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We prove an existence and uniqueness result for backward stochastic differential equa-
tions whose coefficients satisfy a stochastic monotonicity condition. In this setting, we
deal with both constant and random terminal times. In the random case, the terminal
time is allowed to take infinite values. But in a Markovian framework, that is coupled with
a forward SDE, our result provides a probabilistic interpretation of solutions to nonlinear
PDEs.

1. Introduction

Backward stochastic differential equations (BSDEs), introduced by Pardoux and Peng
[10], have been intensively studied in the last years. This class of equations is a powerful
tool to give probabilistic formulas for solutions of semilinear partial differential equa-
tions (PDEs). We refer the reader to [8, 9] for a good presentation of BSDEs and their
connections to PDEs. These equations have found a broad area of applications, namely,
in stochastic optimal control (see [7]), mathematical finance (see [6]). Many existence
and uniqueness results have been proved in relaxing the uniform Lipschitz condition
on the coefficient. Among others, we refer to those with monotonicity condition (see
[1, 3, 4]). In this setting (in relaxing the Lipschitz condition), Bender and Kohlmann [2]
recently considered the so-called stochastic Lipschitz condition introduced by El Karoui
and Huang [5] and dealt with BSDEs with random terminal time. Indeed, the Lipschitz
coefficient is allowed to be an %;-adapted process. Doing so, one must reinforce the in-
tegrability conditions on the data as well as on the solutions. The interest in this type
of extension of the classical existence and uniqueness result comes from the fact that, in
many applications, the usual Lipschitz condition cannot be satisfied. For example, the
pricing of a European claim is equivalent to solving the linear BSDE

=AY, =[r()Y()+0()Z(t)]dt — Z(t)d Wy,

Yy =&, (1.1)
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where £ is the contingent claim, r(t) is the interest rate, 6(¢) is the risk premium vector,
and T is the terminal time. Both r(f) and 6(¢) are not bounded in general. Therefore,
the generator satisfies the so-called stochastic Lipschitz condition which means that the
Lipschitz constant is a stochastic process.

In this paper, we continue this study by considering BSDEs with stochastic monotone
coefficients. For example, our result treats generators of the following type: f(t,y,2z) =
u(t)g(t, y) +h(t,0,2), (t,y,2) € [0,T] X R x RY, where u(t) is a nonnegative %;-adapted
process, g satisfies a monotonicity condition in y and h is stochastic Lipschitzian in z. It is
not possible to apply the results of [2, 4]. Our aim is to prove the existence and uniqueness
of solutions for both constant and random terminal times. When the terminal time is
random, it is allowed to take values in [0,+0].

The paper is organized as follows. In Section 2, we give some notations, state the as-
sumptions, and define the BSDEs we are concerned with. Section 3 treats the nonrandom
terminal time case, and Section 4 deals with the random one.

2. Notations, assumptions, and definitions

2.1. Notations. Let W = {W;,%;, t = 0} be an n-dimensional Brownian motion defined
on a probability space (Q,%,P). {F,, t = 0} stands for the natural filtration of W, aug-
mented with the P-nul sets of %. The inner product of R is denoted by (-,-) and the
Euclidean norm by | - |. The norm of R?*" is denoted by |Z|?> = tr(ZZ*).

Let 8 >0, 7 be a positive real-valued random variable and a a nonnegative F;-adapted
process. We define the increasing process A(t) = Otaz(s)ds and consider the spaces:

p R} &;R9-valued, %, -measurable random variables
(Ba, 7. RY) = 90 4 that €115 =E(ePAD]E]?) < +oo )

Y;R9-valued, %,-adapted processes such that

2 dy _ T
L*(B.a0,7LRY) = 1 Y13 - ]E(J oA | Y (5) | 2ds) < +o0 ’
0
Y;R%-valued, %;-adapted processes such that (2.1)

2,a dy _ T
L¥(B,a,[0,7].R) IIaYl\é = E(J ePA9a2(s)| Y (s) |2ds) <+o0 |’
0

Y;R4-valued, continuous %-adapted processes

2,¢ dy _
L (/—g,CI)[O,T],R ) such that ||Y||[2;c _ E( sup oPAW) | Y(s) |2) <tool”

0<s<71
L?(B,a, 0, 7],R%) is a Banach space with the norm | - l| 5. Consequently,
M(B,a,7)=L>*(B,a,[0,7],R?) x L*(B,a,[0,7], R™") (2.2)

is a Banach space with the norm ||(Y,Z) IIf; = IIaYIIIZ; + ||Z||§. We denote by M¢(B,a,T) the
subspace of M (B,a,T) defined as follows:

ME(B,a, ) = (L*(B,a, [0, 7], RY) N L>¢(B,a,[0,7],RY)) x L*(B,a,[0,7],R¥");  (2.3)

and consider the norm ||(Y,Z)||§’C = ||Y||/23,C + IIaYllé + ||Z||§ on M(B,a,T).
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Remark 2.1. If a and b are two nonnegative &;-adapted processes such that b > a, then
L*(B,b,10,7],RY) C L*(B,a,[0,7],R?). Consequently, M(B,b,7) C M(B,a,7).

