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As a continuation of (J. Mici¢, Y. Seo, S.-E. Takahasi and M. Tominaga, Inequalities
of Furuta and Mond-Pecari¢, Math. Ineq. Appl., 2 (1999), 83-111), we shall discuss
complementary results to Jensen’s type inequalities on the Hadamard product of
positive operators, which is based on the idea due to Furuta and Mond—Pecari¢. We shall
show Hadamard product versions of operator inequalities associated with extensions of
Holder—McCarthy and Kantorovich inequalities established by Furuta, Ky Fan and
Mond-Pecaric.
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1. INTRODUCTION

According to [3] and [14], the Hadamard product of operators on a
Hilbert space H is defined as follows: If Uis an isometry of Hinto H® H
such that Ue, = e, ® e, where {e,} is a fixed orthonormal basis of H, then
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the Hadamard product 4 * B of (bounded) operators 4 and B on H for
{e,} is expressed as

A% B=U*(4® B)U. (1)

As an effect of (1), Fujii [3, Theorem 3] showed the following Jensen’s
type inequalities on the Hadamard product of positive operators, which
is an operator version for the Aujla—Vasudeva theorem [2, Theorem 3.2]:
If fis a submultiplicative operator convex (resp. supermultiplicative
operator concave) function on (0, o), then

f(4xB) <f(4)*f(B) (resp.f(4x*B)2/(4)+f(B)) (2)

forall 4, B>0.

Also, Liu and Neudecker [9] showed several matrix Kantorovich-type
inequalities on the Hadamard product, and Mond—Pecari¢ moreover
extended them in [13], also see [7]: If 4 and B are positive semidefinite
Hermitian matrices such that 0 < m < 4 ® B< M, then

A* % B? — (4% B <Y (M —m)’, (3)
2, p2 1/2 M+ m .
(4% B%) Szm(A B). 4)

We note that (3) and (4) are complementary to (2) for f(f)=r*> and /1
respectively.

On the other hand, Furuta|[5,6], Ky Fan[8]and Mond—Pecari¢[11,12]
showed several operator inequalities associated with extensions of
Holder—McCarthy and Kantorovich inequalities. For instance, Furuta
showed that if A is a positive operator on Hsuchthat 0 <m< A<M, f
is a real valued continuous convex function on [m, M ] and g is a real
number such that ¢ > 1 or ¢ <0, then there exists a constant C(g) such
that the following inequality

(f(4)x,x) < C(g)(Ax,x)* (5)

holds for every unit vector x € H under some conditions. Also, one of
the authors and et al. [15] showed a complementary result to Jensen
inequality for convex functions: If fis a real valued continuous strictly
convex function on [m, M ] such that f(¢) > 0, then for a given o > 0 there
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exists the most suitable constant 8 such that
(f(4)x,x) < of (4x,x)) + B (6)

holds for every unit vector x € H.

Moreover, in the previous paper [10], by combinig (5) with (6), we
showed the following complementary results to operator inequalities
associated with extensions of Hoélder—McCarthy and Kantorovich
inequalities established by Furuta, Ky Fan and Mond—Pecari¢: If fis a
real valued continuous convex function on [m, M ] and g is a real valued
continuous function on [m, M], then for a given real number « there
exists the most suitable constant 3 such that

(f(A)x’ x) < O‘g((Ax’ x)) +0 (7)

holds for every unit vector x € H under some conditions.

In this note, we shall discuss complementary results to Jensen’s type
inequalities on the Hadamard product of positive operators correspond-
ing to (7), which is based on the idea due to Furuta and Mond—Pecaric.
We shall show Hadamard product versions of operator inequalities
associated with extensions of Hoélder—McCarthy and Kantorovich
inequalities established by Furuta, Ky Fan and Mond-Pecaric.

2. JENSEN’S TYPE INEQUALITIES

Ando [1, Theorems 10 and 11] showed Jensen’s type inequalities on
the Hadamard product of positive definite matrices by applying con-
cavity and convexity theorems. Also, Furuta [4, Theorem 2], Aujla—
Vasudeva [2, Corollary 3.4], Fujii [3, Corollary 4] and Mond—Pecari¢
[12, Theorem 2.1] showed another Jensen’s type inequalities on the
Hadamard product.

