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A general theorem concerning the | A|,—summability factors of infinite series has been proved.

1. Introduction

A weighted mean matrix, denoted by (N, Pn),is a lower triangular matrix with entries pi /Py,
where {pi} is a nonnegative sequence with py > 0, and P, := >} _, Pk-

Mishra and Srivastava [1] obtained sufficient conditions on a sequence {px} and a
sequence {\,} for the series > a, P,\,/np, to be absolutely summable by the weighted mean
matrix (N, Pn)-

Recently Savas and Rhoades [2] established the corresponding result for a nonnegative
triangle, using the correct definition of absolute summability of order k > 1.

Let A be an infinite lower triangular matrix. We may associate with A two lower
triangular matrices A and A, whose entries are defined by

n
Auk = Zanir Auk = Auk — En—l,kr (11)
i=k

respectively. The motivation for these definitions will become clear as we proceed.
Let A be an infinite matrix. The series 3, ai is said to be absolutely summable by A, of
order k > 1, written as | A, if

[ee]
Sk At < oo, (1.2)
k=0
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where A is the forward difference operator and t, denotes the nth term of the matrix
transform of the sequence {s,}, where s, := >}, ak.
Thus

n = Zanksk = Zankzav = Zavzank = Zanvaw
v=1 k=v

(1.3)

n n-1 n
tn - tnfl = Zanvav - Zanfl,vav = Zanvaw
v=1 v=1 v=1

since a,-1, = 0.

A sequence {\,} is said to be of bounded variation (bv) if 3, |A | < oo. Let byy =
bv N ¢y, where ¢y denotes the set of all null sequences.

A positive sequence {b,} is said to be an almost increasing sequence if there exist an
increasing sequence {c,} and positive constants A and B such that Ac, < b, < Bc,, (see [3]).
Obviously, every increasing sequence is almost increasing. However, the converse need not
be true as can be seen by taking the example, say b, = e"'n.

A positive sequence y := {y,} is said to be a quasi f-power increasing sequence if there
exists a constant K = K(f,y) > 1 such that

Knfy, > mPy, (1.4)

holds for all n > m > 1. It should be noted that every almost increasing sequence is quasi
p-power increasing sequence for any nonnegative f3, but the converse need not be true as can
be seen by taking an example, say y, = n? for p > 0 (see [4]). If (1.4) stays with = 0 then y
is simply called a quasi-increasing sequence. It is clear that if {y,} is quasi f-power increasing
then {nfy,} is quasi-increasing.

A positive sequence y = {y,} is said to be a quasi-f-power increasing sequence, if
there exists a constant K = K(y, f) > 1 such that K f,,, > fmYn holds for all n > m > 1, where
f=1{fa} = {nP(logn)*}, u>0,0 < p <1 was considered instead of n’(see [5, 6]).

leen any sequence {x,}, the notation x,, < O(1) means x, = O(1) and 1/x, = O(1).

Quite recently, Savas and Rhoades [2] proved the following theorem for |A|k-
summability factors of infinite series.

Theorem 1.1. Let A be a triangle with nonnegative entries satisfying
(i) aw=1,n=0,1,...
(ii) ap-1, > am,forn>v+1
(iii) nan,, < 0O(1),
(iv) A(1/an,) = O(1), and
V) X0 avv|anv+1| = O(am).
If {X,,} is a positive nondecreasing sequence and the sequences {A,} and {f,} satisfy
(vi) |A/\n| <P
(vii) lim g, =0,
(viii) [An| Xy = O(1),
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(ix) Do nXp|APy| < 00, and

n |SV|k
() T = Sy 25 = 0(X,),

then the series > .1 AnAn/Nany is summable |Aly, k > 1.

It should be noted that if {X,,} is an almost increasing sequence then (viii) implies that
the sequence {1\, } is bounded. However, when {X,} is a quasi p-power increasing sequence

or a quasi f-increasing sequence, (viii) does not imply |A,,| = O(1), m — oo. For example,

since X,, = m™P is a quasi ff-power increasing sequence for 0 < f < 1, if we take A, = m®,

0<6<p<1then |A,|X, =m®F =0(1), m — oo holds but [A,| = m® #0(1) (see [7]).

The goal of this paper is to prove a theorem by using quasi f-increasing sequences.
We show that the crucial condition of our proof, {\,} € bvy, can be deduced from another
condition of the theorem.

2. The Main Results
We have the following theorem:

Theorem 2.1. Let A be nonnegative triangular matrix satisfying conditions (i)—(v) and let
{Bn} and {A,} be sequences satisfying conditions (vi) and (vii) of Theorem 1.1 and

i)tn =o(m), m— oo. (2.1)
n=1

If {X,} is a quasi f-increasing sequence and condition (x) and
> X (B, 1) |Apu| < o0 (2.2)
n=1

are satisfied, then the series 3% 1 ap\n/Nany is summable |Alx, k > 1, where { f,} = {nf(logn)"},
u>0,0<p<1,and X, (B, p) := (n’(logn)¥X,).