2.2. Assumptions and definitions. Let f:Q x [0,7] X R? x R*"—~R9 be a function
such that for all (y,z) € R? x R, f(-,-,y,z) is progressively measurable, and let & be
an R4-valued %,-measurable random variable.
For some 8 > 0, we assume that the triple (7,, f) satisfies the following conditions.
(H1) There exist a %-adapted process 6(t) and a nonnegative J;-adapted process v(t)
such that for all (y,y’,2,z") € R? x RY x R¥*" x R4*",
WD)y =y, f(ty,2) = f(t,y',2)) <0y -yl
(i) 1 f(t,y,2) — f(t,p,2)| <v(t)|lz— 2],
(iii) y~ f(-,-,y,2) is continuous dt ® dP a.e.
(H2) There exists € > 0 such that a2(¢) £ |0(¢)| + v2(t) > ¢.
If (H2) is not fulfilled, replace v(t) by v(¢) + \/e.
(H3) (i) £ € L*(B,a,7,RY),
(ii) f(-,0,0)/a € L*(B,a,[0,7],RY),
(iii) E(ePAM) < +c0.
(H4) There exists a positive F,-adapted process #(t) and a positive constant K such
that
(i) n € L*(B,a,[0,7],RY),
(i) 1 f(tp,2) < | f(£,0,2)[ +7(t) + K(1+ [ yl).
We end this section by specifying what we call a solution of our BSDE.
Definition 2.2. If 7 is constant, then a solution of the BSDE with data (7,¢, f) is a pair of
% -adapted processes {(Y,Z;); t = 0} with values in RY x R4*" guch that
(J1) (Y,Z) € M°(B,a,7), that is,

T T
E( sup #40 |y, |? +J ePAO g2 (5) | Yy | 2ds+J P9 |z, 2ds> < +o0, (2.4)

0<t<t 0 0

J2) Yo =&+ [ f(s, Y, Zo)ds — [ ZdW,.

Definition 2.3. If 7 is a random time, then a solution of the BSDE with data (7,£, f) a pair
of &,-adapted processes {(Yy,Z;), t = 0}, taking values in R4 x R4 such that

(J3) (Y,Z) € M(B,a,7),

(J4) forall T >t > 0,

TAt TAT

Yt/\‘r = YT/\T + J f(S) Ysa Zs)ds - stWsa (25)

tAT tAT

(J5) Y, = €, on the set {t > 7}.

3. Existence and uniqueness on fixed time interval

Throughout this section, 7 is a fixed positive real number and C will denote a positive
constant which may vary from line to line.
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3.1. Uniqueness. We first state a priori estimates on the solutions.

ProrosritioN 3.1. Under (H1), (H2), (H3), and (H4), let (Y,Z) (resp., (Y',Z")) be a solu-
tion of the BSDE with data (1,&, f) (resp., (1,&', f')). Put Af (t) = f(+,Y{, Z{)— f'(t, Y}, Z]),
AY[ = Yt_ Yl‘,’ AZ[ :Zt _Zt/) AE = 5_5/, and

. 2
FZE<eﬁA(T)|A£|2+%L eﬁA(s)%d_g). (3.1)

a=(s

Then, for 3 sufficiently large, the following holds:

(i) E
(ii) (a
(b
(iii) E

—~

Jo PAO(IAF (5)12/a>(s))ds) < +oo,

E([, eP40)|AZ|?ds) < 2T,

E( [, ef40a%(s)|AY;|?ds) < (2/(B —4))T
supy-;-, AW |AY,|?) < C(B)T

—~ I

where C(B) is a constant which depends on f.

Proof. We assume without loss of generality that the coefficients 6(s) and v(s) are the
same for f and f'. Then, (i) follows from (H1)(ii), (H3), and (H4).
By virtue of It&’s formula, we have

T T
eﬁA<t>|AYt|2+[3J eﬁA(s)az(s)|AYs|2ds+J R PVARE
+ t
T
= e’;A(T)IAf|2+2L FANNY,, f (5, Y0 Zo) = [ (s, Y], Z;) ) ds (3.2)

T
- zj PAO(AY, AZdWS).
t

Therefore, (H1)(i), (H1)(ii), and Young’s inequality, 2uv < (a/2)u? + (2/a)v?* for a >0,
lead to

2UAY, f (5, Yo Z) = [/ (5, Y(, 20))
<20(s)|AY; | +2| AY; | [v(s) | AZ| + | AF(s)|]

(3.3)
A
(z+ﬂ) SIS AEIIVA +2| fOL
a(s)
It follows that
eﬁA(t)|AYt|2+ (g _Z)J eﬁA(S)a2(5)|AYS|2dS+lJ' eﬁA(S)|AZS|2dS
t t
(3.4)