First, we shall show that these inequalities are mutually equivalent.

THEOREM 1 Let A and B be positive operators on a Hilbert space H.
Then the following inequalities hold and follow from each other.

@
AxB< (42« B")'? if1<p,
A*BZ(A”*B")I/" if either 1<p<1orp<—1.
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(ii)

AP« B? < (A*BY if0<p<l,
AP x B? > (A* B ifeither 1<p<2or —1<p<0.

(i)

(4"« BN < (45 % B if either r < s with r,s¢ (—1,1),
or i<r<i<sorr<-1<s<-1L

Proof (i)=-(iii) For the case of 1 <r<s, put p=s/r>1. Then we
have A x B< (4" x B"Y* by (i). Replacing 4 by 4" and B by B" and
raising to the power 0 < 1/r < 1, we have (4" x B")!/" < (4° x B%)"/* by the
Lowner—Heinz inequality. Similarly for the other cases.

(iii) = (ii)) For0 < p < 1,put s=1/p > 1 and r =1 in (iii), then we have
Ax B<(A"7 % B'P)?. We have only to replace 4 by 47 and B by B”.

(ii) = (i) Consider 1/pin (ii) for 1 < p < oo and replacing 4 by 4” and B
by B? in (ii).

For the sake of convenience, we prepare some notations. Let 4 and B
be positive operators on a Hilbert space Hsuch that0 < m; < 4 < M,and
0 <my < B< M,. Put m=mym, and M = M| M,. Also, let f(¢) be a real
valued continuous function defined on an interval including [m, M].
Then f'is called supermultiplicative (resp. submultiplicative) if f(xy) >

S () (resp. f(xy) <1 (x)f(y)). We define:

and
Xf= [ml,M]] U [I’I’I2,M2] U {m,M]

Also, we introduce the following constant by Furuta [6]:

mf (M) — Mf (m) ((q - D/ (M) —f(M))>q,

Cr(m,M;q) = (g—1D)(M—m) \ gmf(M)— Mf(m))

where ¢ is a real number such that ¢ > 1 or ¢ <0. It is denoted simply
by C(9).
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We shall show an Hadamard product version corresponding to
[10, Theorem 2] which is based on the idea to Furuta and Mond—Pecaric.

THEOREM 2 Let A and B be positive operators on a Hilbert space H
such that 0<m <A< M, and 0<my<B< M,. Put m=mm, and
M = M M. Suppose that either of the following conditions holds

() f(?) is a real valued continuous supermultiplicative convex function
defined on the interval Xy or;

(ii) f(¢) is a real valued continuous submultiplicative concave function
defined on the interval Xy.

Let g(t) be a real valued continuous function on [m, M 1, J1 an interval
including { f(2) f(5): t € [my, M1], s € [my, M>]} and J, an interval including
{g(®): te[m, M1}. If F(u,v) is a real valued function defined on Jy X J3,
operator monotone in u, then the following inequalities hold

F(f(A)xf(B),g(4 x B)) < tél[r'ln%]F(aft + b g(O)1 (8)

in case (i), or

F(f(4) xf(B),g(4 * B)) > ter{l’rli,rAll]F(afterf,g(t))f 9)

in case (ii).

Proof Though the proof is quite similar to Mond and Pecari¢ [11,
Theorem 4], we give a proof for the sake of completeness. Let the
condition (i) be satisfied. Since fis convex, we have () < ayt+ by for
any ¢ €[m, M]. Thus we obtain (4 ® B) < as(4 ® B)+ bysince 0 <m <
A® B < M, so that it follows from the supermultiplicativity of f that

f(4)«f(B) =U"(f(4) @ f(B)U < Uf(4® B)U
<U*(ar(AQ B) +b)U=ar(A*B)+ b/l

By the monotonicity of F, we have

F(f(A) *f(B),g(4 x B)) < F(as(4  B) + byl,g(4 * B))

< F(art+ by, g(1))1
< max (art + by, g(1))

Thus we obtain the inequality (8). The proof in case (ii) is essentially
the same.
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Remark 3 Note that we do not assume the operator convexity or
operator concavity of f.

As a complementary result, we cite the following theorem:

THEOREM 2’ Let A, B, g, Jy and J, be as in Theorem 2. Let —F(u,v) is a
real valued function defined on J, X J,, operator monotone in u.

