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The purpose of this paper is to introduce a general iterative method for finding solutions of a
general system of variational inclusions with Lipschitzian relaxed cocoercive mappings. Strong
convergence theorems are established in strictly convex and 2-uniformly smooth Banach spaces.
Moreover, we apply our result to the problem of finding a common fixed point of a countable
family of strict pseudo-contraction mappings.

1. Introduction

Let Ur = {x € E : ||x|| = 1}. A Banach space E is said to be uniformly convex if, for any

€ € (0,2], there exists 6 > 0 such that, for any x,y € Uf,

Xry
2

|x-v| >e implies <1-6. (1.1)

It is known that a uniformly convex Banach space is reflexive and strictly convex. A Banach
space E is said to be smooth if the limit

i 1t = Dl (1.2)
t—0 t

exists for all x, y € Ug. It is also said to be uniformly smooth if the limit is attained uniformly
for all x,y € Ug. The norm of E is said to be Fréchet differentiable if, for any x € Ug, the
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above limit is attained uniformly for all ¥ € Ug. The modulus of smoothness of E is defined

by

1
p(t) = sup{§(||x+y|| +|x-y|)-1:x,y€E x| =1|y| = T}, (1.3)

where p : [0,00) — [0,00). It is known that E is uniformly smooth if and only if
lim,_o(p(7)/7T) = 0. Let g be a fixed real number with 1 < g < 2. A Banach space E is
said to be g-uniformly smooth if there exists a constant ¢ > 0 such that p(7) < c79 forall 7 > 0.
From [1], we know the following property.
Let gbe areal number with 1 < g <2 and let E be a Banach space. Then E is g-uniformly
smooth if and only if there exists a constant K > 1 such that

[l +yll” + llx =yl < 2(xll" + [|Ky||"), Vx,y € E. (14)

The best constant K in the above inequality is called the g-uniformly smoothness constant of
E (see [1] for more details).

Let E be a real Banach space and E* the dual space of E. Let (-,-) denote the pairing
between E and E*. For q > 1, the generalized duality mapping J, : E — 2F is defined by

Jox) = {f € B (e, f) = 1%l | £l = %1}, vxeE. (15)

In particular, J = J; is called the normalized duality mapping. It is known that J,(x) =
[lx||972J (x) for all x € E. If E is a Hilbert space, then | = I is the identity. Note the following.

(1) E is a uniformly smooth Banach space if and only if ] is single-valued and
uniformly continuous on any bounded subset of E.

(2) All Hilbert spaces, L? (or IP) spaces (p > 2), and the Sobolev spaces W}, (p > 2) are
2-uniformly smooth, while L (or IP) and W}, spaces (1 < p < 2) are p-uniformly
smooth.

(3) Typical examples of both uniformly convex and uniformly smooth Banach spaces
are LP, where p > 1. More precisely, L? is min{p, 2}-uniformly smooth for any p > 1.

Further, we have the following properties of the generalized duality mapping J;:

(i) J4(x) = ||Ix[|772J2(x) for all x € E with x #0,
(ii) J,(tx) =771 ],(x) forall x € E and t € [0, 00),
(iii) J4(=x) = —J4(x) forall x € E.

It is known that, if X is smooth, then ] is single valued. Recall that the duality mapping |
is said to be weakly sequentially continuous if, for each sequence {x,} C E with x, — x
weakly, we have J(x,) — J(x) weakly-*. We know that, if X admits a weakly sequentially
continuous duality mapping, then X is smooth. For the details, see [2].

Let C be a nonempty closed convex subset of a smooth Banach space E. Recall the
following definitions of a nonlinear mapping ¥ : C — E, the following are mentioned.
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Definition 1.1. Given a mapping ¥ : C — E.
(i) W is said to be accretive if

(Wx -y, ] (x-)) >0 (16)

forall x,y € C.
(ii) ¥ is said to be a-strongly accretive if there exists a constant a > 0 such that

(Wx =¥y, J(x-y)) 2 ax - y| (17)

forall x,y € C.

(iii) ¥ is said to be a-inverse-strongly accretive or a-cocoercive if there exists a constant
a > 0 such that

(¥x-¥y, J(x-y)) Za”‘Px—‘Py”z (1.8)

forall x,y € C.

(iv) W is said to be a-relaxed cocoercive if there exists a constant a > 0 such that
(Tx-Py, J(x-vy)) > —a||‘Px—‘Py||2 (1.9)

forall x,y € C.

(v) ¥ is said to be (a, B)-relaxed cocoercive if there exist positive constants & and f such
that

(Px -y, J(x-y)) > (-a)||¥x - y||* + fl|x - ||’ (1.10)

forall x,y € C.

Remark 1.2. (1) Every a-strongly accretive mapping is an accretive mapping.

(2) Every a-strongly accretive mapping is a (f, a)-relaxed cocoercive mapping for any
positive constant  but the converse is not true in general. Then the class of relaxed cocoercive
operators is more general than the class of strongly accretive operators.

(3) Evidently, the definition of the inverse-strongly accretive operator is based on that
of the inverse-strongly monotone operator in real Hilbert spaces (see, e.g., [3]).

(4) The notion of the cocoercivity is applied in several directions, especially for solving
variational inequality problems using the auxiliary problem principle and projection methods
[4]. Several classes of relaxed cocoercive variational inequalities have been studied in [5, 6].

Next, we consider a system of quasivariational inclusions as follows.

Find (x*,y*) € E x E such that

0ex* - y* +p1 (Iply* + Mlx*), (1 11)
0 €y —x" + po(Wax™ + May™), .

where ¥, : E — E and M; : E — 2F are nonlinear mappings for eachi = 1,2.
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As special cases of problem (1.11), we have the following.
(1) f¥; =¥, =¥ and M; = M, = M, then problem (1.11) is reduced to the following.
Find (x*, y*) € E x E such that

0ex* -y +p1(Py* + Mx"),

(1.12)
0y —x"+po(¥x* + My™).