SeﬁA(T)|A£|2+%J eﬂA | J;Ej dS zj e,BA <AYS,AZCIW>
t
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In view of (3.4), we deduce that

(g - 2>IE(LTeﬁA<s)a2(S)|AYS|2dS) . %E<J:eﬂf‘(5> \AZS|2dS>
(3.5)

T 2
s]E(eﬁA(r)|A£|2+/§L e;;A(s)|A6£8|ds)’

which leads to (ii).
Now, taking sup,,_,_,(+) in (3.4), applying Burkholder-Davis-Gundy’s inequality and
using (ii)(a), we obtain (iii). a

COROLLARY 3.2. Under (H1), (H2), (H3), and (H4), the BSDEs (]1) and (J2) have at most
one solution.

Proof. Tt is an immediate consequence of Proposition 3.1. (]

3.2. Existence. To reach our goal, we need first to establish the following technical result.

ProrosiTION 3.3. Under (H1), (H2), (H3), and (H4), let {V;:0 <t < 1} be an F;-
adapted process satisfying E( [ ePA) | V;|2ds) < +o0. Assume moreover that there exists § >0
such that

(H5) E[eFOPAM(1 4 |£12040)) 4 ([ ePAO 2 (5)ds)1+9)] < +oo.

Then, there exists an F-adapted processes (Y, Z) with values in R4 x R*" sych that
(J6) (Y,2) € Me(B,a,7),
J7) Yo =&+ [ (s, Y5, Vo)ds — [ ZdW..

Proof. In what follows, we put h(s, y) £ f(s,y,Vs) for every s € [0,7] and we split the
proof in two parts.

Part . We set & = e#/2AM|£] and assume that

12+ sup |h(t,0)|” <C. (3.6)

O<t<t

Let ¢4 be a smooth function from R4 to R, such that 0 < ¢g < land g4(x) = 1if [x]| <gq,
@q(x) = 0assoonas |x| = g+ 1. We set g(n) = [(C+ (67/Be)(nC + n® + 4K?n)) 2], where
[r] is the integer part of r. Define

hn(t)y) = 1{;1(t)+eﬂA(‘)sn} ,[Rd (Pq(n)+2(}/ - u)h(t>)/ - U)Pn(”)d% (37)

where p, : R? — R, is a sequence of smooth functions with compact support in the ball

B(0,1) which approximate the Dirac measure at 0 and satisfy [papn(u)du = 1. Clearly,
h,(t,-) is a sequence of smooth functions with compact support satisfying the following:
(a) hy(t,-) converges towards h(t, -) on compact sets,
(b) hy,(t,-) is globally stochastic Lipschitz with the coefficient K(n,t) = a?(t) + C,,

where C, = (1/4)a2C + an(n+K(2+q(n) +3)) and a, = [pa | Vpa(u)|du,
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() for Iyl 1y'| < q(n)+ 1,{y = ", ha(t, ) = ha(t,3")) < 1iyyseino <y Oy = y' 17,
(d) [ha(t, )1 < 1iyopsesac <y [1A(E, 0)|+11( )+KQ2+1yD].

Now, set a (t) 2 K(n,t)and A, (t) £ 0 az(s)ds = A(t) + Cy,t. One can easily check that

E(eﬁAn(T)|£|2) < 400, J ﬁA (s) 150nA V| |h (S’ | ds | < +c0. (38)
az(s)
Thus, in light of El Karoui and Huang [5], the equation
Y = E+J (5, ) ds — J ZMdW, (3.9)
t t

has a unique solution (Y",Z") which belongs to the space JL°(f,a,, 7). But, in view of
Remark 2.1, one has (Y",Z") € M°(3,a,1).

Now, we note that for all y, 2(y,h,(t,y)) <(2+p/2)a*(t)| y|*+( 2//3 (1h,(t,0)|%/a%(1)).
Consequently, for a fixed t € [0, 7], by applying It&’s formula to eflAC)=4®1| Y |2 for ev-
ery s € [t,7], taking conditional expectation E(- | %;) and choosing f large enough, we
obtain

bedk <JE( AOIE12 4 B j eﬁ[A(”)’A(t”\hn(u,0)|2du|%). (3.10)

But, in view of (3.6) and (d), we have

T
J PLAO-AD] | (5,0)|*ds < (3rCn+n’ +4K?n). (3.11)
t
It follows that
n|2 67 3 2
vte[0,7] |Y}| 5C+ﬁ—£(nC+n +4K?*n), (3.12)

which justifies the choice of the integer g(n). The rest of this part is based on the following
two lemmas.