If f(t) is a real valued continuous submultiplicative concave function
defined on the interval Xy then

F(f(4) +f(B),g(4x B)) < nax, Fart+bpg(0),  (10)

but if f(¢) is a real valued continuous supermultiplicative convex function
defined on the interval X then

F(f(A)*f(B),g(4+B)) > min F(asrt+b,g(t))l.  (11)

te[m,M]

Remark 4 Note that the function F(u, v) =u — av for a real number «
and F(u, v) = v~ "?uv™"2 (y > 0) are both operator monotone in their first
variables.

3. COMPLEMENTARY TO JENSEN’S TYPE INEQUALITIES

In this section, by virtue of Theorem 2, we shall show complementary
results to Jensen’s type inequalities on the Hadamard product of positive
operator which corresponds to (7).

THEOREM 5 Let A and B be positive operators on a Hilbert space H
such that 0<my <A< M, and 0<my<B<M,. Put m=mm, and
M=MM,. Let f(t) be a real valued continuous supermultiplicative
convex (resp. submultiplicative concave) function defined on the interval Xy
and g(1) a real valued continuous functions defined on [m, M]. Then for a
given real number o

J(A)+f(B) < ag(4* B)+ Bl (resp. [(A) f(B) = ag(4  B) + BI)



INEQUALITIES OF FURUTA AND MOND-PECARIC 269

holds for
= t+br—og(t . B = mi t+br—og(t)}).
B té}m]{af +br—oag(n)} (resp. B ter;ln{rlg{]{af + by — ag(1)})

Proof Weonly proveit for supermultiplicative concave case. Let us put
F(u,v) =u — avin Theorem 2. Then it follows from the inequality (8) that

f(A)*f(B) — ag(A* B) < max F(art+ by, g(1)]
te[m,M|]
= ,éf}f,‘ﬁ]{“f’ + by — ag()},

which gives the desired inequality.

Remark 6 If we put o =1in Theorem S and g(¢) is a real valued strictly
convex (resp. strictly concave) twice differentiable function defined on
[m, M ], then we have the following:

f(A4)«f(B) —g(4*B) < BI (resp. f(A)xf(B) — g(4xB) > fI)

holds for = ay- to+ by— g(tp) and

M if g'(M) <ay
ly=qm if g'(m) > as
g'"'(as) otherwise.

Further if we choose o such that 3 =0 in Theorem 5 then we have the
following corollary.

COROLLARY 7 Let A, Bandfbe asin Theorem 5 and g(t) a strictly convex
(resp. strictly concave) twice differentiable function defined on [m, M ].
If g(t) >0 on[m, M] and f(m) >0, f(M) >0 then
f(4)*f(B) < ong(4*B) (resp. f(A4) = f(B) > ag(4 x B)),
but, if g(t) <0 on[m, M) and f(m) <0, f(M) <0 then

J(A4) xf(B) < azg(4 % B) (resp. f(A4)*f(B) 2 cng(4 x B)),
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both hold for

(ar - 1o + by) /(1)
if [tz,;(g(f;’! }(—f ()M )g'(M)][arg(m) — f(m)g’(m)] < 0
ap = m M
max{g(_m)’ M}
otherwise

and

((ar- to+by)/g(t0)
if larg(M) —f (M )g'(M )][arg(m) — f(m)g'(m)] <0
a2 = min {Z_(_ni) M}
g(m)’ g(M)
\ otherwise.
In the formulas of o we designed to the unique solution of the equation

arg(t) —g'()(ar-t+by) = 0.
Proof This proof'is quite similar to the one in [10, Theorem 6). Indeed,
for case g(¢) > 0 apply Theorem 2 and for case g(¢) < 0 apply Theorem 2/
both with F(u, v)=v~"2uy™"? (v > 0). We define h(t) = (a,- 1 + by)/g(?).
If W (m)H (M) <0 then the equation 4'(f) =0 has the unique solution
to € (m, M). If W (m)l (M) > 0 then it follows that A(f) is monotone on
[m, M ]and its extreme occurs at m or at M.

