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ABSTRACT

This paper is concerned with tracking control of a dynamic model consisting
of a flexible beam rotated by a motor in a horizontal plane at the one end and a
tip body rigidly attached at the free end. The well-posedness of the closed loop
systems considering the dissipative nonlinear boundary feedback is discussed and
the asymptotic stability about difference energy of the hybrid system is also inves-
tigated.
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1. Introduction and System Formulation

Mechanical flexibility in motion control systems attracted more attention in recent years.
Motivated by [4], in which a hybrid system describing the overhead crane model was studied, we
will consider in this paper a flexible beam rotated by a motor in a horizontal plane at one end
and a top body rigidly attached at the free end. This model fits a large class of real applications
such as links of robot system and space-shuttle arms in which high speed manipulation and long
and slender geometrical dimensions are the major factors causing mechanical vibration. To
achieve high speed and precision end point positioning of the flexible beam (which must be gua-
ranteed in any condition variations such as payload) the boundary control is one of the major stra-
tegies in production and space applications.

Let ¢ be the length of the beam, p the uniform mass density per unit length, ET the uniform
flexural rigidity and m be the mass of the tip body attached at the free end of the link, I, the
moment of inertia of the motor and J the moment of inertia associated with the tip body. Tak-
ing the motor’s torque as the control input and neglecting rotary inertia and shear deformation
effects and actuator dynamics, the total transversal displacement y(z,t) at position z and time ¢
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can be described by the following coupled differential equation:

(

Py, t)+ Ely, .. (2,t) =0, 0<z< t>0,
y(0,2) =0,

Ely,,(0,t) = 1,,Y,4(0,t) +u(t) =0, (1)
Ely,,,(61) — My, (¢,t) =0,

Ely,,(¢,t) + Jygy(L,t) = 0.

Let the terminal state trajectory be z,(t), where 03(t) = 0, i.e., the tracked state would be
uniform motion or fixed in some direction for the flexible beam. Thus the difference displacement
e(z,t) = y(x,t) —z04(t) will satisfy the same equation (1). By this fact, we will, here and
throughout this paper, use y(z,t) to represent the error displacement as well as total
displacement. It is obvious that the feedback control should make the energy of the dynamic
system (1) be decreasing with time.

Let us briefly outline the content of this paper. In section 2, we design a dissipative nonlinear
feedback control with angular velocity of motor and show the well-posedness of the closed loop
system. It is also shown that the energy in this case will tend to zero as time goes to infinity.
Section 3 is devoted to the uniform decay estimate of the closed loop system with the angular
acceleration feedback.

2. Well-posedness of the Problem and the Asymptotic Stability

We design a nonlinear dissipative feedback control by

u(t) = — oy, (0,1) = £(y4(0,1))
(where a > 0 is a positive constant) and study the following closed-loop system

pYu(z,t)+ Ely, . (z,t) =0, 0<z<l t>0,
y(0,) =0,
\ Ely, . (0,t) =1 ,,y..,(0,t)—ay,(0,t) — f(y,,(0,t)) =0, (2)
Ely,,(8,1) — My,(&,1) =0,
Ely,o(6,1) + Ty (6 1) = 0,

where the feedback function f such that f € CO(R) is increasing with

f(0) =0 and sf(s) > 0 for s # 0. (3)
Let 36 = H%(O, ) x L*(0,2) x R? be the underlying state space with the inner product

((u(z),v(x),ay,aq,a3), (% (x),7 (z),ay,ay,a3))

()
=5 [ (B @ @)+ po(@p ()da + Jan(0)(0) + {1 01, + My + Jagas),
0
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where H%(0,8) = {u(z) | u € H(0,€),u(0) = 0}. Define a nonlinear operator A: D(A)( C 16)—%
by

A(u(z),v(z),v'(0),v(£),v'(£))
= (= (@), (@), ~ FLa(0) + (0 + 7-7(/(0), (4)
- Sfe @, Bl o)
D(A) = {(u(z), v(z), v'(0), v(£), v'(€)),u € HY(0,8),
ve H(0,2),u(0) = v(0) = 0}.

Then equation (2) can be written as a nonlinear evolution equation on J6:

dy ()
E 4 av() =0,

@t )
Y(0)=Y,,

where Y (t) = (y(z,t),y,(2,1t),y,,(0,1),y,(¢,1), yxt(é,t))T. Notice that the norm of state is just
the energy of the system:

E@t)= ||Y ()]

)
=1 / oy} + BIy3,Jdo + 5y2(0,) + 51,,0%,(0,6) + SMyF(L.1) + 3Ty2,(4,),
0
and formally
dE(t
) 0,07 (40,8)) < 0.

