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1. Introduction

In recent years, the study of multilinear operators and their commutator has been attracting
many researchers. Many results which parallel to the linear theory of classical integral
operators are obtained. For details, one can see [1-4], and so forth. Meanwhile, as a further
development, harmonic analysis on R? with nondoubling measures has been developed
rapidly. Many results of singular integrals and the related operators on Euclidean spaces with
Lebesgue measure have been generalized to the Lebesgue spaces with nondoubling measures
(see [5-10], etc.). Motivated by [5, 8], we will consider the commutators generated by a class
of multilinear fractional integrals and RBMO functions with nondoubling measure, which
were introduced by Tolsa in [11].

Before stating our results, we recall some definitions and notations. Let y be a Radon
measure on R? satisfying the following growth condition; there exist constants C > 0 and
n € (0,d], such that

w(Q) < CLQ)", (1.1)

for any cube Q C R? with sides parallel to the coordinate axes, where [(Q) stands for the
side length of Q. For r > 0, rQ will denote the cube with the same center as Q and with

1(rQ) = rl(Q).
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Let 0 < < n, given two cubes Q C Rin R4, we set

Nor ZkQ) 1-p/n
K¥ -1 [”(—] , 12
QR =T é 12°Q)" 12

where N r is the first integer k such that / (2°Q) > I(R). If p = 0, then K (QO)R = Kg r. The later
quantity was introduced by Tolsa in [11].
Given B, (depending on d) large enough (e.g., fs> 2"), we say that a cube Q C R% is

doubling if #(2Q) < Bau(Q).
Given a cube Q C R4, let N be the smallest nonnegative integer such that 2VQ is

doubling. We denote this cube by Q.
Let 77 > 1 be a fixed constant. We say that b € L, _(y) is in RBMO(u) if there exists a
constant C; such that for any cube Q

1
#(1Q)

|mgb — mgb| < C1Kg, for any two doubling cubes Q C R,

[ It - mgblaut <,
Q (1.3)

where mgb = ‘u(Q)_lbe(y)d‘u(y). The minimal constant C; is the RBMO(u) norm of b, and it
will be denoted by ||b||.. In [11], Tolsa obtained equivalent norm in the space RBMO(u) with
different parameters 7 > 1 and 4> 2".

We consider the following multilinear fractional integral operator

m file—y1) fa(x—vo) {JZ_(:C ~Ym) du(y) - du(ym).  (14)
(R) |1 vz ym) |

Ia,m(flr-'-rfm)(x) =

For m = 1, we denote I, by I,, which is the Riesz potential operator related to p.

Given m € N, forall 1 < j < m, we denote by C7" the family of all finite subsets
o={o(),...,0(j)} of {1,2,...,m} of j different elements. For any ¢ € C]’.”, we denote 0’ =
{1,2,...,m} \ o = {0'(j +1),...,0'(m)}. Moreover, for b; € RBMO(y), j = 1,2,...,m, let
b = (bi,by,...,by) and denote by by = (boqy,- -, b)) and by be(x) = boa)(x) -+ be(j) (X).

Also, we denote f = (fi,..., fm), fo = (foys--+s fo(i)s bo for = (bo'(j+1) fo(j+1) - - -+ bt (m) for (m))-
We define a kind of commutator of 1, ,, as follows:

[B, L] () (x) = i > (1) b () Iam (fo, ber for) (). (1.5)

j=0 oeCy’
In particular, for m = 2, we define

[b1,b2, Lno] (f1, f2) (x) = bi(x)ba(x) Lap (f1, f2) (x) = b1(x) Lan(f1, b2 f2) (x)

(1.6)
— b2 (x) a2 (b1 f1, f2) (X) + Lap (b1 f1, baf2) (x).

Obviously, for m = 1, the operator defined in (1.5) is the Coifman-Rochberg-Weiss
type commutator of fractional integral, [b, I,]. Under the assumption that y is a nondoubling
measure, Chen and Sawyer [5] established the (L?, L7)-boundedness of [b, I,] (also see [9]
for the more general case). In this paper, we will extend the result of [5] as follows.
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Theorem 1.1. Let u be defined as above and ||u|| = oo, bj € RBMO(R?), j =1,2,0 < a < 2n. Then
[b1, b2, 14p] is a bounded operator from L x L% to L1 with 1/q = 1/q1 + 1/, — a/2n > 0 and
1< q1, g2 < co.