If g(¢) = ¢4, then we have the following theorem which is considered as
the Hadamard product version of [6, Theorem 1.1].
THEOREM 8 Let A and B be positive operators on a Hilbert space H such
that 0<m; < A<M, and 0 <my < B< M,. Put m=mimy, M =M M,
and q a real number. If f (1) is a real valued continuous supermultiplicative
convex function defined on the interval Xy, then for a given real number o

f(A4) =f(B) < a(4xB)! + BI (12)
holds for
ar q/(g-1)
a(g—1) (&—1) + by
. a /@D
B= ifmg(a—{) <M and ag(g—1)>0
max{f(M) — aM?, f(m)— ami}
L otherwise.
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But if f(¢) is a real valued continuous submultiplicative concave function
defined on the interval X then for a given real number o

f(A) *f(B) > a4 * B)" + BI (13)
holds for

( ar q/(g-1)

2\ @D
B = ifmg(—i) <M and ag(g—1) <0
og
min{ /(M) — aM,f(m) — am?}
\  otherwise.

Proof We only prove it for the supermultiplicative convex case.
Put A(f)=ast+br—at? (t>0) and suppose that as/(ag)>0. Put
H= (af/(ozq))” @=1 and hence we have that #'(f)=0 if and only if
t=t. If m<(ar/(eq)’® V<M and ag(g—1)>0, then h'()=
—ag(g—Dt*2<0 (t>0) and sO Max,cpmarh(t)=h(t). If m<
(ar/(ag))'" P <M and ag(q—1)<0, then A"(t)>0 (:>0) and so
MaX cpm a1 A(t) = max{h(M), h(m)}. Also if either (ar/(ag))’“ P <m
or M < (ay/ (aq))” @=1 then h(7)iseither nonincreasing or nondecreasing
on [m, M] and hence max,ejm, ar1 A(t) = max{h(M), h(m)}.

Next suppose that as/(ag) <0. Then ay/(ag)— t771<0 (t>0),
hence #'(f)=aq(as/(aq) — tq—l) has the same sign on (0,00) and so
MaX,e[m,p A(t) = max{h(M), h(m)}.

Finally suppose that a;=0 or ag =0 or g= 1. Then A(¢) is evidently
nonincreasing or nondecreasing on (0, c0) and hence max,cm,ar A(f) =
max{h(M), h(m)}. Note that

a q/(g—1)
h(n)=a<q—1)(a—;) s

and
max{h(M ), h(m)} = max{f (M) — aM?,f(m) — am?}.

Therefore, we obtain the desired result by virtue of Theorem 5.
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Remark 9 1If we put a=1 in Theorem § then we have the following:
If f(¢) is a real valued continuous supermultiplicative convex (resp.
submultiplicative concave) function on Xyand g a real number then

f(A)*f(B) < (A% B)! + Bl (resp. f(4) xf(B) > (4 * B)! + 1)
holds for

(g - 1)(a/a)""V +b
g ={ ifms (a7/9)"4™V < M and ¢¢ (0,1)
max{f (M) — M9, f(m) —m?}
{  otherwise,
(resp.
(g = D(ar/9)" ™V + b
8, = if m< (af/q)l/(q_l) <M and g€ (0,1)
min{f (M) — M9,f(m) — m?}

otherwise).

Further if we choose o such that 3 =0 in Theorem 8 then we have the
following corollary.

COROLLARY 10 Let A, B, fand q be as Theorem 8. Then
f(A)*f(B) < aij(4dxB) (resp. f(A) *f(B) > az(4 * B)?)

holds for
(4 (b_f _q_)""
g \arl—gq
o = ifmgb—f—q——gMandaf(q—l)>0
al—gq
max{f(m)/m.f(M)/ M7}
\  otherwise.
(resp.
(o (éz _q__>“"
g \arl—q
o = ifmgllf——q—SMandaf(q—l)<0
arl—gq
min{ f(m)/m4,f(M)/M?}
\ otherwise).
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Proof Thisproofis quite similar to the one in Theorem 8. Indeed, hence
h(t)=(as-t+bs)/t? for t>0. We have W(1)=0 for t=1t,=bs/as q/
(1 —g) and A"(t;) <0 if and only if ar(g — 1) > 0 (resp. #"(#;) > 0 if and
only if as(g — 1) <0). Further if m <1, <M then a; =h(t;) (resp. a,=
h(t)). Otherwise A(f) is monotone on [m, M ] and its extreme occurs at m
orat M.

