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In our previous paper, we obtained a reverse Hrlder’s type inequality which gives an upper
bound of the difference:

( ak)l/P( bqk)1/q- 2Z akbk

with a parameter 2 > 0, for n-tuples a (al,... ,an) and b (bl,...bn) of positive numbers
and for p > 1,q > satisfying 1/p + 1/q 1. In this paper for commutative positive
operators A and B on a Hilbert space H and a unit vector x E H, we give an upper bound
of the difference

(APx, x) lip (Oqx x) l/q 2(ABx, x).

As applications, considering special cases, we induce some difference and ratio operator
inequalities. Finally, using the geometric mean in the Kubo-Ando theory we shall give a
reverse Hrlder’s type operator inequality for noncommutative operators.
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1 INTRODUCTION

This paper is a continuation of our paper [7]. In this paper, we assume
that real numbers p > 1, q > satisfy lip + 1/q 1.
The H61der inequality is one of the most important inequalities in

analysis: If a (al an) and b (bl bn) are n-mples of non-
negative numbers, then

(E a)I/P(E bqk) llq >-- E akbk.

In [7], we introduced a complementary inequality derived from (1), i.e.,

(E a/)I/P(E bqk) l/q ) E a,bk <_ nMM2Fo(2) for 2 > 0

under certain conditions (see Theorem A and F0(2) is defined there). We
consider the operator version of this inequality, i.e., we give an estimation
of the following difference"

(APx, x 1/p(Bqx, x l/q 2(ABx, x) (2)

for commuting positive operators A and B on a Hilbert space H satisfy-
ing

0 < m < A < M, 0 < m2 _< B < M2, ml < MI and m2 < M2 (3)

and for a unit vector x 6 H. We show MiMz.Fo(2).as the upper bound of
(2), i.e.,

(APx, x)I/p(Bqx, x) 1/q 2(ABx, x) < MMzFo(2), (4)

which we call a reverse H61der’s type operator inequality. We derive
some other inequalities which are given for p q 2 and B I (I
is the identity operator) in (4). Considering the cases 2 and 2 satis-
fying F0(2) 0, we obtain difference and ratio inequalities which are
operator versions of known inequalities. Furthermore we obtain a non-
commutative version of a reverse H61der’s type operator inequality,
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using the s-geometric mean AsB introduced in the Kubo-Ando theory
[8], which is defined by

AIsB A/Z(A-/ZBA-/)SA/2 (0 < s < 1)

for invertible positive operators .4 and B.

2 AN OPERATOR VERSION OF A REVERSE HLDER’S TYPE
INEQUALITY

First we define several notations needed later. Let and fl be real num-
bers with 0 < < and 0 < < 1, and denote several constants as
follows"

g,r r gy,.....r goqpl/pgfl,ql/q
’1- Ky,r ])r-I

K
pl/pql/q

[,:= K
l/ql/p ( , fl, r p, q).

In our paper [7, Lemma 2.3], we pointed out that for any positive real
number 2, the equation

(1 e)(2 Kz1/q) (1 )(/ Kz-1/p)

has a unique positive solution z zx. We defined the constant c by

c, (1 -00(2- X’r,1/q) (-- (1 fl)(2- KT,;1/P)). (5)

Furthermore in [7, Theorem 3.5], we showed the following theorem
which gives an upper bound of the difference in H61der’s inequality (1):

THEOREM A Let a (al,..., an) and b (bl,..., bn) be n-tuples of
positive numbers satisfying 0 < ml <_ ate <_ M, 0 < m2 <_ bk <_ M2
(k 1, 2, n), ml < ml and m2 < M2. Put o ml /M1 and

fl m2/m2. Then for any > 0

(Y ak)l/P(Y bqk)l/q-/ Z akbk <_ nM1M2Fo(2), (6)
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where Fo(2) F0(2; , fl, p) is the constant defined by