Lemma 1: Under the assumption (3), the operator A defined by (4) is mazimal monotone on
¥ with the domain D(A) that is dense in J6.

Proof: Let U,V € D(A), where
U = (u(=), v(2),v'(0), v(€), v'(2)),
V = (u(2),7 (2),7(0),9 (€),7(0)).
Then a simple calculation yields
(AU = AV, U = V) =2 F(v/(0)) = F(T'(0))]['(0) = 7'(0)] > 0.

This means that A is monotone. To prove the maximal monotonicity of A it is sufficient to
prove the range condition (see [1])

R(I + A) = 36,

i.e., for any given uy(z),vo(x), ay,aq,as) € 6, there exists (u(z),v(z),v'(0),v(¢),v'(¢)) € D(A) such
that v(z) = u(z) — ug(z) and u satisfies
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EL(z) + u(z) = uy(=) + vo(x), u(0) =0,
(L £)u(0) - %u"m) + if(u’(ﬂ) — u(0)) = a; + up(0), "
u(€) — ZLu(0) = aj + ug(0),

w(0) + ELu(8) = oy + uy(0).

If u(z) € H*(0,¢) is a solution of (7), then multiplying by p¢(z) € H%(0,£) both sides of the first
equation of (7) and integrating from 0 to £ with respect to z, we have

a(u,¢) — F(¢) + F(u'(0) —up(0))¢'(0) = 0,  (x) € H3(0,8),

where the bilinear functional a(-, -) is defined and coercive on H 2}?3(0, ¢) and a linear bounded
functional F(-) is defined on H%(0,2) as follows:

[
a(y,4) = / (EIY"(2)8"(x) + pu(c)d(x)ldz

0
+ My(0)$(€) + TP ()¢'(0) + (o + L, W'(0)¢'(0), Vi, ¢ € HE(0,0),
F(y) = Mlay +uo(O)(8) + Jlag + up(O)]4'(¢)

¢
+Lyfay + OO+ p [ [ugle) + o) le)da, Yo € HE0,0).
0

On the other hand, let

¥'(0) - ug(0)
1) = dotw ) - F) + | £(s)ds, Vi € HE(0,0).
0
#'(0) - up(0)
Since [ f(s)ds >0, J(-) is convex, coercive and strongly continuous on H%(O, €), there
0

exists a unique function u € H2E(0, ¢) such that
Ju)=  inf  J(¥).

veHE(0,0)
This means that for all ¢ € H2E(0,Z),

a(u, @) — F(¢) + f('(0) — up(0))¢(0) = 0,

or u(z) € H%(0,¢) satisfies equation (7) in the sense of distribution.

Next, since equation (7) is a regular elliptic boundary value problem, from classical elliptic
theory [3],

u € H*(0,0).
Because uy(z) € H(0,¢), we see that v(z) = u(z) — uy(z) € H*(0,¢), and

(I + A)(u(z), v(=),v'(0),v(€),v'(€)) = (ug(@), vo(2), a1, ay, a3).
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So, B®(I + A) = 3. Finally, if there is U € 36 such that
(U,V)=0, VVeDA).

Assume that U = (I + A)U,, for some Uy € 3. Then, (Uy,Uy) < (U,U,) =0, which implies that
Uy=U =0. Thus D(A) is dense in J6.

Since the operator A is maximal monotone with the dense domain D(A) in the energy space
J6, by applying a method developed in [2] to the evolution equation (2), we obtain the following
existence result.

Theorem 1: Assume that validity of (3). Then we have

(i) For Yy = (yo(a),y1(2),1(0),41(2)), ¥4(&)T € D(A), equation (2) (and (5)) has a unigue
strong solution Y (t) with Y(0) =Y, such that

Y () = (9(2,1), ¥y, 1), 924(0,8), y,(6,), 3, (6, 1)) T € D(A), VE >0,
y(z,t) e WHPRT; H2(0,0)) N LR ; H(0,¢2)),
(52(0,1),y4(€,0),9,,(6, 1)) € WH (R, R))?,

Nyl < lvoll-

(%6)  For any initial data YO:(yo(x),yl(:c),al,a2,a3)TEf}{S, equation (2) (and (5)) has a
unique weak solution, with

Y(t) = (y(x,t),yt(x,t),yzt(O,t),yt(é,t),yxt(ﬁ,t))T = S5(t)Y,, V>0,

such that
y(z,1) € CORY,H2(0,0)) N C (R T, L*(0, ),

(426(0,0),3,(&,0),9,4(6,1)) € (C' (R, R))?,

where {S(t)}, > o denotes the strongly continuous semigroup of contractions on 36 gener-
ated by mazimal monotone operator A.