The following corollary is complementary to (2), which is considered
as an Hadamard product version of [15, Theorem 1].

COROLLARY 11 Let A and B be positive operators on a Filbert space H
such that 0<m <A< M, and 0<my<B<M,. Put m=mm, and
M=MM,. Let f(t) be a real valued continuous supermultiplicative
strictly convex (resp. submultiplicative strictly concave) twice differen-
tiable function on Xy then for a given o >0

Jf(A)*f(B) < of (4 B)+BI (resp. f(A) *[f(B) > of (4* B) + BI)

holds for 3= —af (to) + asto+ by and

M irM<f (2
=< m if"'(a—f) <m
(0%

a
S (a[) otherwise.

Proof By virtue of Theorem 5, it is sufficient to see that 8=
—of (o) + asto + by Put h(t) = ast + by— af (2). By an easy differentiable
calculus, we have #(t)) = 0 when 1, =£"""(as/) and t, gives the upper
bound of A(¢) on [m, M ] if ty € (m, M). Also, if to¢ (m, M), then h(?) is
either nonincreasing or nondecreasing on [m, M ].

Remark 12 1f we put a =1 in Corollary 11 then we have the following:
If f(¢) is a real valued continuous supermultiplicative strictly convex
(resp. submultiplicative strictly concave) twice differentiable function
on Xrthen

S(4)xf(B) —f(4xB) <PI (resp.f(4)*f(B)—f(4xB)=pI)
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holds for = ar-to+ bf—f(t()) and

m if f'(m) > ar

M if f'(M) < ay
ty = {
S""Y(ay) otherwise.

Further if we choose « such that 3=0 in Corollary 11 then we have
the following corollary.

COROLLARY 13 Let A, B and f be as Corollary 11.
If f(£) >0 on Xy then

J(A)+f(B) < of (A B) (resp. f(A4) [ (B) > of (4 x B)),
but if f (1) <0 on Xy then
J(4)xf(B) 2 of (A B) (resp. f(4) f(B) < of (4 x B)),

all hold for a=(as to+by)|f(ty) and ty is the unique solution of
the equation agf(t) = f'(t)(as- t + by).

Proof For case f(t) >0 apply Theorem 2 and for case f(¢) <0 apply
Theorem 2’ both with F(u, v) = v~"?uv~'?(y > 0). The equation 4 (1) =
as—f’(t)=0 has the unique solution in (m, M). Since, if () is strictly
convex (resp. strictly concave) differentiable function then f(x) — f(y) >

(x=»)f'(p) (resp. f(x) = f(¥) < (x = »)f'(p)) for x € O(y) then for the
continuous function #'(f) we have /' (m)#' (M) < 0.

4. APPLICATIONS

In this section, we shall show applications of Theorem 8 for potential
and exponential functions. Note that the potential function f(¢) = t”is a
real valued continuous supermultiplicative strictly convex (resp. sub-
multiplicative strictly concave) differentiable if p¢ [0, 1] (resp. p € (0, 1)).

First, we state the following corollary obtained by applying f(f) = t?
to Theorem 8.

COROLLARY 14 Let A and B be positive operators on a Hilbert space H
such that 0 <m <A< M; and 0 <my<B<M,. Put m=mmy and
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M=MM,. If p¢[0, 1] (resp. p €(0, 1)) and q a real number, then for a
given real number o

AP« B? < o(A* B)? + 11 (resp. A” x B? > a(A * B)! + 5,1)
holds for

( 1 q/(g-1)
a(q—l)(zl—qa) +b

Lo\ Ve
51:7 ifmg(a—q&> <M and ag(q—1) >0
max{m? — am?, M? — aM}

\ otherwise,

(resp.
( 1 q/(g-1)
alg—1) (—ﬁ) +b
aq
1\ V@
Br = zj’mg(@&) <M and aq(q—1) <0
min{m? — am?, M? — aM?}
otherwise),

where a = (MP —m?) /(M — m) and b = (Mm? — mM?) /(M — m).

Further if we put f(#)=¢? in Corollary 10 and Remark 9 then we
have the following corollary.