Fo()O

K,p + Kfl,-- -1 2

1)2
oPflq

(1 P)(I flq) C2

flq

if O < 2 < min { K’p Kfl’q
q

f
Kfl ’----q ( m n { K p Kfl q }P q

<2<K

<2<K

if K <_2 <_K (7)

(=maxl(’P’(ll’q})p q

fl(1 2) /f max <
P q

Since K < < , we remark for 2

Fo(1) K--,p -I- fl,q (1 ,)(1 flq)
cl,

and the following inequality [6, Theorem 2.2] is obtained

(,a) /P ()-. bq) /q Y akbk < nMiM2Fo(1). (8)
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Moreover the equation Fo(2) 0 has a unique solution [7, Theorem 3.6
and Lermna 5.1

PflqI io "-’pl/pql/q(fl flq)l/P(o pfl)l/q (E [g, g]), (9)

and the following Gheorghiu inequality [4] (or a reverse H61der’s in-
equality [10, p.685]) is obtained:

(- a/k)I/P(’ bqk)1/q < 0 akbk. (10)

Now we give a reverse H61der’s type operator inequality, that is, an op-
erator version of (6). We also consider the special cases of 2 1 and
2 20.

THEOREM 1 Let A and B be two commuting positive operators on H
satisfying (3). Put ml /MI, fl m2/M2. Thenfor any 2 > 0 and any
unit vector x E H

(APx, x)1/p(Bqx, x)1/q 2(ABx, x) < M1M2Fo(2), (11)

where Fo(2) is the constant defined by (7).
Furthermore the followingfacts hold:

(i) If 2 1, then

(APx, X)lip (Bqx x) 1/q (ABx, x)

< M1M2 {K_,p 1-Pflq }+ /,q 1
(1 0)(1 q) Cl (12)

(ii) The equation Fo(2) 0 has a unique solution 2 20(E [K, K])
defined by (9) and the following inequality holds

(APx, x) 1/p (Bqx, x) 1/q .< ’0 (ABx, x) (13)

Proof Let a and b be n-tuples with the same conditions of Theorem A
and let w-- (wl,..., Wn) be an n-tuple of nonnegative numbers with
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w =1 wk. Then by the same method as [6, Theorem 4.1], we have
the weighted version of Theorem A, that is, for any 2 > 0

(" Wktlt)I/P(., Wkbqk)I/q- " Z Wkakbk <--wmlm2Fo(/]’) (14)

Next let p be a positive measure on the rectangle X--
[m l, MI] [m2, M2] with It(X) 1, and let L"(X)(r > 1) be the set of
measurable functions f such that Ill" are integrable on X. Suppose
that j’ U’(X) and g Lq(X) satisfying 0 < ml < f < M and
0 < m2 < g < M2. Furthermore let X1, X2 Xn be a decomposition
ofX and let xk X.(k 1, 2,..., n). Then from (14) we obtain

{ f(xky,p(Xk)} i/z, yg(xk)ql(Xk)] l/q_) y f(x.)g(xk)p(Xk)
<_ MM:Fo()O.

Taking the limit of the decomposition, we obtain

(IX fPdll)
lip

(Ixgqdlt)
l/q

2 L fgdp < MMzFo(2). (15)

Now since A and B are commuting, there exist commuting spectral
families EA(’) and EB(.) corresponding to A and B such that for any
polynomial p(A, B) (or a uniform limit of polynomials) in A and B,

(p(A, B)x, x) p(s, t)d(EA (s)EB(t)x, x} for x 6H,

[13, p.287]. Let dp d(EA(s)EO(t)x,x) dllE(s)EO(t)xll -. Then from
(15) we have

(APx, x) /p (Bqx, x)I/q 2(ABx, x) (I Ix sPdP)
/p

(I L tqd#)1/q
2.I Ix stdp < M,M2Fo(2)

and hence we have the desired inequality (l 1).
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Furthermore we easily have (12) and (13), putting
in (11), respectively.

