is visible in Figure 4.

For that example, differential equation of the heavy gyrorotor-disk self rotation of
reviewed model in Figure 4, for the case coupled rotations about two orthogonal axes, we
can obtain in the following form:

@2 + Q% (X — cos ) sin g + Q¢ cos g =0, (6.1)
where
J -7 mgesin 2measin e\’
Q2=a)%- 2 = 7 -/\= 7 (P= 7 £=1+4<_> : (6'2)
I G -19) T T '

Here it is considered an eccentric disc (eccentricity is e), with mass m and radius r,
which is inclined to the axis of its own self rotation by the angle f (see Figure 5.), so that
previous constants (6.11) in differential equation (6.10) become the following forms:

<€sin2[3 - 1) e\’ g(e—1)sinp 2easin f
2_ 2\ P 7 _ e __gle-Dsinp _ .
s <£sin2ﬂ + 1> e 4< ) o ew? <ssin2ﬂ - l> o7 er(gsinzﬂ - 1)

(6.3)
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6.2. Phase Portrait of the Heavy Gyrorotor Disk
Coupled Rotations About Two Axes without Intersection and
Their Three Parameter Transformations

Relative nonlinear dynamics of the heavy gyrorotor-disk around self rotation shaft axis is
possible to present by means of phase portrait method. Forms of phase trajectories and their
transformations by changes of initial conditions, and for different cases of disk eccentricity
and angle of its skew, as well as for different values of orthogonal distance between axes of
component rotations may present character of nonlinear oscillations.

For that reason it is necessary to find first integral of the differential (6.10). After
integration of the differential (6.3), the nonlinear equation of the phase trajectories of the
heavy gyrorotor disk dynamics with the initial conditions ty = 0, ¢1(t) = ¢10, ¢1(t0) = P10,
we obtain in the following for

1 1
@3 = ¢p, +2Q? <A COS ¢y — Ecosz(pz + ¢ sin (p2> - 20?2 (.}L COSs (o — Ecosz(poz + g sin (p02>.
(6.4)

As the analyzed system is conservative it is the energy integral.

6.3. Kinematical Vector Rotators of the Heavy Gyrorotor
Disk Coupled Rotations about Two Axes without Intersection and
Their Three Parameter Transformations

In the considered case for the heavy gyrorotor-disk nonlinear dynamics in the gravitational
field with one degree of freedom and with constant angular velocity about fixed axis, we have
three sets of vector rotators. N R

Th@)e of thise vector rotators NRo1, Ro11, and R;, from first set, are with same constant
intensity [Roi1| = [Ro11| = || = w% = constant and rotate with constant angular velocity w;
and equal to the angular velocity of rigid body precession rotation about fixed axis, but two
of these three vector rotators, %011 and 5)%1 are connected to the pole O, on the self rotation
axis, and are orthogonal to the axis parallel direction as direction of the fixed axis. All these

three vector rotators ?‘im, §011, and ?‘il are in different directions (see Figures 3(a), 3(b), 3(c),
and 4). Two of these vector rotators, 5{)022 and 5%2, from second set, are with same intensity
equal to Rgp = \/a')% + wg, and connecter to the pole O, and orthogonal to the self rotation
axis oriented by unit vector 77, and rotate about this axis with relative angular velocity j»
defined by second expression (4.9), 12 = (92(2¢% — ¢2%5))/ (¢35 + ¢3), in respect to the self
rotation angular velocity w,. These two of these vector rotators, 97%022 and ?%2 are oriented in
the following directions:

— N —(02) —(02)
— Mo, Mo, [Ho, — -
9‘{022 = (i)z [_>2 pC] + w2 r)2 [_>z P(j]] 9‘{2 = (Dz (n(; ) + wi T”l)z, 112 . (65)
2 —(02)

T2 Bl Bl
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Figure 5: Intensity of vector rotators Ry and Ry, for different disk eccentricity (a) and for different initial
conditions (b).

By use expressions (5.1) we can list following series of vector rotators of the gyrorotor-
disk with coupled rotation around orthogonal axes without intersection and with w; =
constant:

— —
2> 2
Ro1 = wi Vo1, 9%1| =wy,
. . —
— , (sin Bsin @, 01 + cos fior) — )
NRo11 = —wy; , '9‘{011| = wy,
\/ cos?f + sin?Bsin¢,
- . — — - .0 4
Roxz = W2V — Wik, 9‘{022‘ =\ w; +w,,
— N —
Ro1z2 = —2w1wr o1, |5R012| = Ronz = 2w,
— . —
— , Upi(sin fcos ) + Vg1 (cos B) — ) (6.6)
Ry = ~w; , Ri| = wi,
\/ cos?f} + sin?fcos? ¢,
- .= - .
R, ZwZvoz—aJﬁm, 9%2| = \/w§+w‘21,
— _>(OZ)
ny, ]T/iz
— N —
Ri2 = 2w1w> = 2wiwati, |9%12' = Rz = 2w ws.