Lemma 2: The following holds true:

0€R(A), (I+A)"1is compact.

Proof: 0 € %®(A) immediately follows from the definition. Thus, we only consider the second
condition. Let {V_} C3, ||V, || <C, be a bounded series and let {U} satisfy (I + A)U, =V,.
Then, by the monotonicity of A, ||AU, || < ||V, <C and ||U,|| < ||V,|| £C. These
imply that

lunll a < Cu lonll 2 S C [V(0)] SOy [v,(O)] <Oy, [vp(B)] < Cy
for some uniform constant C';, provided that
Un = (un(x)7vn(w)’v;1(0)’Un(a)vvln(ﬁ))T'

By the Sobolev embedding theorem, there is a subsequence of U, still indexed by n for notational
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simplicity, and U, € H?(0,¢) x L*(0,¢) x R?, such that
U,— U, in the topology of .

uo(0) = 0 is hence an obvious fact. The proof is complete.

Lemma 3: Let S(t) be the semigroup defined by Theorem 1. If for some Yy = (yo(z),y,(x),
v1(0),31(0), ¥'()" € D(),

dE(t
P 45wy, =0, t20,

then Y, = 0.

Proof: Let Y (t) = (y(x,t),y,(x,t),y,(0,1), y,(¢1), yxt(ﬂ,t))T be a solution of equation (2)
with the initial condition Y'(0) = Y. By (6) and assumption (3), gi || S(t)Yy || =0 means that

(

pyu(e,t)+ Ely, ..(¢,t) =0, O0<z<d{ t>0,
y(0,1) = y5,(0,2) = 0,
Ely,,(0,t) —ay,(0,t) =0, (8)
Ely,,4(81) — My, (4 t) =0,
Ely, (&t) + Jy.4(¢t) = 0.

\

Multiplying by z on both sides of the first equation of (8) and integrating it from 0 to ¢ with res-
pect to z, we have

p/ 2y, (z, t)dz + Mey,,(¢,t) + Jy,., (¢, t) + Ely, . (0,t) = 0. 9)
0

Then, integrating (9) from 0 to 7' > 0 with respect to ¢t one gets

T
El [ y,.(0,t)dt
f oo
= p/ Z[yt(z, T) - yt(za 0)]dz - qut(e, T) - yt(ev O)] - J[yxt(av T) - yzt(e’ O)L
0

which, along with the fact that E(¢) = E(0), imply that

T
|/ Y,(0,t)dt| < Const.
0

Furthermore, noticing that y_(0,1) is consta;t, from the boundary condition at z = 0, we obtain
ay,(0,6)T = / Ely,.(0,t)dt, VT >0,
which implies that °
ay,(0,t) =y,.(0,t) = y,,,(0,t) =0, Vt>0.

Next, multiplying by y(z,t) and 2(z — € —¢)y,(x,t) both sides of the first equation of (8) and
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then integrating with respect to x and ¢, respectively, where ¢ > 0 is constant (to be determined),

we obtain

T ¢
- / / Loyl y(t,2) + Ely, ,, (z, Oy(z, t))dzdt
0 0

T ¢ T ¢ T
= —-E'I/ / yixd:vdt—kp/ / y?d:cdt+M/ y2 (L, t)dt
0 o 0 0

0
T ¢
+ J/ y2,(6,1)dt — Myy(e,t) | T+ Ty, (61) |8 - p/ yy(z,t) | Tde =0,
0 0
and T ¢
2 / / (z—C— f)yx(z, t)[py“(x, 1)+ EIyzmxm(:c, t)]dzdt
0 0
T [ T T
= / / [py? + 3EIy% )dzdt + pe / y2(e, t)dt +2Me / (6 t)y, (€, t)dt
0 0 0 0

- 2.]/ yit(é, t)dt + 2p/ (z—C—€)yy, | gdx —2Mey(L,t)y, (1) | g

0 0
T
20y, (6, 0)y,,(66) | T + Ele / v2.(6,8)d1 = 0.
0

Computing (2 4+ 6) x (10) + (11) for 6 = 2M /J¢, we have

T ¢ T
/ / (p(3 +8)y? + EI(1 - 8)y2 Jdzdt + [(2 + §)M + pe] / y2(e, t)dt
0 0 0

T

T
+J6/ yit(ﬂ,t)dt+2M6/yu(2,t)yt(£,t)dt+Ele/ y2 (6, t)dt +C(t) =0,
0 0
where
¢
C(t) = (24 6) - My, (&, )y(6,8) | &+ Ty (6, )y (e, t) | T + p/ vy, | L dz]
0