LemMa 3.4. Under (H1), (H2), (H3), (H4), and (H5), for f3 sufficiently large, the following
holds:
(i) sup,cn+ E(Jy P49 a(s)| Y2 2 ds + [y efA)| 212 ds) < + oo,
(ii) sup,crs E(Jy A4 R, (s, Y1) |2ds) < +o0,
(i) sup, e+ E(supy.,., e tOPAO Y] |2040)) < 4o,

Proof. By virtue of It6’s formula, we have
2 T 2 T 2
oFAD |y |7 ;;j A2 (5)| Y7 s + j eFAS) | 21 |2 ds
t t

(3.13)
T T
< AW g2 +2L eBAG | Y1 | | By (s, Y1) | ds — zL eBAG) (Y1 7).
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By using Young’s inequality and (d), one can check that

2 [h(s,0)]* | r(s) +4K>

n n /3) E) 2 n|2
27| (s, Y1) | < (2 r2 e v g T (3.14)
If we take f3 sufficiently large such that /2 — 2 — K/e > 0, (3.13) becomes
gaw | yni2, (B K\ (7 gacs) 2 n|2 " BAG) | |2
ePA YT+ 5721 )) e a*(s)| Y? | ds+ | P9z | ds
t t
T 2 T
< PAD g2 4 gf eﬁA(S)M(z’io)'ds-k lj Ay (s)2ds (3.15)
B Ji a(s) et

4K2 T T
+— J ePAds — ZJ ePAO (Y ZrdW).
€ t

t

Therefore, by using (H3), (H4), and (3.6), we derive (i).
In view of (d), (3.6), and (i), (ii) is obvious.
By taking the conditional expectation in (3.15) and using (3.6), one obtains that

A0 Y| < E{eﬁA(T) (Ci+1E)+2 L BAG) (s)2ds | %}, (3.16)

where C; = 2C/fe* + 4K?/¢*. Then, by Doob’s maximal inequality (setting p = 1+6), we
derive that

T P
E( sup ePPAW) | y? | 2P> < CPE |:ePﬁA(T)(1 + |£|2P) + g%([ eﬁA(S)ﬂ(S)zds) :|’ (3.17)
0

O<t<t

which ensures (iii). g

LEMMA 3.5. Under (H1), (H2), (H3), (H4), and (H5), (Y",Z") is a Cauchy sequence in
Me(B,a, 7).

Proof. Let m = n, and put AY, = Y/" - Y[', AZ, = Z" — Z{'. By 1t0’s formula, we have
T T
A | AY, | +/3J PO g2 (s) | AY | Pds + J PAO | AZ| % ds
. ' . (3.18)
= 2J ePAOUNY Ny (5, Y1) — (s, Y)Y s — 2J A (AY,, AZAWS).
t t
We have
2{AY s h (s, Y") — By (s, Y))

3.19
= 2(AY5,hm($, Ysm) - hm(S, st)> +2<AY31hm (S’ st) - hn(S, st)>' ( )

But in view of (3.12), |Y"| < q(m)+1, |Y?| < q(n) + 1 < g(m) + 1. Therefore,

(AY b (8, Y') = hin (5, Y1) ) < 1614816 < O(5) | AY | * < 24%(s) |AYS] 2 (3.20)
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It follows that

T T
ePAO| AY| Ty B- 2)[ ePAOg2(5) | AY; | *ds+ J ePAO | AZ| *ds
t t
] ) (3.21)
< zj PAO | AY | | hp (5, Y) — By (5, Y) | ds — zj PAO(AY,, AZAWS).
t

t

Since f3 is chosen sufficiently large, we deduce that
E(J ePAO| AZ,| 2ds) < 2E<J PAO | AY | |y (5, Y) — hy (5, Y) |ds). (3.22)
0 0

On the other hand, Burkholder-Davis-Gundy inequality leads to

)

T
< %]E( sup ePA®) |AYt|2) +2CZIE(J ePAL) | AZ5|2ds).
0

O<t<t

ZIE( sup ePA®

O<t<t

T
J A (AY,, AZdW,)
t

(3.23)

Therefore, taking sup,_,..(+) in (3.21), in view of (3.22) and (3.23), we obtain

]E( sup PO | Amz) +(2ﬁ—4)}E(J eﬁA(s)az(s)|AYs|2ds)+]E< J SBAE) |AZS\2d5)

O<t<rt 0 0

< CR( | 9| AV, (5 Y2) (s ¥7) | ds).
0
(3.24)

Now, to reach our goal, it remains to show that
T
Inn = E(J AT AY | | B (5, YY) = By (5, Y1) |ds) (3.25)
0

tends to zero as m,n — +oo.
=M
For every M >0, set B) | = {(s,w) : [Y™| +|Y"| >M} and B,,,, = Q\ B} . Let C(3,7)
denote a positive constant which may vary from line to line. We have

L = Iy + 1700 (3.26)
where

I, = E(J A | AY | |y (5,Y2) = B (5, Y2) | 1 ds),
0 ’ (3.27)