(2) Further, if x* = y* in problem (1.12), then problem (1.12) is reduced to the following

Find x* € E such that

0€¥x" + Mx". (1.13)

In 2006, Aoyama et al. [7] considered the following problem.
Find u € C such that

(Wu, J(v-u)) >0, VYveC. (1.14)

They proved that the variational inequality (1.14) is equivalent to a fixed point problem. The
element u € C is a solution of the variational inequality (1.14) if and only if u € C satisfies the
following equation:

u = Pc(u— \¥u), (1.15)

where 1 > 0 is a constant and Pc is a sunny nonexpansive retraction from E onto C, see the
definition below.
Let D be a subset of C, and P be a mapping of C into D. Then P is said to be sunny if

P(Px + t(x — Px)) = Px, (1.16)

whenever Px + t(x — Px) € C for x € C and t > 0. A mapping P of C into itself is called a
retraction if P? = P. If a mapping P of C into itself is a retraction, then Pz = z for all z € R(P),
where R(P) is the range of P. A subset D of C is called a sunny nonexpansive retract of C if
there exists a sunny nonexpansive retraction from C onto D.

The following results describe a characterization of sunny nonexpansive retractions
on a smooth Banach space.

Proposition 1.3 (see [8]). Let E be a smooth Banach space and C a nonempty subset of E. Let
P : E — C be a retraction and ] the normalized duality mapping on E. Then the following are
equivalent:

(1) P is sunny and nonexpansive,

(2) (x=Px,J(y —Px)) <0, forall x e E, y € C.
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Recall that a mapping f : C — C is called contractive if there exists a constant a €
(0,1) such that

IfC)=fW)ll <allx-yl, VYxyeC. (1.17)

A mapping T : C — C is said to be e-strictly pseudocontractive if there exists a constant
£ € [0,1) such that

ITx=Ty|f < -yl + e 1 -Dx- 1 -Dyylf, vxyecC (119)

Note that the class of e-strictly pseudocontractive mappings strictly includes the class of
nonexpansive mappings which are mappings T on C such that

ITx =Tyl <lx-v

, (1.19)

for all x,y € C. That is, T is nonexpansive if and only if T is O-strict pseudocontractive. We
denote by F(T) := {x € C: Tx = x} the set of fixed points of T.

Proposition 1.4 (see [9]). Let C be a nonempty closed convex subset of a uniformly convex and
uniformly smooth Banach space E and T a nonexpansive mapping of C into itself with F(T) # (. Then
the set F(T) is a sunny nonexpansive retract of C.

Definition 1.5. A countable family of mapping {T,, : C — C}Z, is called a family of uniformly
e-strict pseudocontractions if there exists a constant € € [0,1) such that

|| Tux - Tny”2 <J|x - y||2 +e||I-Ty)x - I -T,y 2 Vx,yeC, VYn>1. (1.20)

For the class of nonexpansive mappings, one classical way to study nonexpansive
mappings is to use contractions to approximate a nonexpansive mapping [10, 11]. More
precisely, take t € (0,1) and define a contraction T; : C — C by

Tix=tu+(1-t)Tx, VYxeC(, (1.21)

where u € Cisafixed pointand T : C — C is a nonexpansive mapping. Banach’s contraction
mapping principle guarantees that T; has a unique fixed point x; in C; that is,

x; =tu+ (1 - t)Txt. (122)

It is unclear, in general, what the behavior of x; isast — 0, even if T has a fixed point.
However, in the case of T having a fixed point, Ceng et al. [12] proved that, if E is a Hilbert
space, then x; converges strongly to a fixed point of T. Reich [11] extended Browder’s result
to the setting of Banach spaces and proved that, if E is a uniformly smooth Banach space,
then x; converges strongly to a fixed point of T, and the limit defines the (unique) sunny
nonexpansive retraction from C onto F(T).
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Reich [11] showed that, if E is uniformly smooth and D is the fixed point set of
a nonexpansive mapping from C into itself, then there is a unique sunny nonexpansive
retraction from C onto D and it can be constructed as follows.

Proposition 1.6 (see [11]). Let E be a uniformly smooth Banach space and T : C — C a
nonexpansive mapping such that F(T) #@. For each fixed u € C and every t € (0,1), the unique
fixed point x; € C of the contraction C 3 x +— tu + (1 — t)Tx converges strongly ast — 0 to a fixed
point of T. Define P : C — D by Pu = s — lim;_,ox;. Then P is the unique sunny nonexpansive
retract from C onto D; that is, P satisfies the property.

(u-Pu,J(y-Pu)) <0, YueC, yeD. (1.23)

Notation. We use Pu = s — lim;_,ox; to denote strong convergence to Pu of the net {x;} as
t — 0.

Definition 1.7 (see [13]). Let M : E — 2F be a multivalued maximal accretive mapping. The
single-valued mapping J(um,) : E — E defined by

Jompy () = (I+pM) (1), Yu€eE, (1.24)

is called the resolvent operator associated with M, where p is any positive number and I is
the identity mapping.

Recently, many authors have studied the problems of finding a common element of
the set of fixed points of a nonexpansive mapping and one of the sets of solutions to the
variational inequalities (1.11)—(1.14) by using different iterative methods (see, e.g., [7, 14—
16]).

Very recently, Qin et al. [16] considered the problem of finding the solutions of a
general system of variational inclusion (1.11) with a-inverse strongly accretive mappings.
To be more precise, they obtained the following results.