Theorem 2.1 includes the following theorem with the special case p = 0.

Theorem 2.2. Let A satisfying conditions (i)—(v) and let {f,} and {A,} be sequences satisfying
conditions (vi), (vii), and (2.1). If {X,,} is a quasi B-power increasing sequence for some 0 < f < 1
and conditions (x) and

an,, (B)| M| < oo 2.3)

are satisfied, where X, (p) := (nPX,,), then the series o1 Anky/Nayy is summable |Ali, k > 1.

If we take that {X,} is an almost increasing sequence instead of a quasi p-power
increasing sequence then our Theorem 2.2 reduces to [8, Theorem 1].
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Remark 2.3. The crucial condition, {\,} € by, and condition (viii) do not appear among the
conditions of Theorems 2.1 and 2.2. By Lemma 3.3, under the conditions on {X,}, {$,}, and

{1} as taken in the statement of the Theorem 2.1, also in the statement of Theorem 2.2 with
the special case p = 0, conditions {\,} € by and (viii) hold.

3. Lemmas
We shall need the following lemmas for the proof of our main Theorem 2.1.

Lemma 3.1 (see [9]). Let {¢,} be a sequence of real numbers and denote
Dy = > ¢k, = > | Agg|. (3.1)
k=1 k=n

If @, = o(n) then there exists a natural number N such that
|| < 2%, (3.2)

forall n>N.

Lemma 3.2 (see [7]). If {X,} is a quasi f-increasing sequence, where { f,} = {nf(logn)"}, u >0,
0<p<1,then condztlons (2. 1) of Theorem 2.1,

Emlanl =o(m), m-— oo, (3.3)
n=1
> X (B, w)|AlAL,|| < oo, (3.4)
n=1

where X, (B, u) = (nf (logn)#X,,), imply conditions (viii) and

An —0, n— o0 (3.5)

Lemma 3.3 (see [7]). If {X,} is a quasi f-increasing sequence, where { f,} = {nf(logn)"}, u >0,
0 < p <1, then under condztzons (vi), (vii), (2.1) and (2.2), conditions (viii) and (3.5) are satisfied.

Lemma 3.4 (see [7]). Let {X,,} bea quasi f-increasing sequence, where { f,} = {nf (logn)"}, u >0,
0 < B < 1. If conditions (vi), (vii), and (2.2) are satisfied, then

nPuX, = O(1), (3.6)

iﬂan < oo. (3.7)
n=1
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4. Proof of Theorem 2.1

Let T, denote the nth term of the A-transform of the partial sums of the series

> (anAn)/ (nay,). Then, we have

n v m n n
a;\; a;Ai — aik
To=amd,— === > am = D an— (41)
= o @it I @l g i1 il
Thus,
" a\; = a;\;
— 1741 —_ 17%1
Tn - Tn—l = Zam el Zanfl i
i=1 il i it
n n
_ — ai\i . ajAi
= Z(am_an—ll) - :Zam_
i1 il o il
n
= Api (51 - 51;1)
i=1 ii
(4.2)
n-1 A .)L
~ i ~ AiSi
= Api—S; + ann Z
= a;;i a;;i
i=1
n-1 .)L
=~ i Ai1si
= Zuni_.si +a Zan N e —
i il (i+1ais,in
n-1
S P il n
= Api— — Api+l v )Si+ Qun——
— aiii (i+1)air,in Nann
It is easy to see that
Apiki Aniv1Ais Api Anivl
L ! = A 22+ —— AL). (4.3)
iai;  (i+1)ai,ia ia;; (i+1)ain,in
Also we may write
ani Ai(ani))Li 1 1
Ai(.—>)ti = ———+apinhi| — -~ 77— ). (4.4)
ia; iaj; iag;  (I+1)air1,in
Therefore, forn > 1,
n—
(anz) _/\ 1
Z l Sit Zan i+1 - )Si
-1 ai; lau ( 1+ 1)ai+1,i+1
(4.5)

Apjisl Ay
Ai(L)si + 28
Z (1 T Damim i(Ai)si + " Sn

= Tnl + Tn2 + Tn3 + Tn4, say.
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To complete the proof of the theorem, it will be sufficient to show that

ST K <o, forr=1,2,3,4 (4.6)

n=1

Using Holder’s inequality and condition (iii),

INGOIIAY
Ani zszD
ia;i

m+ k
= O(l)zlnk ! <Z|Ai(ani)/\isi|> (4.7)

m+1 n-1
- ST <an 1<Z

i=1

i=1

m+1 -1
—O(1>Zn“<Z|A (am>||)»||sl> <ZIA am>|> .