Remark 1.2. By Lemma 2.2 in Section 2, Theorem 1.1 for the case ||p|| < oo also holds provided
Inn, [b1,02,1a2], [b1,1n2], and [by, I2] satisfy certain T'(1) type conditions. For instance, if I, »
satisfies the T (1) condition, that is, I;}z = 0, then we can easily obtain [ I,»(f1, f>)(x)dpu(x) = 0
(see [3] for the notation I}}}).

More generally, we have the following theorem.

Theorem 1.3. Let m € N, p be defined as above, and ||| = oo, b; € RBMO(R"’),]' =1,2,...,m,
0 < a <mn. Then

* fjlquf(#)’ (17)

1B Zam] (D)l < CT Tl
j=1

where1/q=1/q1+1/q2+---+1/gn—-a/mn>0and1<qj<o,j=1,2,...,m.

Clearly, [5, Theorem 1] is the special case of our Theorem 1.3 for m = 1. Throughout
this paper, we always use the letter C to denote a positive constant that may vary at each
occurrence but is independent of the essential variable.

2. Proofs of theorems

We only prove Theorem 1.1 since Theorem 1.3 can follow from the same arguments and an
analogous version of the following Lemma 2.5, which can be deduced by induction on m.
Before proving our results, we need to recall some notation and establish some lemmas which
play important roles in the proofs.

Let f be a function in L] (R?), we define the noncentered maximal operator

1

®
" Q)

p vp
pinf () :Z‘;E[ J;If )| d#(y)] , @2.1)

and the sharp maximal function

1
M"P) f(x) = su —f (y) - msf|du(y) + su
f Qa}; u((3/2)Q) Qlf v Qfl Hy R:ng j o
Q,R doubling QR

where the supremum is taken over all cubes Q with sides parallel to the coordinate axes,
mq(f) is the mean value of f on the cube Q. When f = 0, we denote M;(,)()n) f by M, f and

MO f by M*f.
We also consider the noncentered doubling maximal operator U, defined by

Af(x) = sup P@Lv(yﬂdu(y). (23)

Qox
Q doubling
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Lemma 2.1 (see [11]). Let 1 < p < o and 1 < p < oo. Then b € RBMO(p), if and only if for any
cube Q C RY,

#éQJQ“”‘mdMFW&ﬂSQWW (2.4)

and for any doubling cubes Q C R,
|mq(b) - mr(b)| < CKorlbll.. (2.5)
Lemma 2.2 (see [5]). Let f € L. () with [ fdu = 0if ||u|| < co. For 1 < p < oo, if inf(1, Nf) €

loc

LP(u), then for 0 < p < n we have
1f o < CIMPP £ - (26)

Lemma 2.3 (see [5]). Letp<r<n/aand1/q=1/r —a/n. Then

1850 Pl < Cl e, o)

wheren >1and 0 < a < n/p.

Lemma 2.4. Suppose p is a Radon measure satisfying (1.1). Let m € Nand 1/s = 1/ri+---+1/1y,—
a/n>0with0 <a <mn,1<r; < oo. Then,

(a) ifeachrj > 1,
e Cfro o fd gy < CT TSl (2.8)
j=1
(b) if rj = 1 for some j,

”Ium (flr e rfm) ||LS'°°([4) < CH”ffllL'f W (2.9)
j=1

Proof. The proof follows the idea that, for the classical setting, can be found in [4]. For the
sake of completeness, we will show it again.

Since &« > 0, some r; < oo. If say, 141 = -+ = 1, = 00,1 < | < m, because a/n <
1/ri+---+1/r <1, so that mn — a > (m - [)n, integration in y,1, ..., Y, reduces matters to
the case when all r; are finite (and m = [). Thus, we may assume that all 7; < co. Now, observe
thatif 0 < ¢, i=1,...,mand 0 < a < >/"¢;, we can find 0 < a; < ¢; such that a = 37" a;.
Apply this observation to ¢; = n/r;,and 1/s; = 1/r;—a;/n. Since >, 1/si =1/5,0 < a;/n <1,
1< s; <o, and

|y1|n—a1|y2|nfaz |ym|”*am < |(y1’“.,ym)|nm—a, (2.10)

where a = 37", a;. It follows that

Ia,m(flr'”/fm)(x) SHIai(fi)(x)- (211)
i=1

Then, by [5, Lemma 1, page 1289] (or see [6, page 1269]) and Holder’s inequality (see [12,
page 15] for weak spaces when some r; = 1), we can get Lemma 2.4. O
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Lemma 2.5. Let [by, by, 5] beasin (1.6), 0 < a <2n, 7 > 1, by, by € RBMO(p). Then there exists
a constant C > 0 such that for all f1 € L7 (u), f» € L%(u), and x € R4,