COROLLARY 15 Let A and B be positive operators on a Hilbert space H
such that 0<m < A<M, and 0<m,<B<M,. Put m=mm, and
M =M M,. Then for p,q¢[0,1]landp-q>0

AP x B? < (A*xB)"+ 3 (14)

holds for

_ 1 \ 9@ a\ /-1
b+ —1(—&) imS(—) <M
5= (g—1) p if p

max{m? —m9, MP — M9} otherwise
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and
AP« B? < - (A * B)? (15)
for
b (q-1a\? ) b ¢q
2 (1= <2 9 <y
a= 1—q( q b) ImsEi—gS

max{m?/m?, M? / M1} otherwise.

But for p, q € (0, 1) the following inequality
AP« BP > (A« B)! + (16)

holds for

N 1 \ %1 2\ /1)
b+ —1(—&) imﬁ(—) <M
G (g-1) p if p

min{m? —m?, M? — M1} otherwise
and
AP x B? > - (A * B)? (17)
for

b Q?q i <§_q__<
o= “"( q 5) Imsar—=M

min{m?/mi, M?/M9} otherwise,
where a = (M? — m?) /(M — m) andb = (Mm? — mM?P) /(M — m).
Proof If we put a=1in Corollary 14 then we have the inequality (14)
and if we choose « such that 8=0, then we have (15).

We have the following Hadamard product versions of inequalities
of Furuta, Ky Fan and Mond—Pecari¢ which are extensions of the
Liu—Neudecker inequalities in [9].

THEOREM 16 Let A and B be positive operators on a Hilbert space H
such that 0<m <A< M; and 0<my< B<M,. Put m=mm, and
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M = M \M,. Then for p¢0, 1]
@)

P P p/(p-1) P __ D
AP*BP—(A*B)Pg(p-l)(M ’") Mm? — mM?

p(M —m) M-m
(i)

mMP?P — Mm? (p—1 MP—mP \’
AP x BP < A * BY.
* —(p—1)<M—m>( 7 mMP*MmP)( *B)

If p €(0, 1) we have the opposite inequalities.

Proof (i) If we put ¢=p and a=1 in Corollary 14, then we have the
desired constant 8 since m?~'p < (M? — m?)|(M —m) < MP~'p.

(ii) If we put ¢ = p and choose a such that 8 =0 in Corollary 14, then
the constant « coincides with Furuta’s constant C(p).

Remark 17 If we put p=2 in Theorem 16, then we have
A*+B*—(Ax B <M -m)> and (4%%B®) <(M+m)*/(4Mm) x
(A * B)>. We directly can prove the second inequality by using Kijima’s
theorem in [7]. Since M —AQB(AQRB—m)>0 for 0<m<A®
B< M, we have

A*® B2 = (A® B)* < (M +m)(4 ® B) — Mm.

Since (M + m)*X >— 4Mm(M + m)X+ 4M*m*= (M +m)X— 2Mm)*> 0
for any positive operator X, it follows from (1) that

(M + m)?

A*x B < (M A*xB)— Mm<
* B* < (M +m)(4* B) ms

(4= B)%.
By virtue of Theorem 16 (ii), we show an operator version for the
Mond—-Pecari¢ theorem [13, Theorem 2.3]:

THEOREM (Mond—Pelari¢) 1 Let A and B be positive operators on a
Hilbert space H such that 0<m; <A< M; and 0 <my<B<M,. Put
m=num, and M = M\ M,. Also let r and s be nonzero real numbers such
that r < s and either r¢ (—1,1) or s¢ (—1,1). Then

(4°x B*)'/S < A(4" + BN/ (18)
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holds for

a5 ) oS}

and K= M|m.

Proof We first prove (18) for s > 1. In this case we put p=s/r. If r >0
thenp>1and m{ < 4" < M{,mj < B" < M;. In this case Theorem 16
(ii) gives

A" « BSIT < Cpp (m, M; ;) (A * B)s/r’

where C,..(m, M; s/r) is Furuta’s constant for f(¢) = ¢*/". Then replacing
Aby A" and B by B’, we have

(As * BS) —<- C,s/r (mr’ Mr; ;)(Ar * Br )S/r’
and

Ct:/r (mr, Mr; E)
r

M My (/= () — )
(s/r=1(M"—=m") \s/r(m (M")""" — Mr(m")*'")