We remark that the difference inequality (12) was obtained in [6, The-
orem 4.3] as an operator version of (8), and that the ratio inequality (13)
was obtained in [2, Theorem 4] as an operator version of Gheorghiu’s
inequality (10).

3 FURTHER APPLICATIONS TO OPERATOR INEQUALITIES

In this section as applications ofTheorem 1, we deduce three corollaries
which give special inequalities as the cases ofp q 2 or fl 1. The
inequalities for 2 correspond with difference inequalities given
in [6], and those for the solution 2 of F0(2)= 0 correspond with
ratio inequalities which are operator versions of known numerical
inequalities.

If fi -+ in Theorem 1, then we can easily see that K (Ko,p/p)l/P
and -- (K,p/pp-1)/p. So we obtain the following corollary:

COROLLARY 2 Let A be a positive operator on H satisfying (3). Put
m/M. Then for any 2 > 0 and any unit vector x H

(APx, x) /p 2 (Ax, x) <_ MF(2), (16)

where F1 (2) is the constant defined by

1-2

(2)

/f0<2<
K,p
P

K=,p
if
K’p

<2<
p pap-1

/f < 2.



640 M. TOMINAGA

Furthermore the followingfacts hold:

(i) ,/)" 2 1, then

(APx, x) 1/p (Ax, x) < M1 p(1 00
(17)

(ii) The equation F (2) 0 has a unique solution

2=21=
pl/pqllq(1 z)l/P(ot op)l/q " ’pzp-l’

and the following inequality holds

(Anx, x) /p < 2 (Ax, x). (18)

Proof Let M2 and m2 fl --+ in Theorem 1. Then we obtain

(16) by using the same method as in [7, Theorem 4.1]. Moreover (17)

is ensured by
K,p K,p

< < and (18) is obtained by an elementary
p poe’-’

computation, using the fact that a unique solution 2 2 of the equa-

tion Fl (2) 0 satisfies
K,p .K,p
p

The inequality (17) was given in [6] and the inequality (18) was given
in [2], [3], [9], [11]. The constant 2 coincides with the p-th root of the
constant defined by Ky Fan [1 ], or Furuta [3].

Next we take p q 2 in Theorem 1:

COROLLARY 3 Let A andB be two commuting positive operators on H
satisfying (3). Put t-min{ml/Ml,mz/Mz}, fl-- max{ml/M,
m2/M2}, 7 (1 + cz)I/2(1 + fl)i/2/2 and 7//2fl1/2. Write c the
constant of(5) with respect to p q 2. Then for any 2 > 0 and any
unit vector x E H

(AZx, x) I/Z (BZx, x)1/z 2(ABx, x) < MMzF2(2),
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where F2(2) is the constant defined by

F()

1+1-2 /f0<2<
2

<2<422 1+’ 2 /f
1+
2

(1-fl)2
_c, { 1-2fl2 } 2

(1 + )(1 + fl) (1 2)(1 f12)

(1+ )1+, 1+
’422 f12 9 < 2 <

2

1+
(1-2)

2
<2"

Furthermore the followingfacts hold:

(i) If 2 1, then

(1 fl)2(A2x, x) /2 (B-x, x) /2 (ABx, x) <_ MM2 2(1 + )(1 + fl)" (19)

(ii) The equation F2(2)= 0 has a unique solution

+ fl ( [7, 9]),2 22 21/2fll/2

and the following inequality holds

(A2x, x) l/2 (B2x, x) 1/2 _< 22 (ABx, x). (20)

Proof Let p-q- 2 in Theorem 1. Then we obtain the desired in-
equalities by using the same method as [7, Theorem 4.3].