M™D (b1, bs, L] (f1, f2)) (%) < C[||ba ]l b2l ,M3/2) (Ta2 (f1, f2) ) (%)
+ [|b1]] .M a/2) ([b2, a2 (f1, £2)) (%)
+ [ba2 |, M, 3/2) ([b1, La2] (f1, f2)) ()
b1l N6l M g 60 LMD g fo ()],
MM (b1, L] (f1, f2)) (x) < Cllbal. [Mea/2) (L2 (fo, f2)) (x)
+ MO0 (FOMD g0 () )],
M*® ([by, Ln2] (f1, f2)) (%) < Cllbz|, [Mra/2) (L2 (f, f2)) (x)

* M;:,)@/S) (f1) (x)M;Z,)@/g) (f2)()],

(2.13)

(2.14)

where
[b1, In2] (f1, f2) (x) = bi(X) a2 (f1, f2) (x) = Lao (b1 f1, f2) (%),
[b2, In2] (f1, f2) (x) = ba(x) T2 (f1, f2) (%) = La2(f1, b2 f2) (x).

(2.15)

Proof. By the definition, to obtain (2.12), it suffices to prove that for any x € R and a cube
Q3x

1
WL' b1, b2, L] (f1, f2) (2) = holdu(z) <C||ba [|J[ 2], M=, 3/2) Ta2 (f1, f2)) (x)

+ ||ball, Mz, 3/2) ([b2, Ta2] (f1, f2) ) (%)
+ ||b2]l Mz a/2) ([b1, L2l (1, f2)) (x)

+ ”bl”*”b2||*M;;:’)(9/8)f1 (x)Mr(Z,)(g/g)fZ(x)]/

(2.16)
and for any cubes Q C R, where Q is an arbitrary cube and R is doubling,
|hg - ke < CK3 (KGR (11| 1621l M 3/2) (Tea (f1, f2)) ()
+[oall M3/ ([b2, L] (f1, £2)) (%) o1
B2 ll . Mz /2) ([B1, Ta2] (f1, £2)) ()
oL 1Bl Mg fr ()M 0 ()],
where
hg = mq(La2((mg(b1) = b1) fixenasme, (mg (b2) = b2) faxrau/s0))s 218

hr = mg(Lo2((mg(b1) = b1) fixra\a/sr, (Mg (02) = b2) faxra\@/s)r))-
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First of all, it is easy to see that

[[b1,b2, L] (f1, f2) (2) = ho| < | (br(2) —mg (1)) (ba(2) — mg(b2) ) a2 (f1, f2)(2)]
+ | (b1(2) = mg (1)) La2 (f1, (b2(2) - b2) f2) (2)|
+ |(b2(z) - m@(bz))Iaz(bl (z) - bZ)f1'f2>(Z)| (2.19)
+ [Lap((b1 = mg (b)) f1, (b1 = mg (b)) f2)(2) = hg|
= 1(z) + 1I(z) + IMI(z) + IV(2).

Consequently,

#((3/1 2)Q) fgl [b1, b2, In2] (f1, f2) (2) = hg|dpu(z) < C[T+ T+ T +1V], (2.20)

where I = ‘u((B/Z)Q)_lj;QI(z)dy(z), and II, III, IV are defined in the same way.
In what follows, we estimate I-IV, respectively. For I, by Holder’s inequality and
Lemma 2.1, we have

1
= —y((B/Z)Q).[ I(z)du(z)

1/7
SC(,M( 3/2)Q)f|bl(z) g (b)l d"(z)>

1/m
<Wf [ba(z) - mQ(bZ)rzd#(Z)) (2.21)

(v T aa)

< Cllba [l [[b2]l, Mz 3/2) (a2 (f1, f2)) (),

wherer; >1, m>1land 1/7+1/7y+1/m =1.
For II, we have

1
=——— | IlI(z)d
#((3/2)Q)-[Q () (z)

1/s
f |b1(z) - mg(br) |de(z)>

1
SCl =
<#((3/2)Q) (2.22)

1/
<ﬂ((3/2)Q)I | [b2, Laa] (1, f2) (2)] dy(z))
< Cl|b1|| ,Mz,3/2) ([b2, Inp] (f1, f2)) (%),

wheres>1land1/s+1/7=1.
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Similarly, we have
1L < C|ba|, Mr3/2) ([b2, La2] (f1, f2)) (). (2.23)