n=1 i=1

Since (A,) is bounded by Lemma 3.3, using (ii), (iii), (vi), (x), and property (3.7) of
Lemma 3.4,

m+1

I =0(1) Z(”ann)k 1ZM' |51| |Ai(@ni)l

m+1

= O(l)Z(nann)k 1<le A A (@) Isi] >

m+1

= O(l)ZIA lIsi* >, (naun) ™ 1Ai(@n)|

n=i+1

= O(1) | hillsil“ais = O(1)Z i ”51
i=1

(4.8)

|Sr| = . |5r|k
—om | Syl Syl
i=0 r=1

i=1 r=1

|51

m-1
=0(1) > A\ I)Z |, + O 1)|Am|Z
i=1 r= 1
m-1
= O0(1) D, AN Xi + O(1) [ A | Xom
i=1

= O(1) S iX; + O AlXe = O().



Journal of Inequalities and Applications 7

Now

m+1 m+1 k

an NTpol* = > nk!
n=1

"Z 1+1)tA< > Si

i=1

(4.9)
m+1 n-1 1 k
= O(1)an"1{Zlﬁn,i+1||)ti|‘A<.—> |5i|} .
n=1 i=1 14i
From [2],
1 1 1 1
M) ~wr 2@ =) (®10)
Thus, using (iv) and (ii),
()l = e G
14a;; i+1 ai; 1a;;
(4.11)
= —=[0() +0()]

Hence, using Holder’s inequality, (v), (iii), and the fact that the 1,’s are bounded,

m+1

k
ja 1
I, = O(l)an_l{Z Aap H—l“)‘ | |Sl|}
n=1 i=1

H

n=1 i=1

k
|an l+1|all|-/\ ”Sz }

m+1 n—
= 0(1)an1{
m+1 n k-1
= O(l)znk_l (Z ap 1+1|all|)t | |Sl > <Zau|anz+1|>
n=1

i=1

m+1

= O(l)Z(nann k 1Z|anl+1|au|)‘| |S |

m+1

- O(l)ZM | |S,| A Z (nann) |an,i+1|

n=i+1

m+1

= O(l)ZM | |Sl| i Z |anz+1|

n=i+1

=0() > il[sil*aii
i=1
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n _ 1
=0(1) > [l 1|s1-|";
i=1

Z |Sl O(l)

(4.12)

as in the proof of I;.

It follows from (3.6) that f, = O(1/n) and hence that |A),| = O(1/n) by condition
(vi).

Using (iii), Holder’s inequality, and (v),

m+1 m+1 n—
A\
E le 1|T3| _ z 1’1 z Tll+1( )SI
n=1

(i+ 1)(1”1 i+l

=1

m+1 n-1 k
=0(1) Y n*! <Z|an il A sl >
n=1

i=1

m+1 n 1[1 k
= O(l)znk_l{Z_|arlz+1||A)L ||Sz|}
n=1

11”

k-1
s G ol
—om) S n- 1{2 | a”'IA)»I il }{Zamamn}
i=1

n=1 i=1 ii
il k-1 = |@n,is1l
=0(1) Y (naum) Z a2 [ A L[] sil* (4.13)
n=1 all .
m+1n-1
1)ZZ|anl+l||A)L| Isll — Qi
n=1i=1 11
aj; k m+1 R
= 0(1)Z—|A/\| I5il* D @ninl
n=i+1

omz('“ ') AL sl

=0 AN Isi* = 0(1) > |sil* .
i=1 i=0

Since |s;|* = i(T; - Ti_y) by (x), we have

Iy = 0() ST, - T ) (414)
i=1
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Using Abel’s transformation, (vi), (2.2), and properties (3.7) and (3.6) of Lemma 3.4,
m-1

I; = 0(1) > T;A(ifi) + O(1)ymT, B,

i=1

(4.15)
m-1 m-1
=0(1) Dli|Afi|Xi + O(1) DI Xifi + O(1)mX, B, = O(1).
i=1 i=1
Using the boundedness of A, and (x),
m+1 m+1 k
L= Y n* Tl = 3in*? —S"’?"
n=1 n=1
(4.16)
m+1 1 m+1

k
Sn -
= Sl = L < o),
n=1 n=1

as in the proof of I;.

A weighted mean matrix, written (N, p,), is a lower triangular matrix with entries
Any = Po/Pn, where {p,} is a nonnegative sequence with py > 0 and P, := X[, pi — o, as
n — oo.

Corollary 4.1. Let {p,}be a positive sequence satisfying
(i) npn = O(P) and

and let {B,} and {A,} be sequences satisfying conditions (vi), (vii), and (2.1). If {X,} is a quasi
f-increasing sequence, where { f,} := {nf(logn)*}, p > 0,0 < p < 1, and conditions (x) and (2.2)
are satisfied, then the series >y (anPyAy) / (npy) is summable |N, Pl k> 1.
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