Lemma 1.8 (see [16]). For any (x*,y*) € E x E, where y* = ], p,) (X" — p2¥2x¥), (x*,y*) isa
solution of the problem (1.11) if and only if x* is a fixed point of the mapping Q defined by

Q(x) = Ty p0) [JMap) (x = p2¥2) = p1¥1 (M ) (x — p2¥2x) | (1.25)

Theorem QCCK (see [16, Theorem 2.1]). Let E be a uniformly convex and 2-uniformly smooth
Banach space with the smoothness constant K. Let M; : E — 2F be a maximal monotone mapping and
Y¥; : E — E a y;-inverse-strongly accretive mapping, respectively, for eachi =1,2. Let T : E — E
be a e-strict pseudocontraction such that F(T)#@. Define a mapping S by Sx = (1 — e/K?*)x +
(e/K?)Tx, for all x € E. Assume that Q = F(T) N F(Q) # 0, where Q is defined as in Lemma 1.8.
Let x1 = u € E and let {x,} be a sequence generated by

Zn = J(My 0) (%0 — p2¥2xn),
Yn = Jomipn) (20 = p1¥i20), (1.26)

Xni1 = Qplh + PrXpy + (1 —Pn— an) [,qun + (1 - ‘I/l)yn], Vn>1,



Journal of Inequalities and Applications 7

where p € (0,1), p1 € (0,71/K?], p2 € (0,y2/K?], and {a,,} and {B,} are sequences in (0,1). If the
control consequences {a,} and {p,} satisfy the following restrictions:

(C1) 0 < liminf, , f, < limsup, ,_p. <1,

(C2) limy,, oty =0and 3771 a = 00,

then {x,} converges strongly to x* = Pqu, where Pg is the sunny nonexpansive retraction from E
onto Q and (x*,y*), where y* = J(am,,py) (x* — p2W2x™), is a solution to problem (1.11).

On the other hand, we recall the following well-known definitions and results.
In a smooth Banach space, a mapping A : C — E is called strongly positive [17] if
there exists a constant y > 0 with property

(Ax, J(x)) 2 7llx|%, llal - bA|| = sup|((al = bA)x, J(x))|, a€[0,1], be[-L1], (127

flxll<1

where I is the identity mapping and ] is the normalized duality mapping.

In [18], Moudafi introduced the viscosity approximation method for nonexpansive
mappings (see [19] for further developments in both Hilbert and Banach spaces). Let f be
a contraction on C. Starting with an arbitrary initial point x; € C, define a sequence {x,}
recursively by

Xne1 = (1 =0n)Txp +Onf(xy), n>0 (1.28)

where {0,} is a sequence in (0,1). It is proved [18, 19] that, under certain appropriate
conditions imposed on {c,}, the sequence {x,} generated by (1.28) strongly converges to
the unique solution g in C of the variational inequality

(I-f)ap-q)20, VpeC, (1.29)
Recently, Marino and Xu [20] introduced the following general iterative method:

X1 = (I =y A)Txp + any f(x,), n>0. (1.30)

where A is a strongly positive bounded linear operator on a Hilbert space H. They proved
that, if the sequence {a,} of parameters satisfies appropriate conditions, then the sequence
{x,} generated by (1.30) converges strongly to the unique solution of the variational
inequality

((A-yf)x*,x-x*)>0, VxeC, (1.31)
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which is the optimality condition for the minimization problem
o1
min=(Ax, x) — h(x), (1.32)
xeC 2

where h is a potential function for yf (i.e., h'(x) = y f(x) for x € H).
Recently, Qin et al. [21] introduce the following iterative algorithm scheme:

x1=x€C,
Yn = Pc[Bu+ (1 - Pu)Txy], (1.33)

Xn1 = Ay f(x0) + (1 = Ay A)Yn,

where T is nonself-k-strict pseudo-contraction, f is a contraction, and A is a strongly positive
bounded linear operator on a Hilbert space H. They proved, under certain appropriate
conditions imposed on the sequences {a,} and {f,}, that {x,} defined by (1.33) converges
strongly to a fixed point of T, which solves some variational inequality.

In this paper, motivated by Qin et al. [16], Moudafi [18], Marino and Xu [20], and
Qin et al. [21], we introduce a general iterative approximation method for finding common
elements of the set of solutions to a general system of variational inclusions (1.11) with
Lipschitzian and relaxed cocoercive mappings and the set common fixed points of a countable
family of strict pseudocontractions. We prove the strong convergence theorems of such
iterative scheme for finding a common element of such two sets which is a unique solution
of some variational inequality and is also the optimality condition for some minimization
problems in strictly convex and 2-uniformly smooth Banach spaces. The results presented
in this paper improve and extend the corresponding results announced by Qin et al. [16],
Moudafi [18], Marino and Xu [20], Qin et al. [21], and many others.

2. Preliminaries
Now we collect some useful lemmas for proving the convergence result of this paper.

Lemma 2.1 (see [22]). The resolvent operator Jip) associated with M is single valued and
nonexpansive for all p > 0.

Lemma 2.2 (see [13]). u € E is a solution of variational inclusion (1.13) if and only if u = Jn,p) (u—
p¥u),for all p > 0; that is,

VI(E, ¥, M) = F(Juup (I~ p¥)), V¥p>0, (2.1)

where VI(E, W, M) denotes the set of solutions to problem (1.13).
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Lemma 2.3 (see [23]). Let E be a strictly convex Banach space. Let Ty and T, be two nonexpansive
mappings from E into itself with a common fixed point. Define a mapping S by

Sx=ATix+(1-\)Tox, VxeE, (2.2)

where A is a constant in (0,1). Then S is nonexpansive and F(S) = F(T;) N F(T3).

Lemma 2.4 (see [24]). Let C be a nonempty closed convex subset of reflexive Banach space E which
satisfies Opial’s condition, and suppose that T : C — E is nonexpansive. Then the mapping I — T is
demiclosed at zero, that is, x, — x, x, — Tx, — 0imply that x = Tx.