. . . 0 _ _ 0 .
o It remains to estimate IV. For convenience, we set f;' = fjya/so, fj = f; + f{*, ] = 1,2.
en,

[IV(2)] < [La2((b1 = mg(01)) f7, (b2 = mg (b2)) £7) (2)]
+ | La2 ((b1 = mg (b1)) f7, (b2 = mg(2)) f5°) (2)]|
+ [ Laa (b1 = mg (1)) 72, (b2 = mg (b2)) f7) (2)] (2.24)
+ [La2((b1 = mg (b1)) f7°, (b2 = mg(b2)) f5°) (2) = ho|

= IV1(z) + IVZ(Z) + IV3(Z) + IV4(Z),

and so we have

4

4
f IIV(z)|dp(z) < D ————= ((3/2)Q) I V;(z)du(z) = jz:lllv,-. (2.25)

:1

#((3/2)Q)

To estimate IV, set sy = \/p1, 52 = \/p2,and 1/v = 1/s1 +1/s, —a/n. It follows from Holder’s
inequality and Lemma 2.4 that

u(Q)'e
1((3/2)Q)

< Cu(3/2Q) N1 = mg)) £ o B2~ mg ()£

C " 1/p:
< .
< (G2 <I(4/3)Q|f1(y1)| y(yl))

IV, < | Ta2((b1 = mg(b1)) f1, (b2 = m5(b2)) f7)

Lo (p)

) (V-D/p
x (f b1 (1) = mg (br) |7 1)d#(yl)>
(4/3)Q

1/p _ (vP2-1)/p2
x (f | f2(2) I’”d#(yz)> (I |b2 (1) = mg (bi) |7 Ddﬂ(]/i))
(4/3)Q (4/3)Q

2

I I P 1/p,
i= u 3 : ( ? 1- —ap; 2n i 1 !du i

(vpi-1)/pi
yl) mQ(b)lp VP dﬂ(%))

<#((3/2)Q) L/s

< Cllball b2l My g ) fr I MEY g ) fo ().
(2.26)
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For term IV,, by Lemma 2.1, we have

IV, Vo (z)du(z)

_ ;J'
1((3/2)Q) Jo

1
. Cy((3/2)Q) foRd\(4/3)Qf(4/3)Q
RICKD —ma@fz f_(f) | | fb;(;i—; MWy e

¢ 0
: MG/—Z)Q)IQI(4/3)Q|(b1(y) - mQ(bl))f1 (y1)|dp(y1)

|(b2(y2) _m©<b2))f;0(y2)|d‘u(yz)d,u(z)

J
R\ (4/3)Q |z - 2|

1 1/p1
C hy
< <ﬂ((3/2)Q)1aP1/2nI(4/3)Q|f1(yl)| /‘(]/1))

1 p’ 1/}7’1
(ormg ) [or=mo@)dun)

1((3/2)Q) J /30
3 \ W & |(b2(y2) = mg(b2)) f2(y2) |
x — E d
ﬂ<2Q> H(Q)k_lj;k@/S)Q\Zk1(4/3)Q k- [(Q)*" k()

o & - 3 -n+a/2
SC”b]”*M}(ﬁ,)@/S)fl(x)kZz k( /2)l<2k§Q>
=1

[ ) b)) fa(v) ()
2k(4/3)Q

o 0 k(s 3 -n+a/2
< C”b] ||*M}(71,)(9/8)f1 (x)kZZ k( /2)l<2k§Q)
=1

: Uz"(4/3)Q| (b2(2) - mz@?)Q(bz))fz (v2) |dp(y2)

o) ~ma® [, Il

(a)
< C”bl *Mppl{,(g/g)fl(x)

3 1 ! 1/p,
y-k(n-a/2) <—n J‘ b I Py )
) ["z:; 12°(3/2)Q) 2k(4/3)Q|( 2(y2) =m, (4/3)Q( 2)) [ du(y2)

(ot ARGPa)
1(2"(3/2)(2)n_m/2 a0 TR

+ D k2 |
k=1

1

"1(2(3/2)Q)
< C||bu]], IIbzII*M,f,“)(g/&fl(x)M,f,‘j,)(g/g)fz(x),

1,

_— LW)Q |f2(v2) |dﬂ(y2)]

(2.27)
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where the last inequality follows from the following two facts:

1
— [ )
1(2°(3/2)Q) 2(4/3)Q
k 1-1/p2
n(2°(4/3)Q) 1/ps
HEEEE ([ 1a) Pdu)
1(2°(3/2)Q) 2(4/3)Q
k+1 1-1/pa+1/pr-(a/2n) ™.
< M2 (4/3)Q) 1 o (o i) P
N k+1 n-a/2 k+1 1-(ap, /2n) 2(Y2 H Y2,
127 (4/3)Q) 1(2°7(4/3)Q) 2441(4/3)Q
<CMY o fo(x),
(2.28)
and (see[11])
|m2"@3/)Q(b7) —mg(bj)| < C”bj”*KngmQ <C||bj||. K¢ w30 < CK|Ibs]l,, 7 =12
(2.29)
Similarly,
V3 < C|[bx ||*||b2||*M;(:,)(9/s)f1 (x)M;Z,)@/S)fZ(x)- (2.30)

For term IV, we have

[Le2 (b1 = mg (1)) f7°, (b2 = mg5(2)) £5°) (2) = Lap (b1 = mg (1)) f1°, (b2 = m(b2)) £5°) ()|

1 1
Joomel. < :
ramelrnwmel | (z -y z =) [ |y vy - )™

X

1) - o)) 17 () |dt) ()

<

f f 1z -yl
R\ (4/3)QJR\(4/3)Q | (]/ —y,y - ]/2) |2n—u+1

2

i=1

[T ) = o 60) 7290 |t
: 2= ) — e (6 £ () (v
<CTT[,, ol = o7 0) = ma@) ) )

2 o

z_k/zﬁ | (01 (i) = ma () 1172 (i) ldp(wi)

<C f
=1 k1254302 W30 12k

]

2 o
<C 2-k/2 ;ﬂ bi(y;) — mx (b; Pig :
gkz:; <l(2k(3/2)Q) Lk(4/3)Q|< (vi) = ma (b)) ﬂ(y)>

x ( - f |f~(y-)|’”dﬂ(y-)>w
1(2"(3/2)Q)n_(api/2) 2am 1



10 Journal of Inequalities and Applications

2 o
~k/2 p 1(@)
< CHZZ MPi,(9/8)fi(x)

i=1 k=1

1 '
(/e el ) s @) Maisgl®) e

/

(@)
M, 078 fi(%)

2
<CJ[>27"k|bs

i=1 k=1

< Cllpr [l B2ll My o) f1(X)MLS g ) fo ).

(2.31)

Taking the mean over y € Q, we obtain

L ((b1=mg (b1)) £, (b1=mg (b1)) £5°) (2)=ho | < Cllb || |[Bal], M7 5 f1 ()M ) fo(20).

(2.32)
Thus,
1 (a) (a)
Vy= —— | IV4(z)d <C|b b || M M . 2.33
4 /1((3/2)Q) ,[Q 4(2) nu(z) — ” 1”*” 2”* pl,(9/8)f1(x) pz,(9/8)f2(x) ( )
Combing (2.20)-(2.33), we obtain (2.16). O

Now we turn to estimate (2.17). For any cubes, Q C R with x € Q, where Q is arbitrary
and R is doubling. We denote Ng r + 1 simply by N, write

|hg = hr| = |mg[la2((br = mgab1) f7°, (b2 = mb2) £5°)]
—mg[lap((b1 — mgby) f{°, (by — mgby) f5°)] |
< |mg[Iea((br = mgbi) fixraovo, (b2 — maba) faxenang)]
= mg L2 ((b1 -~ mgb1) fixraang, ((b2 = mab) f2xmaavg)]|
+ |mg [Le2((b1 = mrby) fixeaong, (b2 = mrb2) fayeaong)]
= mg[Lo2((b1 = mabt) frxraovg, (b2 = mgba) faxraong)] | (234)

+ [mg [La2 ((b1 = mgab1) fixavovasz)er (b2 = mab2) f2xwav@/3)0)] |

[
+ [mq[Lu2 (b1 = mabi1) fixmaavg, (b2 = mab2) fayanovasae)] |

L2 ((b1 = mgbr) f1xwa\@/3)r, (b2 = mrb2) fayong\@/)r)] |
Lip((b1 = mrby) fiyang\@/spr, (b2 = mRrb2) f2XRa\2ng) ] |

+ |11’l R[
+ |mg|
6
=) A
i=1
By the similar arguments used in proving (2.33), we obtain that