T
2, - E( j eBAO | AY,| [ (s, Y1) = B (s, Y1) | h%ds).
. ,
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We first estimate I2, ,. We use Holder’s inequality and Young’s inequality to obtain

1 ’ s n n m n1\0
Bow = o] [ 60| AY, (s 12) k(s v2) [ (1] + 721 as]

mn =
0

< %]E{ﬂeﬁ‘“s)(wﬂ Y1) B (5, Y2) = (s, Y7) |ds}
< %]E{( LT eBAGH (| Y| 4 | Y7 | )2”%) -

T 1/2
X <J A (5, Y1) — hy (s, Y) |2d5> }
0

< B PO+ 100 1) s+ | B (s, 17) — s, 72) s
2M?9 0 0

< @E sup ePAW | Y1 2120 +J A | By (s, Y1) = (s, Y | *ds
M O<t<rt 0

< C(T’f) sup E( sup A0 |y |2(H6)>
M neN* O<t=t

+ C(T’f) sup E(J A |y (5, Y1) — hy (s, YY) |2ds).
M neN#* 0
(3.28)
Now, in view of (d), (ii), (iii) in Lemma 3.4, we deduce that
C(r,d
2, < (Té) (3.29)

Since M is arbitrary, I7 , can be made arbitrarily small by choosing M large enough.
Now, we estimate I}, :

T
Iy, < ME(L PO hy (5, Y1) = hy (s, Y7) | 1{|YmsM}dS)

) (3.30)

sM]E(J sup P49 | by (s,y) — hals, y) | ds
0 lyl=M

Since hy(t,-) converges towards h(t,-) on compact sets and supy ;. ePAO) h, (s, )| <
{1h(s,0)| + 7(s) + K(2 + M)}ePA®), Lebesgue’s dominated convergence theorem ensures
that the right-hand side of (3.30) tends to zero as m,n — +.

Hence, in view of (3.24), we conclude that

IE( sup eﬁA(f)|AYt|2)+(2[5—4)IE<J eﬁA(5>a2(s)|AYs|2ds) +]E<J PAG) |AZ$|2ds>
0<t<t 0 0
(3.31)

tends to zero as m,n — +oo, [l
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Now, set Y =lim, Y", Z = lim, Z"; we will end this part by showing that (Y,Z) is a
solution of the BSDE with data (7,&, k). In view of the definition of the space JM°(8,a,7),
we have

lim E sup P40 |y"—v,|*] =0, (3.32)
n—teo O<t<t
T
lim E(J ePAO) | Zn — Zs|zds) =0. (3.33)
—+00 0

By virtue of (3.33), we have for all t € [0,7], [, Z!dW; — |, Z.dW, in P-probability. Thus,
to reach our purpose, we only need to show that

vt e [0,7], J (5, Y') ds — J h(s,Y,)ds (inprobability).  (3.34)
t t
From (3.32), we deduce that there exists a subsequence (Y") such that

vte[0,7], Y™ — Y, P-as. (3.35)

For simplicity, we assume that (3.35) holds without extracting a subsequence.
We have

]E( ' J;T hy(s, Y ds — J: h(s,Ys)ds

< E(L’ |hu(s, YY) = h(s, Y) |ds> +E<LT (s, Y") - h(s, Y.) |ds> (3.36)

=L +5.

The fact that I; tends to zero is obtained by a similar argument as in the proof of
Lemma 3.5.
Let X! = |h(s,Y!) — h(s, Y5)|. We have

IZ ZE(J X;‘dS)
t

< IE(J eﬁA“)ngs) (3.37)
0

T T
<E ( JO eﬂA(s)Xs”l{XSnSr}ds> + E( JO eﬁA(S)Xfl{X;>,}ds> .

By virtue of Fubini’s theorem and Chebychev’s inequality, we have

E(ePAOXM ()1 xn<r) ) ds + . (3.38)

L=l E(fy 0 (x2) ds)
2=
0 r

Moreover, in view of (H4) and Lemma 3.4, it is clear that

T
sup ]E(J ePAL) (Xs")zds> < +o0. (3.39)
neN* 0
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Therefore, the second term on the right-hand side of (3.38) can be made arbitrarily small
by choosing r large enough. Now, since y — h(-, y) is continuous, we deduce from (3.35)
that for fixed s, X — 0 almost surely as n — oo. So, it follows from (H2), (H3)(ii), Fubini’s
theorem, and Lebesgue dominated convergence theorem that the first term of (3.38) goes
to zero as n — .

Hence, | h,(s,Y)ds — [ h(s,Y;)ds (in probability), which leads to the conclusion of
this part.

PartII. Let
_inf (n,ePA02]E])
E" - eﬁA(r)/2|£| >
inf (n, | h(£,0)|) ) (3.40)
h(t,y) —h(t,0) + ————>h(t,0), if h(t,0) £0,
ha(t,y) = (t,y) —h(t,0) Ih(5,0)] (t,0), ifh(t,0) #
h(t,y), if h(,0) = 0.