[/
—2p / (2= 0= )y, | dz — 2Mey, (€ t)y,(6,8) | § +27y,(6,0)y,,(6 1) |-
0

Obviously, | C(t)| < Const- E(t). So,

T U
] / [p(3 4 8)y2+ EI(1 - é)y,,)Jdzdt

0 o0

(11)



54 BAO-ZHU GUO and QIAN SONG

T T
< —[(2+8)M + pe — Me] / y2(¢,t)dt —[J6 — Me] / y2,(8,t)dt — C(t). (12)
0 0

T T
< —(2—E)M/ yf(e,t)dt—Me/ y2,(6,t)dt - C(2).
0 0

Taking 0 < € < min{1,J/(2M)}, (12) implies that

T
/ E(t)dt < Const.
0

Thus E(t) = 0 by the arbitrariness of T' and E(t) = E(0). The proof is complete.

By Theorem 1, Lemmas 2 and 3, and using LaSalle’s invariance principle [1], we have
immediately:

Theorem 2: Let E(t) be the energy of the hybrid system (2). Then,

lim E(t) =0.

t—o00
3. The Uniform Decay

To get the uniform decay, we design, in this section, a boundary feedback control as

u(t) = Imyz'tt(o’ t) - ay.z‘(oﬂ t) - f(yxt(o’ t)) (13)

Then the closed loop system would be

Py, )+ Ely, (¢, t)=0, 0<z<d{ t>0,
y(0,4) =0,
Ely,(0,1) — ay(0,1) = f(y4(0,1)) = 0, (14)
Ely,,.(¢Lt)— My, (¢t) =0,
Ely,.(6,t)+ Jy.. (¢, t) =0.

In this case, the energy takes the form

)
E(t)=1 / [y} + EIy2 do + 3ay?(0,4) + IMyd(6,0) + 1742 (4,0, (15)
0

Consequently, the underlying state space becomes 3 = H%(O,Z) x L%(0,¢) x R? with the inner prod-
uct

((u(z),v(x),ay,a,), (W (x),v (x),a,a,))
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¢
/ [ETu"(z)u"(z) + pv(z)v (z)]dz + %au’(O)ﬂ’(O) + %[Mal&l + Jaya,),
0

D=

where H? %(0,¢) is defined in section 2. Equation (14) can also be written as a nonlinear evolution
equation in J6:

dY(t)
+AY () =0,
at (16)
Y(0) =Y,
but instead of (4), here A: D(A)( C 36)—6 is defined by
A(u(2), o(),0(8),0(0)) = (- v(e), BLu(@), - BLu(0), ELur(0)) (17)

D(A) = {(u(z),v(x), v(€),v'(£)),u € H*(0,0),
v € H*(0,8),u(0) = v(0) = ETu"(0) — aw'(0) — f('(0)) = 0}

and state variable Y (¢) = (y(:c,t),yt(a:,t),yt(é,t),yxt(e,t))T.
Following the same line as that of section 2, we also have

Theorem 3: The operator A defined by (17) is mazimal monotone with the dense domain in
the space 3 and hence generates an asymptotically stable nonlinear semigroup of contractions on

3.

In the sequel, we always assume that the initial data belongs to the domain of operator A
and hence the solution of equation (14) has the regularity properties expressed by (i¢) of Theorem
1. Let 6 > 0 and ¢(z) = ax — al — 1, where a is a constant to be determined. Define

[
B(1) =2 / B(2)yy(2, Oy (2, t)da
0 ¢ ¢
— 26(0)y, (0, 1) / e+ / sy + M1+ 805,00 + 2y (0, 0)
0 0
pyx(e t)[M¢( )yt(e’t) + J¢l(£)yzt(£7t)]
[

+ @400 [ yde+My(0, 0060 + 50,0 00,6 0) (18)
0

Lemma 4: Let §(t) be defined by (18). Then there exist a & > 0 and positive constants C,
Cy, Cy, and Cg such that

|8(t) | < CoE(), (19)

B'(t) < — CLE(t) + Cyy2,(0,1) + Cyf2(y,,(0,1)). (20)

Proof: By the defined form of 3(t) and Sobolev’s embedding theorem, we can always find a
constant C such that | 3(t)| < CyE(t) once the constants a and § are determined. To prove the
second condition, we find the derivative §'(t) directly.
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Let
[

B1(t) = 2/ d(x)y,(z, )y (2, t)dz
0 ¢
By(t) = “2¢(0)yz(0,t)[/ ytd‘”'i“‘Egj/ l'ytd‘”'*“]‘pi(l + )yt(g )+ Elp ya;t(e 1)
0 0