Ay < CIKQR] (o1 | [1ba ]l MY g ) f1OME g fo(20). (2.35)
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To estimate A,, we write
Iaa (b1 = mr(b1)) frxeaovg, (b2 = mr(b2)) f2xra2vo) (2)
= Lap((b1 —mg(b1)) fixraang, (b2 — mg(b2)) faxraang) (2)
= (mg(b2) —mg(b2))La2((b1 = mr(b1)) fxraovg, fxrnavg) (2) (2.36)
+ (mr(b1) = mg(b1)) Lu2 (fixraong, (b2 = mr(D2)) f2xma\2vg) (2)
+ (mr(b1) = mg(b1)) (mr(b2) = mg(02)) L2 (f1xra2vg, foxramg) (2)-

Then,

Az < [mg(b2) —mg(ba)]

/ﬁJ‘RIu'z((bl B mR(bl))fl)(Rd\ZNQ, f2XRd\2NQ) (z)du(z)

+ [mr(b1) —mg(b1)|

IﬁJ‘RIu,Z (leRd\2NQ, (bz — MR (bz))fZX]Rd\zNQ) (Z)d‘u(z)

+ [mr(br) = mg (br)|[mr(b2) - mg (b2)]|

1
WIRLX,Z (fixraong, faxraong) (2)du(z)

= A21 + Azz + A23.
(2.37)

It is obvious that

Ags < CKQ gllba ||, 11021, M, 3/2) (a2 (f1, £2)) (%) (2.38)

In order to estimate term A,;, we write

Lo ((by — mgbr) fixraong, f2Xra\2vg) (2)
= Lo (b1 — mgbr) f1, f2) (z) = Lo (b1 — mgbr) fixavo X @/3)Rs f2X@/3)R) (2)
= Lo (b1 = mgbr) fixa/mr, fax2v0X@/3)R) (2)
+ Lep (b1 = mrb1) fiyano X a/s)r, f2X2vg X @/3)R) (2)
= Ln2 (b1 = mgby) fiXwa\@/3)R f2X280) (2) (2.39)
= L2 ((b1 = mrb1) fixong, foXwa\@/3)R) (2)
+ Iop ((b1 = mrbr) fixovo\@/3)r f2X28Q\@/3)R) (2)

7
= ZB](Z)
j=1

For By(z), we write

|In2 (b1 = mpby) f1, £2)(2)| < |La2((b1 = b1(2)) f1, f2) (2)| + |[La2((b1(2) — mgbr) f1, f2) (2)].
(2.40)
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By Holder’s inequality and the fact that R is doubling, we have

f%R)LI“’z((bl = mgbi) fi, f2)(2)dp(z) < C||br]| M/ (a2 (f1, f2)) (x),

(2.41)
ﬁﬁz[‘”((h =b1(2) fi, f2)(2)dp(z) < CMr 72 ([b1 Ta2] (f1, f2)) (),
which imply
|mrBi| < C(||b1|,Mr,3/2) (Iu2 (fi, f2)) (x) + Mrar2) ([b1, La2] (1, £2)) (%)) (2.42)

For B(z), set s1 = \/p1, 52 = p2, and 1/v = 1/s1 + 1/s, — a/n. Using Holder’s inequality and
Lemma 2.4, we have

R 1-1/v
ﬁIRBZ(Z)d/‘(Z) S C% | T2 (b1 = mr(b1)) f1X28v0X /3R, f2X(4/3)R)

Lo (p)

3 71/1)
< C#<§R> || (b1 = mr(b1)) frxavox @/l o | f2xamrll

< C#@R) o (L4/3)R | 2] Zdﬂ(y)> " (L4/3)R | f1 ()] dﬂ(y)>
)(\/171—1)/}’1

1/p

X <J‘ |b1(y) = mr(by) |7 dp(y)
(4/3)R

! 1/p
=€ Pld
_ <”((3/2)R)1_“p1/2" f(4/3)R|f1(y)| My))

)(\/171—1)/1111

1 _
f —— b _ b ) [P/ VP 4
<#((3/2)R) (4/3)R| 1)~ mr (b)) )

: p2 1/p2
) <,H((3/2)R)1ﬂpz/ZnJ(4/3)Q|f2(y)| dy(y))

(e) (o)
< C”b1||*MpT,(9/8)f1(x)MpZ,(g/g)fz(x)/

(2.43)
which implies
(a) (@)
|mRBZI < C”bl II*Mp1,(9/8)f1 (x)Mpzr(g/g)fZ(x)' (244)
Similarly,
(a) ()
|mrBs| < Cllb1[|.M,, g 5 f1(X) M,y 0 5) f2(0), (2.45)

|mrBa| < C||bi ||, Mg 5 fr)M g o fo(x).
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For Bs(z), since z € R, we have

by - b
Bl <[ (O meCD ARG )y
wWoJri\@3Q  |(z-y1,z-yo)|

bi(y1) —mr(b1)) fu
) @),
RY\(4/3)Q |z - 1]