We have E(ePA0|E, — £[2) — 0, E( [y ePAO (| h,(s,0) — h(s,0)|2/a*(s))ds) — 0, as n — +oo,
and (¢,,,h,) satisfies (3.6). Hence, for each n € N*, there exists (Y",Z") which satisfies
(J3) and

Y= f,,+J oo (5, ') ds — J ZhdW, 0<t<t (3.41)
t t

One can easily prove that for every n,m € N*,

T
IE( sup ePAW |y —ym|? 4+ (g - 2) Jo PG (s) | Yr — Y |2d5>

O<t<t
+IE(J ePAC) | Zn — zm | 2ds> (3.42)
0
T 2
<CE eﬁA(T)\g _f |2+J e[;A(g) |hn(5,0)—hm(5,0)| ds
< n m . 2(5) .

The right-hand side tends to zero as n,m — +o00. Hence, there exists (Y,Z) a pair of F;-
adapted processes such that

lim |(Y",2") = (Y,2)]|s, = 0, (3.43)

which satisfies (J3) and (J4). The proof of Proposition 3.3 is complete. O
Now, we state the main result of this section.

THEOREM 3.6. Under (H1), (H2), (H3), (H4), and (H5), for B sufficiently large, the BSDEs
(J1) and (J2) have a unique solution.
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Proof. For a fixed (U,V) € M(B,a,T), thanks to Proposition 3.3 and Corollary 3.2, the
BSDE

Yt=E+J Fls, Yo, Vi)ds I Z.dW, (3.44)
t t

has a unique solution. So, we can define the mapping

I1: M(B,a,7) — M(B,a,7T),

(U, V) — TI(U, V) (3.45)

such that II(U, V) is the unique solution of the corresponding BSDE. Let (U, V,U’, V') €
M(B,a,7) X M(B,a,7) and II(U,V) = (Y,Z2), INU', V') = (Y',Z"). We combine (ii)(a)
and (ii)(b) of Proposition 3.1 to obtain that

T T
E(J eﬂA(S)az(s)|Y57Ys’|2ds>+IE<J eﬁA(5)|ZSst’|2ds)
0 0

< (% +ﬁ2f4ﬁ)E<JofeﬁA(s) V-V |2ds), (3.46)

In others words,

1(v,2) - (Y, 2| < ( )H(U,V) - (U, V)l (3.47)

4. 4
B P-4
Hence, if § is sufficiently large, IT is a contracting mapping and its unique fixed point
solves our BSDE. O

4. Random terminal time

In the sequel, we assume that (H1) to (H5) hold with 7 being a random terminal time,
which is allowed to take values in [0,+0].

The following lemma is an important result for both the construction and the conver-
gence of the approximation scheme.

LemMma 4.1. Let & satisfy (H3)(i). Then,
(i) there exists {yy, t = 0}, an Ly-integrable process such that & = E(§) + fOT p(s)dWs,
(ii) the process {&, t =0} defined by setting & =E(&/%F;) is such that (&, y,:) € M°(B,a,7T).

Proof. (i) Since L*(B,a,7) C L*(0,0,7), y is given by Itd’s representation theorem.
(ii) Since e#2AEAT & | < E(e®PAEAD|E|/F,, 1), Doob’s inequality and Jensen’s in-
equality yield

E( sup eﬂf‘“’lftf) < 4E(PAD1EP). (4.1)

O<t<t
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Now, in view of [td’s formula, Burkholder-Davis-Gundy inequality, and Young’s inequal-
ity, 2ab < a*a® + b*/a?, one obtains that for any T > t > 0,

Tat ) Tht )
BE ( J ePAO @ (5) | & | ds> +E (J ePAS) |y ds)
0 0

2 2\ C? It 2
< E(eﬁA(T”) |&rar ) +a2E< sup ePAW || ) + —ZE(J ePAO) |y ds).
0<t<TAT @ 0
(4.2)

Then, taking a? > 2C?, letting T — +o0, and using Fatou’s lemma and Lebesque’s domi-
nated convergence theorem, we derive that

wE ( [ emoage) | 2d5> +]E<JTMeﬁA(s) e ds)
| O (4.3)

< 2E(ePAME]?) +(x2E< sup efA®) |§t|2>.
O<t<t

Therefore, (4.1) and (H3)(i) lead to (ii). O
The main result of this section is the following.

TueoreMm 4.2. Under (H1), (H2), (H3), (H4), and (H5), the BSDEs (J3), (J4), and (]5)
have a unique solution.