—(02)
[71/ ]71)2
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One of the vectors rotators from the third set is i)?ou with intensity |i)7i012| = 2wiw, and
direction: 5%012 = 2wiw; [71, mz,ﬁc]] / |[71, mz,ﬁc]]l = —2wiwytlg. This vector rotator is
connecter to the pole O, and orthogonal to the axis oriented by unit vector 771 and relative
rotate about this axis. Intensity of this vector rotator expressed by generalized coordinate ¢,
angle of self rotation of heavy disk, taking into account first integral (6.4) of the differential
equation (6.1) obtain the following form:

1
|§>‘i012| = 2w \/(péz +2Q2 <)L oS (py — zcosz(pz + (rsin q)z) -4 (6.7)

where 4 denotes 2Q? (A cos @ — 1/2cos gy + ¢ sin ¢p2).

Intensity Rop = \/u’)% + wg of two of these vector rotators, 3)%022 and 5{)2, from second
set, depends on angular velocity w, and angular acceleration ¢,. For the considered system
of the heavy gyrorotor-disk dynamics, for obtaining expression of intensity of vector rotators,
NRox and ;%2, from second set, in the function of the generalized coordinate ¢,, angle of self
rotation of heavy disk self rotation, we take into account a first integral (6.4) of nonlinear
differential equation (6.1), and by using these result and previous expressions (6.6) of vector
rotator we can write the following.

(i) Intensity of the vectors rotators, §{>022 and ?‘iz, connected for the pole O, and rotate
around self rotation axis, in the following form:

.
| Ro22 |

= |¥022 (lpz) |

2
‘Péz + 202 <A COS (pp — %cos%pz +¢sin (p2> _ 54] )
(6.8)

= QZ\/[—()L —COS ¢p2) Sin ¢y + ¢ cos (pz]z +

(ii) Vector rotators orthogonal to the self rotation axes are in the following vector
forms:

[72.Pe)

?%22 (92) = Q*[~(A - cos g2 sin ¢y + ¢ cos s W
2, Fc

+ Q?

@5, +2Q° <)L COS (pp — %COSZ(pz + ¢ sin (pz) (6.9)

N
-20? ()L COS (P — 1c:osz(poz + ¢ sin (p02> M,
2 |[72 7l
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—(02)
— s

R (2) = Q?[~ (A = cos ¢y sin gy + ¢ cos o] 00
O3,

2|2 2 1 o .

+ Q7 ¢y, +2Q <A COS (2 — 5COS"(y + ¢ sin (pz) (6.10)
1 —(02)
-20? </\ COS (P2 — Ecosz(p(p + @ sin (p02>] T, %

ny

— —
Parametric equations of the trajectory of the vector rotators 9Rp» and R, are in the
following same forms:

us (p2) = Q% [~ (A — cos ) sin ¢ + ¢ cos 2],

vn(p2) =Q

@5, + 207 <A cos (s — %cosz(pz + @ sin (p2> (6.11)

20?2 <A oS (op — %cosztp(n + @ sin (,002>] ,

but it is necessary to take into consideration that is not in same directions, but is in the same
plane orthogonal to the axis oriented by unit vector 77, and through pole O,.
—

Relative angular velocity y» of both vector rotators fRgp and §2 in plane orthogonal
to the axis oriented by unit vector 77, and through pole O,. in relation on angular velocity of
self rotation, wy = ¢, is possible to express by using second expression (4.9), 1> = (¢2(2¢3 -
#2$2))/ (3 + ¢3), and we can write the following:

:I:\/h +Q2(2\ cos a — cos2y,) <2§24 (A = cos ;) sin2g, — 902)
2 = .
r (~2 (A = cos ) sin )’ + (h + Q2(2) cos gy — cos2¢y) )’

(6.12)

N
By using previous derived expression (6.8) for intensity of the vectors rotators, oz

and %, connected for the pole O, and rotate around self rotation axis, oriented by unit
vector 7i, in the orthogonal plane through pole O, and by changing some parameters of
heavy gyrorotor structure, as it is eccentricity e, angle of disk inclination f, orthogonal
distance between axes a, as well as parameter ¢ contained in the coefficients of the nonlinear
differential equation (6.1) and presented by expressions (6.5), we obtain series of the
graphical presentation, and some of these are presented in Figure 5.