Ba(t) = 2y, (& ) MOy, (€,1) + T8 (D)4 (6, 1)]
)
By(t) = (2+ 5)¢’[/ vpdz +My(e, 1)y, (6,1) + Ty, (6 )y, (0 1)].
0

After a tedious but very straightforward calculation we find that
¢ )
g = - [ entas =351 [ o2 daroonie
0 0

— 2B Ly e | §— 6(Dy,(6, )y, (6) + 36(0y2, (6, 1)]

a¢( )

—224(0)y,,(0, )y, (0, 8) + K2 — 26'(0)y2(0,1)

(0) ¢(0)

+ f2(y:tt(0 t))

20,0/ (9,00, 8)) -
¢
By(6) = —26(0)y(0, 1) / wide+2y [ oo + 01+ w00+ 2.0 0)

0
—26(0)y,(0, ) - ELy, ., (0,8) - %,,(0,0)]
B(1) = 2y (&, ) ML)y, (&) + ¢/ (O)y5(€,1)]
+2y (e,t>[M¢<e>yu(e,t)+Jqs'(e)ym(e,t)]

By(t) = —(2+6 ¢[/ dx—-lﬂ/ y2de + Myl(e,1)

+Fy2 (6,8 = Fy2(0,1) = Sy2(0,£)f (4,,(0,1))].
Therefore,

B'(t) = B1(2) + B(t) + B3(t) + B4(t)

= —a [ G+ + (- 0)BL2 Yo - S{(HF )+ 2rhE0.D)
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~[1+ @+ )M, - L092 (0,1)

~EL2 (6,0)-2My (6, 1)y (e 1)~ Bo(t) (21)
[
< —a [ [6+00+ (- 8)Bh2 Yo - SI(EE - )a+ 20,0
0

~(1+ M1+ 8)a—11) vie ) - H6Ta - MOY2 (1) - Bo(),

where 6 > 0 is an arbitrary constant and

ﬁo(t) 2¢(0)y,,4(0, t)[/ ytdl'-l-EI/ zy,dz + M(l + )yt(ﬁ t)"" ya:t(e t)]

0
%(Iogf (¥24(0,1)) — ¢E(?)6yz(0,t)f(yxt(0,t))_
Take
6= m1n{1/2,2E1} a= Mp;é— P, 0 — % (22)

With these defined constants,

1-621/2, (25— 6)a+ 2> 6Ja- M0 =1,

M \Ma _ (2+)M(p+M?) _
1-2gtE+0)%= pT >0,
and hence
)
0 < —a [ 3 +EL2 Y- 20,0 - G0 - RGO - 6o @3)

0
Since E(t) < E(0), it is easily seen from (21) and the definition of f(t) that there exist positive
constants C'y,C,, and C5 such that

B'(t) < = CLE(t) + Cayy(0,1) + O3 *(y54(0, 1))

The proof is complete.

Along the same line as that of [4], we have the following uniform decay estimate as that of [4]
made for the hybrid string equation.

Theorem 4: Let (3) hold true. Let y be the solution of equation (14) with initial data being
in D(A).
(7) If there exist positive constants Ly and Ly such that
Lils| < [f(s)| <Ly|s], VseR, (24)

then, given any K > 1, there exists a constant w > 0 such that

E(t) < KE(0)ezp(—wt), Vt>0. (25)
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If there exist positive constants Ly, Ly and p > 1 such that
Limin{|s|, [s"} < | f(s)| <Lyls], Vs €R, (26)

then, given any K > 1, there exists a constant w >0 depending continuously on E(0)
such that

E(t) < KEQO)(1+wt)~2/(P=1) v >0, (27)
If there exist positive constants Ly and Ly and 0 < p < 1 such that
Li|s| <|f(s)| <Lymax{|s|,|s|P}, Vs€R, (28)

then, given any K > 1, there exists a constant w >0 depending continuously on E(0)
such that

E(t) < KE(0)(1 +wt) " 2P/(P=1) 'yy > . (29)

References

[
2]
(3]
4]

Dafermos, C.M. and Slemrod, M., Asymptotic behavior of nonlinear contraction semi
groups, J. Func. Anal. 13 (1973), 97-106.

Haraux, A., Semilinear hyperbolic problems in bounded domain, In: Math Report, ed. by
J. Dieudonne, vol. 3, Harwood Academic Publishers, Gordon and Breach 1987.

Lions, J.L. and Magenenes, E., Non-Homogeneous Boundary Problems, North Holland
1971.

Rao, B.P.; Decay estimates of solution for a hybrid system of flexible structures, Furo. J.
Appl. Math. 4 (1993), 303-319.