The inequality (19) was given in [6]. The inequality (20) is a commu-
tative operator version of the P61ya-Szeg6 inequality [12], [10, p.684]:

_, a Zb <
(M,M2 + m, m2)2

4M1Mzm m2
(- akbk)2,
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or Greub-W. Rheinboldt inequality [5]:

_,pka2 -pkb <
(M,Mz + m,m2)2

4MM2m m2
(Yp,a,b,)2.

with a weight pk > 0 (k 1,2 n) with pk 1.
In particular, we obtain the following corollary, putting p q 2 in

Corollary 2 or fl in Corollary 3"

COROLLARY 4 Let A be a positive operator on H satis.ing (3). Put
m/Ml. Then for any 2 > 0 and any unit vector x E H

(42X, X)1/2 ,,(AX, X) MIF3(2),

where F3(2) is the constant defined by

F3()0

1+
1-2 /f0<2< 2
l+oe oe 1+o, l+z2 /f <2<
42 + 2 2

l+z
(1-2) /f 2

<2.

Furthermore the Jbllowing facts hold:

(i) If 2 1, then

(A2x, x} 1/2 (Ax, x} < (M1 m!)2
4(M + ml)

(21)

(ii) The equation F3(2) 0 has a unique solution

and the following inequality hoMs

{A2x, x} 1/2 .< 23 (Ax, x}. (22)
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The inequalities (21) and (22) are well-known inequalities (cf. [6])
related to the following celebrated Kantorovich inequality:

(Ax, x) (A-x, x) <_ (m -I- m)2

4mM

As an application of Theorem 1 (or Corollary 2), we shall show some
operator inequalities without commutativity assumption. In [8], E
Kubo and T. Ando introduced the s-geometric mean AtlsB defined by

AsB A/2(A-/2BA-/2)*A/2 (0 < s <_ 1)

for positive invertible operators A and B. We note that Bql/pAp AB if
A and B commute.

Using the s-geometric mean, we have a noncommutative version of
Theorem 1"

THEOREM 5 Let A and B be two positive invertible operators on H

satisfying (3). Put - ml/M1, fl- m2/M2 y- oflq-1 mlm-I
M1M-

and

gT (_ gT,p
Pflq
eq-1"

Thenfor any 2 > 0 and any unit vector x E H

(APx, x) l/p(Bqx, x) l/q 2(Bql/pAPx, x) <_ M1M2
q-1 FlI()’ (23)

where F(2) is the constant defined by

F,()
1 { 1--TP ]

q-1
7--p

7(1 2)

/fO <, < K
p

/f K, < 2 < K,
p pyp-1
K,

if p, < ,.
Proof In Corollary 2, F1 (2) is determined by 2, (and p), and hence
we may write F (2) F(2, ). If C is a positive operator such that
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0 < m < C < M, then from (16) we have for any 2 > 0 and any vector
xEH

(CPx, x) l/p(x, x) l/q l],(Cx, x) MFI(,, 3?o)(X, X) (24)

holds for 70 m/M. (Correspondingly we replace the constant K,p in Cor-

-0.) Now, we replace C and x by (B-q/2APB-q/2)I/Pollary 2 by K.o
-70

and Bq/2x with x having unit norm in (24), respectively. Then since

0< M1m (B-q/2APB-q/2)I/P < q-IM-i
<

m2

we have

(APx, x) I/p (Bqx x) 1/q 2(Bq/2(B-q/2APB-q/2)l/pBq/2x, x)

M!< F(2, y)(Bqx, x)mq2_-f
MIM2< El (2 )q-1

for , flq- Putting F(2)--F(2, ),), we obtain the desiredM

inequality (23).

If we put 2 in (23), then we have the following inequality [6,
Theorem 4.5] which is the noncommutative version of (12):

(AI’x, x)1/p (Bqx x)1/q (Bql/pAPx x)

(25)

By an elementary computation we can see that F(2) 0 has a un-

ique solution 2 20 E defined by (9). So we have the
p p7p-!

following result [2, Theorem 4]"
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COROLLARY 6 Let A and B be two positive invertible operators on H
satisfying (3). Put m/M and fl mz/m2. Thenfor any unit vector
xH

(APx, x)lip (Bqx x) 1/q < ,o(Bql/pAPx, x),

where2o ( [r ,pTp-Kr ’]) isthecnstantdefinedby(9)

(26)
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