Lemma 2.5 (see [25]). Assume that {a,} is a sequence of nonnegative real numbers such that
A1 < (1 - Yn)lxn +06n, (2.3)

where {y,} is a sequence in (0,1) and {6,} is a sequence such that

(@) X5l Yn = o,
(b) limsup,, _, _6,/yn <007 372, |64 < 00.

Then lim,, _, ,a,, = 0.

Lemma 2.6 (see [26]). Let {x,} and {y,} be bounded sequences in a Banach space E and {f,} a
sequence in [0,1] with 0 < liminf, _, B, < limsup,_, B, < 1. Suppose that x,.1 = (1 = fp)yn +
Pnxy forall n >0 and

Hm sup (|| yne1 = Y| = 1Xne1 = xall) 0. (24)

n—oo

Then limy, —, o ||l yn — xn|| = 0.

Definition 2.7 (see [27]). Let {S,} be a family of mappings from a subset C of a Banach space E
into E with N2, F(S,) #0. We say that {S, } satisfies the AKTT-condition if, for each bounded
subset B of C,

> sup||Sp1z = Suz| < oo. (2.5)

n=1 z€B

Remark 2.8. The example of the sequence of mappings {S,} satisfying AKTT-condition is
supported by Example 3.11.

Lemma 2.9 (see [27, Lemma 3.2]). Suppose that {S,} satisfies AKTT-condition. Then, for each
y € C, {S,y} converses strongly to a point in C. Moreover, let the mapping S be defined by

Sy=1mS,y, VyeC. (2.6)

Then for each bounded subset B of C, lim,, _, ,sup,_ g[Sz — Spz|| = 0.
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Lemma 2.10 (see [28]). Let E be a real 2-uniformly smooth Banach space and T : E — E a A-strict
pseudocontraction. Then S := (1 — A/ K?)I + A/ KT is nonexpansive and F(T) = F(S).

Lemma 2.11 (see [29]). Let E be a real 2-uniformly smooth Banach space with the best smoothness
constant K. Then the following inequality holds:

lx+ 1> < lxl + 2(y, Jx) + 2||Ky|°, Vx,y €E. 2.7)

Lemma 2.12 (see [17, Lemma 1.8]). Assume that A is a strongly positive linear bounded operator
on a smooth Banach space E with coefficient ¥ > 0 and 0 < p < ||A||™L. Then |I — pA|| < 1 - pY.

3. Main Results

In this section, we prove that the strong convergence theorem for a countable family of
uniformly e-strict pseudocontractions in a strictly convex and 2-uniformly smooth Banach
space admits a weakly sequentially continuous duality mapping. Before proving it, we need
the following theorem.

Theorem 3.1 (see [17, Lemma 1.9]). Let C be a nonempty closed convex subset of a reflexive, smooth
Banach space E which admits a weakly sequentially continuous duality mapping J from E to E*. Let
T : C — C be a nonexpansive mapping such that F(T) is nonempty, let f : C — C be a contraction
with coefficient a € (0,1), and let A be a strongly positive bounded linear operator with coefficient
¥ >0and 0 <y <y/a. Then the net {x;} defined by

xp=tyf(x) + (1 -tA)Tx; (3.1)
converges strongly as t — 0 to a fixed point X of T which solves the variational inequality:
((A-yf)X,J(X-2)) <0, VzeF(T). (3.2)

Lemma 3.2. Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space E
with the smoothness constant K. Let W : C — E be an Ly-Lipschitzian and relaxed (c, d)-cocoercive
mapping. Then

11 = 2%)x = (1 = W)y > < (1+20eLf - 20d + 202K2L3 ) | - y||* (33)

IfA < (d-cL%)/K2L3, then I — \¥ is nonexpansive.
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Proof. Using Lemma 2.11 and the cocoercivity of the mapping ¥, we have, for all x,y € C,

(= A®)x = (T - A®)y || = || (x - y) - (W¥x - 2¥y) ||
= [lx = ylI* - 20(Wx = Wy, J(x - y)) + 20K ¥x - Wy ||°
< [lx =yl - 20[~cl¥x - Wy ||* + dflx - y[*] + 202K ¥x - Wy
= [l = ylI” = 20d||x — y[| + 20c | ¥ = Wy || + 20°K3 ¥ - Wy ||

< (1+20cL3 - 20d + 2°K° L3 ) | x -
(3.4)

Hence (3.3) is proved. Assume that \ < (d — cL})/K?L3,. Then, we have (1 +2\cL3, — 2Ad +
2)%K?L%) < 1. This together with (3.3) implies that I — ¥ is nonexpansive. O

Lemma 3.3. Let E be a strictly convex and 2-uniformly smooth Banach space admiting a weakly
sequentially continuous duality mapping with the smoothness constant K. Let M; : E — 2F be
a maximal monotone mapping and W; : E — E a Li-Lipschitzian and relaxed (c;, d;)-cocoercive
mapping with p; € (0,(d; — ¢;L?)/K*L?), respectively, for each i = 1,2. Let {T,, : E — E},
be a countable family of uniformly e-strict pseudocontractions. Define a mapping S, : E — E and
Gn,:E — Eby

£ £
Sn.x = <1 d ﬁ)x + ﬁTnxl Vx € C’ n 2 1’ (35)

Gu= S+ (1-0)Q,

where Q is defined as in Lemma 1.8. Assume that Q = (2 F(T,) N F(Q)#0. Let f : E — E
be an a-contraction; let A : E — E be a strongly positive linear bounded self-adjoint operator with
coefficient y with 0 <y <y /a. Then the following hold.