The existence result is based on the following sequence.
For each n € N*, we know by Theorem 3.6 that the BSDE with data (1,&,, 1[0, f) has
a unique solution (Y”,Z") on [0,n]. We have

nAT
Y =&+ f(s, Y0 Z0)ds -

tAT tAT

nA

T
Z'W,, for0<t<n. (4.4)

We extend the sequence (Y",Z") by setting Y/* = &; ZI' = y;, for t > n.
Hence, (Y",Z") solves the BSDE

T

Y;’=£+J Lo () f (s Y20 ds— [ zrdw,, =0, (4.5)

T
EAT tAT

We turn to convergence of the sequence {(Y",Z") : n = 0}. To this end, we need the fol-
lowing lemmas.

LEMmMma 4.3. Put

. 2
r= E<eﬁA(r) 1E]2 + % J eﬁA(S)Mds) (4.6)
0

a(s)
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Then,

TAN TAN
sup [%E(J ePAW | zn |2ds> + (g - 2) J ePAO2(5) | Y| st] <T, (4.7)

neN* tAT AT

sup IE( sup ePAUAT) | Yt”|2) <2T. (4.8)

neN* 0<t<nAtT
Proof. We apply Itd’s formula to the process ef4®)|Y}*|? to obtain
1 TAN TAN
AT | yp Py 2 I A |z P ds + (é - 2) J P2 (s)| Y |2 ds
2 Jine 2 tat (4.9)
A 2 TA :
< B yn 24 277 e 16001, 2J "B (v, Z0dW).
t

[5’ AT a*(s) AT

Therefore,

st} e

tAT

TAN ﬁA() P [)) TAN A() ) )
P |z ds+(§—2)J ePA9a2(s) | YT | ds}

tAT

AR 2
<o) e [] e TR0k a)
tAT

T 2
SE(eﬂA(r)|£|2)+%E<J PAG) | £(s,0,0) | ds),
0

a%(s)
(4.10)

which gives (4.7). To prove (4.8), it suffices to apply Burkholder-Davis-Gundy inequality.
O

Lemma 4.4. Under (H1), (H2), (H3), (H4), and (H5), (Y",Z"),en+ is a Cauchy sequence
in ME(B,a,T).

Proof. Let (m,n) € N*2 such that m > n. We put
AY, =Y"-Y}; AZy=Z71"—Z}. (4.11)

(i) For n < t < m, one has

Y/ =& =E(E|F,) =&y - j y()dW,,

TAm TAm (4.12)
=t [ flsvmamas— | zraw,
tAT tAT
This leads to
TAM TAM
AY, = f(s, Y, Z")ds - J AZdW,. (4.13)
AT tAT
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We have

TAM TAM
| AY, | ePAUnT) +J A | AZ | ds + /;J A | AY, | ds
AT tAT

TAM TAM (4'14)
- 2J ePAG (A, £ (s, Y;“,Zs'”))ds—zj A (AY,, AZAW,).
AT tAT
Since
2(AYs, f(s, Y, Z))
= 2(AYs, f (s Y, ZT") = f (5,80 2")) (4.15)
+2<AY5,f(S,ES,ZSm) _f(5>fsa)/s)> +2<AY57f(S)£S)ys)>)
we get
P 4 1 TAM 4 P [; TAM 4 P
|AY, | "ePAEAT) 4 —J ePAO | AZ, | “ds+ (— - 2) J ePAO g2 (5) | AY, | “ds
2 tAT 2 tAT (4 16)
TAM :
< gJ 1 fy ) ds—2 A (AY,, AZdW,).
AT a ( ) tAT

Now, in view of Burkhélder-Davis-Gundy inequality,

TAM TAmM
E( sup |Ayt|ze/3A<w)> ”E(J eﬁA(S>|AZS|2ds)+C]E<J eﬁA(s)az(S)lAYszS)
n nAT

n<t<m AT

< ! s |f 555»)’5 |
CE(J 6 ds)'

By virtue of Lemma 4.1, the last term of this inequality tends to 0 as n goes to infinity.

(4.17)

(ii) For t < n < m, one has
TAN TAN
AY, = AY, +J [F(s, Y, 2) — (s, Y2 |ds - j AZ.AW., (4.18)
t t

We repeat the same calculation as in the previous case and we obtain

TAN TAN
IE( sup | AY;| A t)) +E(J ePAS | AZ| 2ds) + C]E(J A0 g2 (s) | AY | 2ds>
0

0<t<tAR

<E(|AY, | efA0nn),
(4.19)

In view of (4.17), we deduce that the right-hand side tends to zero as n goes to infinity.
O
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Proof of Theorem 4.2

Uniqueness. Let (Y,Z) and (Y',Z") be two solutions of our BSDE. We set AY; = Y, — Y/;
AZ; = Z; — Z{. One has

TAT TAT

AYirs = Ay +J (£ (5, Y0 Ze) = f(s,Y!,20)]ds— J AZAW, T>t>0,
tAT tAT
(4.20)
Itd’s formula yields
5 TAt ) Tt )
A AY,, | +J ePA9a2(s5) | AY; | ds+J ePAO | AZ | ds
tAT tAT