. om'M°— M'm’ (s/r—1)(M* — m*) s/r
T (s/r=1)(M" —m") (s/r(m’Ms - M’m5)>

_ (M —K'm?) ((s - (K’ = 1))”’

(s—r)(Kr—=1)\s(m"Ks— M")
_ r(K*—K") ( s(K" — K¥) )“S/’
(s—=r)(K"=1)\(r—s)(K*—1) ’

Therefore, it follows from the Lowner—Heinz inequality (because
0<1/s<1)that

1
(4% BY < o (mr, M7 ) (a7 B
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and

&= Cunmrarr 1) "= {(srfli)s(;f:)n}m{(rsf)r(}fi)l)}_ur'

Similarly, if »<0 then p<0 and M| < 4" <m{, Mj; < B" < mj.
Then Theorem 16 (ii) and the Lowner—Heinz inequality give

1/
e 5 < o (m2) )

where

., S\ Vs s s(K™"— K™ -1/
C,:/r(M,m,;) ——{(s~r K—'—l} {r—s —S—l)}

- {(s—(r)( K_’ 1)}1/s ;{Gif‘[%r(fs%)fj}_]/}
=A.

Next, we prove (18) for s 2 1. In thiscase we put p=r/s. If -1 <s< 1
or s < —1 then according to the assumptions we have r < —1 or r < —1.
If 0<s<1 then p<0 and mj < 4A° < M}, m; < B* < Mj;. Then
Theorem 16 (ii) gives

A% BT = (A" 5 (BY) < Cp (m, M5 D) (47 BYP.
Therefore since —1 < 1/r < 0 it follows that
1
(47 % BN 2 Cps (m?, M*; % ) " By,
s

But a simple calculation implies that AC,..(m*, M*;r/ s)l/ ’
we obtain the desired inequality.

Finally, if s <0 then p>1and M} < 4° < m{, M5 < B* < mj. Then
Theorem 16 (ii) gives

=1, so that

Ar * Br — (As)r/s * (Bs)r/s S Ctr/s (Ms,ms; g)(As *Bs)r/s.
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Therefore since —1 < 1/r < 0 it follows that

1/r
(Ar " Br)l/r > Cyos (Ms,ms; -:—,) (As *Bs)l/s.

But a simple calculation implies that C,...(M*, m*;r/s)'/" A = 1, so that
we have the desired inequality.

Further we show an operator version for the Mond—Pecari¢ theorem
[13, Theorem 2.4].

THEOREM (Mond—Pecaric) 2 Let A, Bandr, s be as in Theorem (Mond—
Pecaric) 1. Then

(A° x BS)VS — (4"« BNV < AT (19)
holds for

— M* _ syl/s oM™ 1— ril/r )
A 52[3’1‘,{[9 +(1=0)m*)"* — [OM" + (1 — O)m"] }
Proof We first prove (19) for r¢ (—1,1). If we put a=as and the
function g(f)=1¢ in Theorem 5 then for a real valued continuous
supermultiplicative convex (resp. submultiplicative concave) function f
the inequality

f(A) xf(B) <arAx B+ pI (resp. f(A)*f(B)>arAx B+ (I)

(20)
holds for
8= ter{:rla}ﬂ);]{aft +br—arty =by
(resp. B8 = ter[rrlni’rﬁmﬂ{aft +br—art} = by).

Replacing 4 by 4° and B by B® we have

(A7)« f(B) = (@4 B*+by1) <0 o

(resp. f(A%) * f(B*) — (d A*  BS + byI) > 0),
where
4y L) I o M) (%)
MS —ms MS —m?*
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Therefore, the function f(f)=1t"" is supermultiplicative convex if
r <0, r<s (resp. submultiplicative concave if r > 0, r <s). If we put it
in inequalities (21) we have

A" B — (aA**B*+bI)<0

(resp. A" B" — (a A’ * B* + bl) > 0), @
where
a=M’—m’ b:Msm’—M'ms.
Ms —m*’ Ms —ms
Thus, we have
(4"« B > [a 4’ x BS + bI]'". (23)

This inequality is a simple consequence of (22) and the fact that the
function f(f)=1"" (resp. f(£)=1""") is operator monotone if r>1
(resp. r < —1). Therefore, it follows from the inequality (23), by the
operational calculus that