(i) For each n € N, G, is nonexpansive such that

F(Gn) = F(S,) NF(Q) = F(T,) N F(Q). (3.6)

(ii) Suppose that {G,} satisfies AKTT-condition. Let G : E — E be the mapping defined by
Gy = lim, G,y for all y € E and suppose that F(G) = ;21 F(Gy). The net {x;}
defined by x; = ty f (x;) + (I - tA)Gx; converges strongly ast — 0 to a fixed point X of G,
which solves the variational inequality

((A-yf)%, J(-2)) <0, VYzeF(G) (3.7)

and (X, ) is a solution of general system of variational inequality problem (1.11) such that
g = ](MZrPZ) (x - p21P‘255)-



12 Journal of Inequalities and Applications

Proof . It follows from Lemma 2.10 that S, is nonexpansive such that F(S,) = F(T,) for each
n € N. Next, we prove that Q is nonexpansive. Indeed, we observe that

Q%) = JMy 1) T M) (X = p2¥2X) = p1¥1] (a0 (X = p2¥2) ]

(3.8)
= Jovup) (I = p1¥1) J s 0) (I = p2¥2) x.

The nonexpansivity of Jium, p,), J(Myp0), I = p1%1, and I — po ¥, implies that Q is nonexpansive.
By Lemma 2.3, we have that G,, is nonexpansive such that

F(Gy) = F(S,) NF(Q) = F(T,) NF(Q)#0, V¥neN. (3.9)

Hence (i) is proved. It is well known that, if E is uniformly smooth, then E is reflexive. Hence
Theorem 3.1 implies that {x;} converges strongly as t — 0 to a fixed point X of G, which
solves the variational inequality

(A-yf)X,J(X-2)) <0, VzeF(Q), (3.10)

and (X, y) is a solution of problem (1.11), where i = J(um,,p,) (X — p2¥2X). This completes the
proof of (ii). O

Theorem 3.4. Let E be a strictly convex and 2-uniformly smooth Banach space which admits a weakly
sequentially continuous duality mapping and has the smoothness constant K. Let M; : E — 2F be
a maximal monotone mapping and W; : E — E a Li-Lipschitzian and relaxed (c;, d;)-cocoercive
mapping with p; € (0, (d; — ¢;L?)/K?L?), respectively, for each i = 1,2. Let {T,, : E — E}i; bea
countable family of uniformly e-strict pseudocontractions. Define a mapping S, : E — E by

£ £
S,x = (1—E>x+ FT,,x, VxeC, n>1. (3.11)

Assume that Q := (2, F(T,) N F(Q) #0, where Q is defined as in Lemma 1.8. Let f : E — E
be an a-contraction; let A : E — E be a strongly positive linear bounded self adjoint operator with
coefficient y with 0 <y <¥y/a. Let x1 = u € E and let {x,} be a sequence generated by

Zp = ](Mz,pz)(xn - PZIPan)/
Yn = ](Ml,pl) (Zn - Pllplzn)/ (312)
X1 = anY f(Xn) + Puxn + ((1= )] = anA) [pSuxn + (1= p)yn], Vn>1,
where p € (0,1), and {a,} and {p,} are sequences in (0,1). Suppose that {S,} satisfies AKTT-

condition. Let S : E — E be the mapping defined by Sy = lim, _, .S,y for all y € E and suppose
that F(S) = ;21 F(Sy). If the control consequences {a, } and {B,} satisfy the following restrictions

(C1) 0 < liminf,_, B, <limsup, _p,<1,

(C2) lim,, o, =0and 3771 ay, = 00,
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then {x,} converges strongly to X, which solves the variational inequality

((A-yf)X, J(X-2)) <0, zeQ, (3.13)

and (X,¥y) is a solution of general system of variational inequality problem (1.11) such that y
J(Ma,po) (X = p2¥2X).

Proof. First, we show that sequences {x,}, {v,}, and {z,} are bounded.

By the control condition (C2), we may assume, with no loss of generality, that a,, <
1= Pl Al
Since A is a linear bounded operator on E, by (1.27), we have
Al = sup{[(Aw, J(u))| : u € E, [[u]| = 1}. (3.14)
Observe that
<((1 _ﬂn)I - anA)ur](u)> =1 _ﬂn - “n(Aur ](u)> 2 1 _ﬂn - an”A” 2 0. (315)
It follows that
(1= Ba)I - anAl| = sup{(((1 = pu)] —anA)u, J(u)) : u € E, ||lu|| =1}
=sup{l—pfn —an(Au, J(u)) : u € E, |lu| =1} (3.16)
S 1 - ﬁn - an?'
Therefore, taking x € Q, one has
X = Jovtipn) Uiz p0) (X = p2%2X) = pr¥1] vtz o) (X = p2¥2%)] (3.17)
Putting y = J(m, p,) (X — p2¥2X), one sees that
x = Jomon (7 - pr¥1y). (3.18)
It follows from Lemmas 2.1 and 3.2 that
”Z" - y” = ”](szﬂz) (x" - pzlexn) - ](szﬂz) (} - pzlp’z}) ”
< || (xn = p2%axn) = (X = p2¥2X) | (3.19)

< lxn =Xl
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This implies that

yn =% = [T (20 = P1¥120) = Tty p0) (Y — 1 ¥17) ||
< | (zn = p1¥122) = (- ;1 ¥1y) ||
<|lz. =¥l

< lxn = ||

(3.20)

Setting t, = uSyx, + (1 — u)y, and applying Lemma 2.10, we have that S, is a nonexpansive
mapping such that F(S,) = F(T,) for all n > 1 and hence N;2; F(S,) = ;21 F(T%). Then

lIt, — x| = ”/lsnxn + (1 - #)yn _E”
< pl|Snxn = x| + (1= p) ||y — X|| (3.21)

< loen = X[].
It follows from the last inequality that

%1 = %I = ||y f (xn) + Purn + (1= o) — an A)t, = X||
= [lan (v f (xn) = AX) + P (otn = %) + ((1 = fu) T = 2 A) (tn = D)
< (1= Bu = anY) 120 = X[ + Bullxn = X[ + an||y f (xn) = AX|| (3.22)
< (1~ &) It — Xl + aayaln — T+ |y )~ A
= (1 - an (¥ = ya))llxn = X|| + a ||y f (%) — Ax]|.