By_> using p_a)rametric equations, in the form (6.11), of the trajectory of the vector

rotators Mg, and PRy connected for the pole O, and rotate around self rotation axis, oriented
by unit vector 7, in the orthogonal plane through pole O, and by changing some parameters
of heavy gyrorotor-disk, as it is eccentricity e, angle of disk inclination f3, orthogonal distance
between axes a, as well as parameter ¢ contained in the coefficients of the nonlinear
differential equation (6.1) and presented by expressions (6.5), we obtain series of the
graphical presentation, and some of these are presented in Figure 6.
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Figure 6: Transformation of the trajectory of the vector rotator 5%022 (and %z) in the plane through pole O,
and orthogonal to the self rotation axis for different values of parameter ¢s.

In Figure 6. transformation of the trajectory (hodograph) of the vector rotator 97{022

(and ?%2) in the plane through pole O, and orthogonal to the self rotation axis for different
values of parameter ¢ is presented.

In Figure 9. transformation of the trajectory (hodograph) of the vector rotator 97{022

(and ?‘iz) in the plane through pole O, and orthogonal to the self rotation axis for different
values of parameter .\ is presented.

In Figure 7. transformation of the trajectory (hodograph) of the vector rotator 97{022

(and 3%2) in the plane through pole O, and orthogonal to the self rotation axis, for
different values of parameter a, orthogonal distance between axes of gyrorotor-disk coupled
component rotations is presented.

By using expression, in the form (6.12), of relative angular velocity y» of the vector
rotator 5‘{022 (and 5‘{2) rotation in the plane through pole O, and orthogonal to the self
rotation axis, oriented by unit vector 71, and by changing some parameters of heavy gyrorotor
structure, as it is eccentricity e, angle of disk inclination f, orthogonal distance between axes
a, as well as parameter ¢ contained in the coefficients of the nonlinear differential (6.1) and
presented by expressions (6.5), we obtain series of the graphical presentation, and some of
these are presented in Figure 8.

In Figure 8. relative angular velocity y» of the vector rotator 5)73022 (and ?‘iz) in the plane
through pole O, and orthogonal to the self rotation axis, for different values of parameter
a, orthogonal distance between axes of gyrorotor-disk coupled component rotations is
presented.

7. Concluding Remarks

First main result presented is successful application the vector method by use mass moment
vectors for investigation of the rigid body coupled rotation around two axes without
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Figure 7: Transformation of the trajectory of the vector rotator Ry (and R, ) in the plane through pole O,
and orthogonal to the self rotation axis, for different values of parameter a, orthogonal distance between
axes of gyrorotor-disk coupled component rotations.
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Figure 8: Relative angular velocity y, of the vector rotator SRz, (and 9R,) in the plane through pole O, and
orthogonal to the self rotation axis, for different values of parameter a, orthogonal distance between axes
of gyrorotor-disk coupled component rotations.

cross-sections and vector decomposition of the dynamic structure into series of the vector
parameters useful for analysis of the coupled rotation kinetic properties.

By introducing mass moment vectors and vector rotators we expressed linear
momentum and angular momentum, as well as their derivatives with respect to time for
the case of the rigid body coupled rotations around two axes without intersections. By
applications of the new vector approach for the investigations of the kinetic properties
of the nonlinear dynamics of the rigid body coupled rotations around two axes without
intersections, we show that vector method, as well as applications of the mass moment
vectors and vector rotators simples way show characteristic vector structures of coupled
rotation kinetic properties.

Appearance, as it is visible, of the vector rotators, their intensity, and their directions
as well as their relative angular velocity of rotation around component directions parallel to
components of the coupled rotations, is very important for understanding mechanisms of
coupled rotations as well as kinetic pressures on shaft bearings of both shafts.

Special attentions are focused to the vector rotators, as well as to the absolute
and relative angular velocities of their rotations. These kinematical vector rotators of the
heavy gyrorotor disk coupled rotations about two axes without intersection and their three
parameter transformations are done as a second main result of this pepar.
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Figure 9: Transformation of the trajectory of the vector rotator ﬁm (and 5%2) in the plane through pole O,
and orthogonal to the self rotation axis for different values of parameter \.

A complete analysis of obtained vector expressions for derivatives of linear momen-
tum and angular momentum give us a series of the kinematical vectors rotators around
both directions determined by axes of the rigid body coupled rotations around axes without
intersection. These kinematical vectors rotators are defined for a system with two degrees of
freedom as well as for rheonomic system with two degrees of mobility and one degree of
freedom and coupled rotations around two coupled axes without intersection as well as their
angular velocities and intensity.
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