Sj | f2(y2) |dp(v2)
NQ

C

: WLNQIfz(yz)Idﬂ(yz)

00 2—kn
() - ma(b) ()
k=1 1(2 (4/3)) 2k(4/3)R\2%-1(4/3)R

1

< iy g 2 )

0 2—kn
X

n-a/2

k=11(2"(4/3)R)

* U | (b1 (y1) = maxasayr(b1)) f1]du(yr)
2(4/3)R

+ f | @/mr (br) = mr(br) (yi) || f1 (1) |[dp(y1)
2k(4/3)R

1

T MRS

x iz—kn [
k=1

1

- - )1/;7'1
12*4/3)R)"

J‘ |b1(y1) _mZk(4/3)R(b1)|plld/l(y1
2k(4/3)R

gl
1(25@/3)R)" " s

n—a/ZJ‘ |f1|d‘l/l(]/1)
2k(4/3)R

X

>R|f1 P dp () 7"

1

+Clle]l.—
1(2°(4/3)R)

1 © .

< CT,/ZJ | f2(y2) | (y2) 227" b1 | (Mg ey f1.(X) + My, 078 f1(x))
I(2R) 2NQ e

N 1

<cy

P Z(ZR)n—a/Z

! (a)
+ ng|f2(y2)|dﬂ(yz) 16111, 50 f1 (%)

LkQ\zle | f2(y2) | dp(y2) || by ”*M;(;:,)(e»/s)fl (x)

o | (@
< CX s, ) LM 19
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n—(a/2)

’zV:#(z"“Q) 12*'Q) .
k=0 l(2k+1Q)n—(a/2) l(zR)n—(:x/Z) (2k+1Q) (a/2n)

1-(a/2n)
<C

[, L) ) o M)

N k+1 1-(a/2n)
p2 Q) 1 f
<C . - |f2(y2) |du(y2) [[r]. fi()
ey l(2k+1 )" (a/2) ‘u((9/8)2kQ>1 (a/2n) 2%Q 1,(9/8)
() ()
< CKQ,R”bln M (9/8)f1(x)Mp2 9/8) fa(x).
(2.46)
Taking the mean on z over R, we obtain
|mgBs| < CKS% ||, M;‘i)(g s f1(x) M;j}(g 5 f2(2)- (2.47)
Similarly, we have
()
|mRB6| < CK |bl|| MPl (9/8)f1(x)MPZ,(g/g)fZ(x)/ (2 48)

|mRB7| < CK ”bl” Mp (9/8)f1(x)Mr(;:,)(g/g)fZ(x)'

Summing up the estimates (2.39)—(2.48), we obtain

Az < CKQrKG[IIbr | [1b21l M 72 (Ta2 (1, £2)) ()
+ |62 ||, Mo /2) ([b1, La2] (1, f2)) () (2.49)
+ 1o B2l M, 0/8) f1 () M, 978 f2 ()]
By the same arguments, we can get
Az < CKy, RK(“) o] B2, Mz 3/2) (T2 (f1, f2) ) (%)
+ ||b1||,Mz,3/2) ([b2, Iu2] (f1, f2)) (%) (2.50)
o] 1Ball My 018 f1(¥) M, 0/5) fo ()]

Consequently,

Ag < CK KSR 1B [ 12|, Mo 2) (T (f1, £2)) ()
+ [b1|| .Mz /2) ([b2, Ia2] (f1, f2)) (x)
+ |2 M, 3/2) ([b1, La2] (f1, f2)) ()
+ |Bull B2l Mpy 0/8) 1. (%) M, 0/5) f2() ]

Using the similar arguments to those used in proving Bs(z), we can conclude that

(2.51)

A+ Ay + As + Ag < CKQ oK |o1| 102l Mg ) LM g o fo(ix). (2.52)
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Therefore, we obtain

|hg - kx| < CKZ o KS[[1b1 ],

Mz 372) (T2 (f1, £2)) (%)

+ |[b1|| . Mz a/2) ([b2, Ia2] (f1, f2) ) (x)

+ [b2|| Mz /2) ([b1, La2] (f1, f2)) (x)

+ [|b1 || B2l . M 0/9) f1. () M, (0/8) f2(x)],

(2.53)

which implies (2.17).
Finally, we show how to derive (2.12) from (2.16) and (2.17). From (2.16), if Q is
doubling and x € Q, we have