By induction, we have

M} n>1. (3.23)

126 = | < maxq [l = x|, ==
Yy-ra

This shows that the sequence {x,} is bounded, and so are {y,}, {z.}, and {t,}.
On the other hand, from the nonexpansivity of the mappings J(a1, ), one sees that

lyne1 = vul| = [T p0) (Znt = Pr®12041) = Ty p0) (20 — p1¥120) ||
< ” (Zn+1 — pl‘P1zn+1) - (Zn — p11P1Zn> ” (3.24)

< zns1 = zall-
In a similar way, one can obtain that

|Zne1 = Znl| < [|%p41 = Xnl]- (3.25)
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It follows that
”yml - yn” <l = X (3.26)
This implies that

”tn+1 - tn” = ||,uSn+1xn+1 + (1 - ﬂ)yn+1 - (ﬂsnxn + (1 - l/l)yn) ”
= ”.uSnJrlxnﬂ — USni1 Xy + (1 - ﬂ)ynﬂ + USni1Xn — USpXy — (1 - //l)yn”
< [/lllsn+1xn+l — Spa1xa| + (1 - ,u) ||yn+1 - yn” + I/l||5n+1xn — Spxy|

(3.27)
< I’l”xm—l - xn” + (1 - /’l) ||xn+1 - xn” + M sup ”Sn+1z - SnZ”
z€{xy}
= [|%ns1 = Xnl + g sUPp [|Sni12 = Suzll.
z€{xy }
Setting
Xn+l = (1 - ﬂn)en + Pnxn, Yn2>1, (3.28)

one sees that

_ lxn+1Yf(xn+1) + ((1 _ﬂnH)I - an+1A)tn+1 lanf(xn) + ((1 - ﬁn)I - anA)tn
€n+yl —€p = 1= ﬁn+1 - 1- ﬁn

ay Ay
= 1 —ﬁ:+1 (Yf(an) - Ath) +tp1 — m(}’f(xn) - Atn) —ty,
(3.29)
and so it follows that
Xn+1 An
||en+1 - en” < —”Yf(xn+1) - Atn+1|| + ”Yf(xn) - Atn” + ||tn+1 - tn”r (3.30)
1- ,Bn+1 1- ﬂn
which, combined, with (3.27) yields that
Aptl ay
llen1 — enll = llxn1 — xall < 1- B ”Yf(xm—l) - Atn+1|| + 1-p ”Yf(xn) - Atn”
n+ n
(3.31)
+ psup ||Sn+1z - SnZ”'
z€{xy}
Using the conditions (C1) and (C2) and AKTT-condition of {S,}, we have
limsup(||en+1 = en|l = ||xne1 = x4||) <0. (3.32)

n— oo
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Hence, from Lemma 2.6, it follows that

lim fle, — x| = 0. (3.33)
From (3.28), it follows that
l1%pe1 = xall = (1= Bn) llen — xall. (3.34)
By (3.33), one sees that
Hm [l = 2 = 0. (3.35)
On the other hand, one has
X1 = Xn = 0y (Y f (n) = Axy) + (1 = Bn) I — anA) (tn — x). (3.36)
It follows that
(1= Bn = anY)lItn = xall < N1xn = Xnar || + aa ||y f (x0) = Ax, |- (3.37)

From the conditions (C1), (C2) and from (3.35), one sees that

Jim [|t, = xu]| = 0. (3.38)

Define the mapping G, by
Gn=uSp+(1-p)Q, (3.39)

where Q is defined as in Lemma 1.8. From Lemma 3.3(i), we see that G, is nonexpansive such
that

F(Gn) = F(Ty) N F(Q) = F(Sx) N F(Q). (3.40)
From (3.38), it follows that

1im [|Gpxy = ]| = 0. (3.41)

Since {S,} satisfies AKTT-condition and S : E — E is the mapping defined by Sy =
lim, .S,y for all y € E, we have that {G,] satisfies AKTT-condition. Let the mapping
G : E — E be the mapping defined by Gy = lim,_. G,y for all y € E. It follows from
the nonexpansivity of S and

Gy =puSy+ (1-p)Q (3.42)
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that G is nonexpansive such that

F(G) = F(S)NF(Q) = [F(Sx) NF(Q) = (\F(T:) NF(Q) = [ F(Gn). (3.43)
n=1 n=1

n=1
Next, we prove that

limsup(y f (X) - AX, J(x, — X)) <0, (3.44)

n—oo
where X = lim;_,¢x; with x; be the fixed point of the contraction

x+— tyf(x)+ (I -tA)Gx. (3.45)

Then x; solves the fixed point equation x; = ty f (x;)+(I-tA)Gx;. It follows from Lemma 3.3(ii)
that X € F(G) = Q, which solves the variational inequality:

((A-yf)%, J(X-2)) <0, VYzeF(G), (3.46)

and (X, i) is a solution of general system of variational inequality problem (1.11) such that
Y = J(Myp0) (X — p2¥2X). Let {x,, } be a subsequence of {x,} such that

Jim (yf (%) - AX, ] (2n, = %)) = limsup(y f (&) — A, ] (xtp = X))- (3.47)

n—oo

If follows from reflexivity of E and the boundedness of sequence {x;, } that there exists {x, }
which is a subsequence of {x,, } converging weakly tow € Casi — oo. It follows from (3.41)
and the nonexpansivity of G, we have w € F(G) by Lemma 2.4. Since the duality map ] is
single valued and weakly sequentially continuous from E to E*, we get that

lim sup(y £ (%) - A%, ] (xa = ) = lim (yf (%) - AF, ] (5o, - )

