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ABSTICT

The aim of the paper is to prove an uniqueness criterion for a
solution of an abstract nonlocM Cauchy problem. A dissipative operator
in the nonlocM problem and an arbitrary functional in the nonlocM
condition are considered. The paper is a continuation of papers [1]-[3]
and generalizes some results from [4].
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1. INTRODUCTION

In this paper, a theorem about an uniqueness criterion for a strong solution of an

abstract nonlocal Cauchy problem in a Banach space is proved. A multivalued dissipative

operator is considered in the nonlocal Cauchy problem. Moreover, an arbitrary functional is

established in the nonlocal condition. This functional is more general than linear combinations

of the values of the strong solution at some points and linear combinations of integrals which

are functionals of the strong solution. To prove the theorem about an uniqueness criterion, a

modification of a method used by Lakshmikantham and Leela (see [4], Chapter 3) is applied.

The paper is a continuation of papers [1]-[3] and, analogously as those papers, can be applied

in physics.
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2. PRELIMINARIES

Let X be a real Banach space with norm II II and let 2X denote the set of subsets of

X. We shall call a mapping A: X--2X an operator in X. Let

D(A): {z X: Ax :/: q)}

and

R(): = I.J a
x 6 D(A)

be the domain and the range of A, respectively.

We write

[z, y] 6 A if y 6 Az

and we use A- *y in the sense

A- ly:
__

{x 6 X: y 6 Ax}.
An operator A:X2x is said to be dissipative if

II x 2 II <_ I! Zl )Yl (X2 Y2)II

for any A > 0, Zl, Z2 6 D(A), Yl 6 Az1 and Y2 6 Az2.

Let x, y 6 X, and let

[, Ylh: = ( II + hy II II II) for any h e

and

Ix, y] = lira [z, Y]h, [g, Y] +" = lira [z, Y]h"
h-.-,O- h--,O +

We will use the following two lemmas:

Lemma 1: (see [4], Chapter 3). An operator A"X2X is dissipative if and only if

[l--Z2’Y1--Y2]- --<0

for any x e D(A), Yi 6 Ax (i = 1, 2).

Lemma 2: (see [41, Chapter 1). If a function :[a,b]--X is such that the right-hand

and left-hand derivatives ’:!= (t) exist for some (a,b), then

d (+/-)
d" II (t) II = [(t), ’+/- (t)] 4. (1)

for the above some E (a,b), where the left-hand side of (1) is meant in the sense of the right-
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hand and left-hand derivatives of II (t)II, respectively.

For a given dissipative operator A, for a given positive constant T, for a given function

g:C([O,T],X)--.X (2)

and for a given z0 E X we shall consider the nonlocal Cauchy problem

u’(t) Au(t), u(O) + g(u) = ’o, (0, T]. (3)

A function u C([0, T], X) is said to be a strong solution of problem (3) on [0, T] if it

satisfies the conditions:

(C1) u(t) is Lipschitz continuous for t q [0, T],

u(0) + =
and

(c3) the derivative u’(t) exists almost everywhere for t (0,T] and u’(t) Au(t)
almost everywhere for t (0, T].

3. THEOREM ABOUT AN UNIQUENESS CRITERION

Now, we shall prove a theorem about an uniqueness criterion for the strong solution of

the nonlocal Cauchy problem (3).

Theorem: Assume that:

(i)

(it)

(iii)

(iv)

X is a real Banach space with norm II" II,
A:X---,2X is a dissipative operator,

T is a positive constant and zo is a given element of X,

g:C([0, T], X)X is a given function such that there exists a constant 0 < L < 1

so that

II g(wl)- g(w2)Ii L II II C([O,T],X) (4)

for all w,, w2 C([0, T], X).

Then there exists, at most, one strong solution of the nonlocal Cauchy problem (3) on

Proof: Suppose that u and v are two strong solutions of problem (3) on [0,T].
Then the function u(t)- v(t) is Lipschitz continuous for e [0,T] and, hence, II u(t)- v(t)II is

also Lipschitz continuous for t [0, T]. Consequently, there exists a derivative
d
d-’i II u(t) v(t)II for almost all q (0, T]. From this, from the assumption that the derivative
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[u(t)- v(t)] exists almost everywhere for E (0, T] (see condition (C3)) and from Lemma 2,

d II (t)-- v(t)II [u(t)- v(t),t(u(t v(t))]dt

for almost all E (0, T].

Since u’(t) Au(t) and v’(t) Av(t), and since A is dissipative then (5) implies,

according to Lemma 1, that

for almost all t (0, T].

II u(t)- Kt)II < 0dt (6)

By (6),

II (t)- v(t)II < II (0)- v(0)II fo u [0, T]. (7)

Since u and v are two strong solutions of problem (3) on [0, T], then

(0)- ,(0) = a(,)- a(). (8)

From (8) and from assumption (iv),

II u(0)- v(0)II < L II u- v II (9)

Inequalities (7) and (9)imply that

II (t)- v(t)II < L II u- II c([o,T],X) fo all t [0,T].

Hence)

II u v II c([o, T], X) -< L II u II c([o, T], X)

and, therefore

(1 L)II u- v II C([O,T],X) <-- O. (10)

By (10) and by assumption (iv),

II u- v II c([o, T],X) = 0

and, consequently,

u(t) = v(t) for E [0,T].

The proof of the theorem is complete.
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4. EXAMPLES

We will give two examples of the function g from the nonlocal condition (C2).

Example 1: Let T1, T2,... Tn be real numbers satisfying the inequalities

0 < T1 < T2 <... < Tn < T

and let k1, k2,..., kn be real constants such that

o< I il <1.
i=l

A function g given by the formula

g(w): = E kiw(Ti) for all w e C([0, T], X)

satisfies (2) and satisfies condition (4), where

L: = E I il.
i=1

(12)

(13)

Similarly, if {Tn}n=1 is a real sequence such that

O<T1 <T2 <...<Tn <... < T (14)

is a real sequence such thatand if {kn}n = 1

then a function g given by the formula

9(w): E knw(T,) for all w e C([0, T], X)
n=l

satisfies.(2) and satisfies condition (4), where

(t5)

L: = I .1. (16)
n=l

Example 2:Let T1,T2,...,Tn be real numbers satisfying inequalities (11) and let

kl,k2,..., kn be real constants satisfying condition (12). A function g defined by the formula

i=1

T

w(r)dr w E C([0, T], X),for all

Ti-e
where el, e2,...,en are given positive constants such that

0 < T1 --el and T 1 < Ti- ei (i = 2,3,..., n),
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satisfies (2) and satisfies condition (4) together with constant L defined by (13).

and {kn)n are real sequences satisfying conditions (14) andMoreover, if {Tn}n = 1

(15), respectively, and if {en}= is a sequence of positive numbers such that

O<Tl-eandTn_ < Tn-en (n=2,3,...),

then a function g given by the formula

kn
T

w(r)dr for all w C([0, T], X),
Tn en

satisfies (2) and satisfies condition (4) together with constant L defined by (16).
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