TAT
= AT | AYy, | +2J PAO(AY, (s, Y Zs) — f(s, Y], Z0))ds  (4.21)
tAT
TAT
- 2[ A (AY,, AZdW).
tAT
By using condition (H1) and taking the expectation, we get for 3 sufficiently large

E<eﬁA(t/\r) A | z) - E(eﬁA(T/\T) | A7 | 2)_ (4.22)

Since (AY,AZ) € M°(B,a,T), we obtain by letting T — +co and using Lebesgue’s domi-
nated convergence theorem that

E (A0 | Yy, |*) = 0, (4.23)
Therefore,
AYt/\T = 0, AZ!/\T = 0. (4.24)

Existence. We denote the limit of (Y/",Z}") by (Y,Z;) and prove that (Y;,Z;) solves the
BSDE (1, f).
By virtue of Theorem 3.6, for each T > 0, the BSDE (T, Yr, 1{0,r] f) has a unique solu-
tion (Y, Z,). For our purpose, it suffices to prove that (Y;,Z;) = (Y;,Z,) forall t < T.
One has

T T
Y- YT+L Loa ()£ (s, Ys,zs)ds—ﬁ Z.AW,,

. (4.25)

T
Yr=yn +J Lo () £ (s, st,zg)ds—f Zr AW,
t t

After extracting a subsequence still denoted by Y/', it holds that

E(eﬁA(‘“) 7, - Yt|2) _ lin}o]E(eﬁA(tAr) |Y, - Ytn|2)‘ (4.26)
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Therefore, we have to show that the right-hand side is zero. We denote AY =Y, - Y
AZ,=Z,—Z" One has

AY,=AYr+ LT Lo (9 f (s Y Zs) — f(YI,Z0) ]ds — LT AZdW.. (4.27)
By using an analogous argument as in the proof of uniqueness, we have
E(eﬁA(tm |ﬁt|2) < E(eﬁA(tAr) |E?T|2)' (4.28)
Hence, E(ePAUAD Y, — Y, |?) < lim, ., E(ePAUAD)] Yr :Y?Iz) =0.
Consequently, for all t < T, we have (Y,Z;) = (Y, Zy). O

We now state a comparison result.

PRrROPOSITION 4.5 (a comparison theorem). Assume d=1. Under (H1), (H2), (H3), (H4),
and (H5), let (Y,Z) (resp., (Y',Z")) be a solution of the BSDE (t,¢&, f) (resp., (7,&', "))
such that & <& as., f(t,Y,Z{) < f'(t,Y{,Z{)dt X dP a.e. Then Y, < Y{ a.s. on the set
{t=<1}.

Proof. We put AY} = (Y, = Y{)*, AZ; = Z; — Z;. 1t0’s formula yields

2 TAT 2 Tat 2
PBAAT) | AY;\T | +I eﬁA(S)az(s) | AY: | dS+J ePAG) | AZS| ds
AT tAT
5 TAT
= AT | AT P2 [ O AYE F(5 Vo) - f (5 Z))ds

AT

TAT
_ ZJ AV (AYS AZAW,), VO<t<T, (4.29)

AT

(AY:)f(S’ YS’ZS) _f, (5’ Ys,’Zs,)>

2 1 2 1o 7 a7
< (24 g)az(s) Y [P+ L1 AZ P+ (A2 £ (5 Y1 Z) — (5 Y1 Z0).
By analogous calculus as in the proof of uniqueness, one can prove that
E (A0 |AY %) =0, (4.30)

which leads to AY/,, = 0. O

Remark 4.6. When the uncertainty comes from a solution of a forward SDE, Theorem
4.2 provides a representation of the viscosity solution for elliptic PDE. More precisely, let

X§‘=x+J b(X;‘)dr+J o (X)dW, (4.31)
0 0

be a diffusion process with the infinitesimal generator

il + bi(x)i. (4.32)

oot
$==(o0") e

2 hj (X) E)x,-axj
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Let (Y*,Z%) be the unique solution of the BSDE

Ty Tx
YE = 1(X2) +J Fnxayszdr— | zraw,, t=o, (4.33)
SATx SATx
where (y,2) = f(-,X%,y,z) satisfies (H1)-(H5),
2
Tx t,X75,0,0
supE(J eﬁA(t)U(;—Hdt) < +00, (4.34)
G 0 a’(t)

and sup, s E(efA™)) < +oo. Then, u(x) = Y{ is continuous on G and is a viscosity solu-
tion of the semilinear system

Pu;+ fi(x,u(x), (Vuo)(x)) =0, x€G,i=1,...,d,

4.35
ui(x) =li(x), x€0dG,i=1,...,d, ( )
where G is an open bounded subset of R¢, whose boundary dG is of class C', I € C(G,R9)
and 7, = inf{t = 0, X ¢ G} finite P-a.s.
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