- i11—>12><y'f (%) - A%, ] (2n, - %) ) (3.48)

= ((A=yf)% J(-w)) <0
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as required. Now from Lemma 2.11, we have

net = FI2 = [y f (ea) + Paxn + [(1 = Pu) I ~ an Aty — %]
= [[[(1 = Bu)] = anA] (ty = ) + (¥ f () = AZ) + (20 - F) |
< (1= B = @) [1bn = FI* + 2{n (v f (x0) = AF) + (20 = ), J (X1 — %))
= (1= Bu = @u¥)*lltw = FI* + 2B, (20 = &, J (Xp1 - %))
+ 20y f (xn) = AZ, J (1 - )
= (1= Bu — ) lltw = FI* + 2B (200 = %, ] (X1 = X))
+ 20 (y f(xn) = Yf(R), ] (a1 = 0)) + 2 (v f(X) = A, J(na1 = %)) (3.9)
< (1= B — ) It = %I + 2Bullx0 = Fll 1201 - X
+ 20|y f () = Y F@) || [xner = F + 20y £ (F) = A, J (a1 - %))
< (1= o — )t = EI + B (lcne1 = FI + 10— 2I7)
+ anya(lxne = 27 + 0 = %) + 200y f (%) = AF, ] (X1 - 5))
= [~ Bo = @)+ B + anya Ixa = FI + (B + awya) xn = F

+ 20, (yf (%) — AX, J (i1 — X)),

which implies that

(1= Pu— )" + P + auya

=2 =2
l2p1 = X||° < T p——— [l — X||
b2 (F) - AR, (- B)
T a——— yf(x X, J(xp1— X
2 n Y - 2 2 n n_ 257
=11- a (Y le) ||xn_§||2+ﬁn+ ﬁ [24 Y+an}/ ||xn—37||2
1-p, - anya 1-p, - anya
b2 (E) - AR, (o - B)
T a——— yf(x X, J(xp1 - X
Z“n(Y_Y“) ~12
=|11-—|||xp—x
[ T —— [ l

L 2P ya) [ B+ 2Puent + Y
L=Pn—anya| 2an(y -ya)

M3 + ﬁ<}’f(§) - Ai/](xnﬂ - f)>],
(3.50)
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where M3 is an appropriate constant such that M3 > sup,.o[|x, — X||*. Put

_ 2a, (¥ - ya) - B2+ 2B,y +
1-pn—ayya’ " 2a,(y - ya)

n

2?2 1
n X _AN/ n+ -X 7
My + = (yf (D) = AT, (1 = 9))

(3.51)
that is,
lotne1 = X7 < (1= ju) 13w = FI* + jukn- (3.52)
It follows from conditions (C1), (C2) and from (3.44) that
Jgrgojn =0, ijn = oo, limsup k, <0. (3.53)
n=1 n—oo

Apply Lemma 2.5 to (3.52) to conclude that x, — X asn — oo. This completes the proof. [J
Setting A=1, y =1, and f := u, we have the following result.

Theorem 3.5. Let E be a strictly convex and 2-uniformly smooth Banach space which admits a weakly
sequentially continuous duality mapping and has the smoothness constant K. Let M; : E — 2F be
a maximal monotone mapping and W; : E — E a L;-Lipschitzian and relaxed (c;, d;)-cocoercive
mapping with p; € (0, (d; — ¢;L?)/K2L3), respectively, for each i = 1,2. Let {T, : E — E};2 bea

n=1
countable family of uniformly e-strict pseudocontractions. Define a mapping S, : E — E by

Syx = (1 _ %)x ST, VxeC ozl (3.54)

Assume that Q = (721 F(T,) N F(Q) #0, where Q is defined as in Lemma 1.8. Let x; = u € E and
let {x,} be a sequence generated by
Zp = ](Mz,p2)<xn - PZlIIan)/
Yn = ](Ml,pl) (Zn - Pllplzn)/ (355)
X1 = Ol + Py + (1= B — ) [4Snxn + (1 = p)yn], Yn>1,
where p € (0,1), and {a,} and {B,} are sequences in (0,1). Suppose that {S,} satisfies AKTT-

condition. Let S : E — E be the mapping defined by Sy = lim,,_,,Sny for all y € E and suppose
that F(S) = ;1 F(Sy). If the control consequences {a, } and {f,} satisfy the following restrictions

(C1) 0 < liminf,_,,p, <limsup, , p. <1,
(C2) lim,, o, =0and 3771 ay, = 00,

then {x,} converges strongly to X, which solves the variational inequality

(I-)%J(X-2))<0, z€Q, (3.56)
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and (X,¥y) is a solution of general system of variational inequality problem (1.11) such that iy =
J My p2) (X = p2¥25).

Remark 3.6. Theorem 3.4 mainly improves Theorem 2.1 of Qin et al. [16], in the following
respects:

(a) from the class of inverse-strongly accretive mappings to the class of Lipchitzian and
relaxed cocoercive mappings,

b) from a e-strict pseudocontraction to the countable family of uniformly e-strict
p y y
pseudocontractions,

(c) from a uniformly convex and 2-uniformly smooth Banach space to a strictly

convex and 2-uniformly smooth Banach space which admits a weakly sequentially
continuous duality mapping.

Further, if {T,, : E — E} is a countable family of nonexpansive mappings, then
Theorem 3.4 is reduced to the following result.