Imo b ba 1ez] i £2) = el < o [ [1b1ba1ez] i £2)2) = oo

< Cllleall o2l Mz/2 (L2 (f1, f2)) (x)
+ [|b1]| . M, 3/2) ([b2, Ln2] (f1, f2)) (%)
+ |b2|| M a/2) ([, La2] (f1, f2)) (x)
+ (b1l 2|, M 078 £1 () My 9/8) f2(x)] -
Also, for any cube Q with x € Q, K5 < C and K“‘l < C, by (2.16), (2.17), and (2.54), w

have

(2.54)

#((3/2)Q)f | [b1, b2, Lu2] (f1, f2)(2) - mQ[bl,bz, Io] (flffz)ldﬂ(z)

. W f |[b1,b2, 1u2] (Fu, f2) (2) ~ o |du(z)

ﬂ(<3/2>Q>f | (b1, b2 L] (fu, f2)) = g dp(z)

T u(G/2) Q)I [he ~ holdu(z) 2
< C[|[ou]l, b2l ,Mz,c/2) (Ta2(f1, f2)) (x)

+ ||b1 ||, Mr,3/2) ([b2, In 2] (f1, f2)) (%)

+[|B2ll, M2 (101, L2l (fu, £2)) (%)

+ (|1l 2]l M 078 f1 () M 9/8) f2()] -

On the other hand, for all doubling cubes Q C R with x € Q, such that K 5 )R < P, where P, is
the constant in [5, Lemma 6], by (2.17), we have

|ho = hr| < CKG rPe[ ||t 1021l M= 3/2) (T2 (f1, f2)) (%)
+ ||ba|| Mz a/2) ([b2, La2] (f1, £2)) (x)
+ ||b2|| M a/2) ([b1, 2] (f1, £2)) (x)
+ |1l 2l M 078 f1 () M 9/9) f2()] -

(2.56)
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Hence, by [5, Lemma 6], we get

g - he| < CKSR 1Bl 1Ball, M3 /2) (a2 (1, £2)) ()
+ [[b1 ]| M, 372 ([b2, La2] (f1, f2)) ()
+ [[b2 ||, M, 3/2) ([b1, La2] (f1, f2)) ()
+ ([ B2l M, 9/8) f1 () My 08 f2(x)],

(2.57)

*

for all doubling cubes Q ¢ R with x € Q. Invoking (2.55) yields that

|mo ([b1, b2, In2] (f1, f2)) = mr([b1, b2, La2] (f1, £2)) |
< [mg([by, b2, Ie2] (1, f2)) = hol + |hr = mr([br, b2, Ie2] (f1, £2)) | + |ho = he]
< CK SR [1B1 1|12l Mo a2 (a2 (f1, £2)) (%)
+ [|ba]], Mr3/2) ([b2, In2] (f1, f2) ) (x)
+ |[b2 ||, Mr 32 ([b1, La2] (f1, f2)) (x)
+ [|ba ] |B2]l . M, 0/9) f1.(6) M, (9/8) f2 ()]

(2.58)

From this estimate and the definition of the sharp maximal function, we complete the proof
of (2.12). Similarly, we can deduce (2.13) and (2.14). The details are omitted.
Now we are in the position to prove Theorem 1.1.

Proof of Theorem 1.1. By the Lebesgue differentiation theorem, it is easy to see that for any
feLl (RY,

loc
|f ()| < Wf(x), (2.59)

for u — a.e. x € R?, see [11] for details. By Lemmas 2.2-2.5, we have

[[[b1, b2, Ta2] (1, f2)ll 0 < |V [B1, b2, L] (fr £2)) ||
< [|M*P (b1, b2, L] (1, f2)) |l
< C[lloall b2l [ M, 372 (T2 (f1s f2)) |l 1o
+ || ba |l ([ M, 3/2) ([b2, Ta2] (f1, f2)) |l
+ [[B2| [[Mr,3/2) ([br, Ta2] (fr, f2)) |l
Bl N8IV g ) 1M g g Foll ]
<C[l[oall B2l 2l o I 21 e
+[oa[l, [ b2, Ta2] (frr £2) 1o
+ B2l [ b1, Ta2] (fro f2) [l 1]

*

*
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<C(llba LML M Fll o M f21
+ o1 | IM*P ([b2, L] (1, £2)) ]
+ o2 1M P (b1, L] (1, f2)) || 12)
< Clloa] B2l A A2l o (1 2 -

(2.60)

This proves Theorem 1.1. O
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