(A° % B)'S — (4"« B)'" < (4 % BS)'/* — [aa’ x B* + bI]'"
< max{r'/* — (at + p)/",
teT

where T denotes the open interval joining m* to M*, and T is the closure
of T,i.e.if s>0then T = [m*, M*], butif s <0 then T = [M*,m*]. We
set0=(—m’)/(M*—m?*). Then a simple calculation impliesa -t + b=
OM"™+ (1 —0)m". Thus, if r ¢ (—1, 1), we have

(4° « B5)'/* — (4"« B")'/"

< s _ s 1/s_ r _ ril/r g
_;ne[%{[eM + (1= 0)m*)" —[oM" + (1 — O)m"] }1

Then we obtain the inequality (19).

Next we prove it for s¢ (—1, 1). In this case we replace s by r in the
inequality (21). Because the function f(f)=1*" is supermultiplica-
tive convex if s > 0, r < s (resp. submultiplicative concave if s <0, r < 5)
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then we have

A« B —(GA" xB"+bI) <0

. (24)
(resp. A** B* — (a@aA”x B"+ bI) > 0),
where
GoMi—mt 1 M'm'—Mm'_ b
TMr—-mr a T Mr—-mr '

If s> 1 (resp. s < —1) then the function f(£)=1"* (resp. f(t)=1""") is
operator monotone and from (24) it follows

1/s
(4° % B*)' < [lA’ * B — 91] :
a a

Finally, if s¢ (—1, 1), we have

1/s
(4« B/ — (47« BN'" < [1/1'*3'—91} — (4"« BN
a a

1/s
< ma_x{ (lt — é) — tl/’}l,
teT) a a

where T} denotes the open interval joining m " to M, and T is the closure
of Ty, i.e. if >0 then T} = [m", M"] but if r <0 then T} = [M",m"].
We set §=(t—m")/(M"—m"). Then a simple calculation implies
l/a-t—bla=0M"*+ (1 —@)m’. Thus, if s¢ (—1, 1) then we have

(As*Bs)l/s _ (Ar*Br)l/r

< K _ s1l/s r _ rl/r g
_;2[%{[01\4 + (1= Om* —[oM" + (1 — O)m"] }1

This is the desired inequality.

Now, we state the following corollary obtained by applying g(t) = e
to Remark 6 and Corollary 7.
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COROLLARY 18 Let A and B be positive operators on a Hilbert space H
such that 0<m <A< M; and 0<my<B<M,. Put m=mym, and
M=MM,. Let f(t) be a real valued continuous supermultiplicative
strictly convex function on Xy If X - as> 0 then

J(A4) *f(B) — exp{\(4 x B)} < BI

holds for
5o Lin(Z) + 4 irm<x'n(¥) <M
max{f(m) — e, f(M)— e} otherwise
and
Sf(4) xf(B) < aexp{\(4 * B)}
holds for
o L3 i lar = 3 (m)lag = M (M)] < 0

max{f(m)/e’, f(M)/e*M} otherwise.

Though the exponential function is neither supermultiplicative nor
submultiplicative, we have the following corollary related to it:

COROLLARY 19  Let A and B be positive operators on a Hilbert space H
such that 0 <my <A< M; and 0<my<B<M,. Put m=mym, and
M = M \M,. Let f(?) be a real valued continuous strictly convex function
on Xy such that f(xy) > f(x)+f(»). If \>0 and f(M) > f(m), or A<0
and f(M) < f(m), then

exp{/f(4)} »exp{f(B)} — exp{A(4  B)} < BI

holds for

)

Il

>| Q

/—\

>’ Y

\_/
+
S

ifm<>\"ln<-f—\) <M

max{ef(’" — eV e/ M) MY orherwise
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and
exp{/(4)} x exp{f(B)} < aexp{A(4 x B)}
holds for
oo )\—égexp{%l;} if [a—xe/™)ja— xe/™M)] <0

max{e/(W=Vn e/ (M)=AMY  orherwise,

where a= (e/M) —e/"Y/(M —m) and b= (e —me/ M)/
(M — m).

Proof Since f(¢) is convex and f(xy)>f(x)+f(»), it follows that
exp{ f(x)} is supermultiplicative convex. Replacing f(x) by exp{f(x)} in
Corollary 18 we obtain the desired inequalities.
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