Theorem 3.7. Let E be a strictly convex and 2-uniformly smooth Banach space which admits a weakly
sequentially continuous duality mapping and has the smoothness constant K. Let M; : E — 2F be
a maximal monotone mapping and ¥; : E — E a L;-Lipschitzian and relaxed (c;, d;)-cocoercive
mapping with p; € (0,d; — c;L?/K?L?), respectively, for each i = 1,2. Let {T, : E — E}i2, bea
countable family of nonexpansive mappings. Assume that Q = (\,21 F(T) N F(Q) #0, where Q is
defined as in Lemma 1.8. Let f : E — E be an a-contraction; let A : E — E be a strongly positive
linear bounded self adjoint operator with coefficient y with 0 <y <y/a. Let x1 = u € E and let {x,}
be a sequence generated by

Zn = J(My 0) (%0 — p2¥2xn),
yn = ](Ml,p1) (Zn - Pllplzn)/ (357)
X1 = @nY f(Xn) + Pun + (1= Pu) 1 = anA) [uTuxn + (1= p)yn], V21,
where p € (0,1), and {ay,} and {P,} are sequences in (0,1). Suppose that {T,} satisfies AKTT-

condition. Let T : E — E be the mapping defined by Ty = lim, T,y for all y € E and suppose
that F(T) = Npey F(Ty). If the control consequences {ay,} and {B,} satisfy the following restrictions

(C1) 0 < liminf, ., f, < limsup, B, <1,

(C2) limy,—, o, = 0and 377, a = 00,

then {x,} converges strongly to X which solves the variational inequality:

((A-yf)x,J(Xx-2)) <0, z€Q, (3.58)

and (X, ) is a solution of general system of variational inequality problem (1.11) such that iy =
](Mz,Pz) (x - PZIP2§)-

Remark 3.8. As in [27, Theorem 4.1], we can generate a sequence {T,} of nonexpansive
mappings satisfying AKTT-condition; that is, X", sup{||Tp1z — Tuz| : z € B} < oo for
any bounded subset B of E by using convex combination of a general sequence {Si} of
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nonexpansive mappings with a common fixed point. To be more precise, they obtained the
following lemma.

Lemma 3.9 (see [27]). Let C be a closed convex subset of a smooth Banach space E. Suppose that
{Sk} is a sequence of nonexpansive mappings of E into inself with a common fixed point. For each
n €N, defineT, : C — C by

n
T.x = D prSkx, Vx€E, (3.59)
k=1

where { X} is a family of nonnegative numbers with indices n, k € N with k < n such that

() S BE=1forallneN,
(ii) lim,—, o,k > 0 for every k € N,

(iil) X2y Xy Iﬁ’n<+1 - ﬁ,’il < co.
Then the following are given.

(1) Each T,, is a nonexpansive mapping.
(2) {T,} satisfies AKTT-condition.
(3) If T : C — C is defined by

Tx =) piSkx, VxeC, (3.60)
k=1

then Tx = limy, _ o Tyx and F(T) = (721 F(Tn) = Niq F(Sk)-

Theorem 3.10. Let E be a strictly convex and 2-uniformly smooth Banach space which admits a
weakly sequentially continuous duality mapping and has the smoothness constant K. Let M; : E —
2E be a maximal monotone mapping and ¥; : E — E a L;-Lipschitzian and relaxed (c;, d;)-cocoercive
mapping with p; € (0, (d; — ¢;L?)/K2L3), respectively, for each i = 1,2. Let {Sx : E — E}}2, bea
countable family of nonexpansive mappings. Assume that Q := (\;2; F(Sk) N F(Q) #0, where Q is
defined as in Lemma 1.8. Let f : E — E be an a-contraction; let A : E — E be a strongly positive
linear bounded self adjoint operator with coefficient y with 0 <y <y/a. Let x; = u € E and let {x,,}
be a sequence generated by

Zn = ](MZrPZ)(x" - lepzxn)/

n= D\ Zn — IPZn ’
Yn = Jmupn) (20 = pr¥120) (361)

Xn+1 = aan(xn) + ,ﬁnxn + ((1 - ,Bn)I - [XnA) [#iﬂESkxn + (1 - ‘l/l)yn], Vn>1,

k=1

where { Pk} satisfies conditions (i)—(iii) of Lemma 3.9, p € (0,1), and {a,} and {B,} are sequences
in (0,1). Suppose that {T,} satisfies AKTT-condition. Let T : E — E be the mapping defined by
Ty = lim,_ T,y for all y € E and suppose that F(T) = ;2 F(T,). If the control consequences
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{an} and {B,} satisfy the following restrictions:

(C1) 0 < liminf,_, B, <limsup, _p,<1,

(C2) limy—, oty = 0and >,7° 1 ay = oo,

then {x,} converges strongly to X, which solves the variational inequality
((A-yf)% J(X-2)) <0, zeQ, (3.62)

and (X,y) is a solution of general system of variational inequality problem (1.11) such that §j =
](Mz,pz)(-;é - lepzi)

Proof. We write the iteration (3.61) as

Zn = J My 0) (%0 — p2¥2xn),
Yn = Jotpn (20 = p1¥12n), (3.63)
Xnt = @Y f () + ot + (1= ) [ = @uA) [uToxn + (1= ) yn], Vm 21,

where T, is defined by (3.59). It is clear that each mapping T}, is nonexpansive. By Theorem 3.7
and Lemma 3.9, the conclusion follows. ]

The following example appears in [27] shows that there exists {fX} satisfying the
conditions of Lemma 3.9.

Example 3.11. Let { Bk} be defined by

{N (k < n),
k
Pn = (3.64)
2% (k=mn),

for all n, k € N with k < n. In this case, the sequence {T,} of mappings generated by {Sk} is
defined as follows: For x € C.

Tix = S1x,

1 1
Tox = ESlx + §S2x,

1 1 1
Tsx = zslx + ZSzX + 153)(,

(3.65)

1 1 1 1
Tyx = §S1x + ZSzx + §S3x + §S4x,

1 1 1 1
Tyx=-51x+ A—lSzx+ §S3x+ —Sux+--+

2 16 TR

—75nx.
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