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ABSTRACT. 1In this paper the author obtains new trigonometric

-1)(p-2) P=2 -1-k -
identities of the form L 2) T (1-cos ggg)P = pP2

which are derived as a result of relations in a cyclotomic field
k(g), where R is the field of rationals and P is a root of unity.

Those identities hold for every positive integer p > 3 and any
proof avoiding cyclotomic fields could be very difficult, if not
insoluble. Two formulas

Eil

; (-1)¥(B) tanP 17 g~ 0 and

e
-1 + g (_l)k ; (ZKEZi)(k;].) COSp-2k¢ -0

stated only by Gauss in a slightly different form without a proof, are
obtained and used in this paper in order to give some numeric appli-
cations of our new trigonometric identities.
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0. INTRODUCTION

The trigonometric identities which are being obtained in this
paper are a result of relations in a cyclotomic field ﬁdg), where
® is the field of rationals and P is a root of unity. The reader
will be familiar with the primitive p-th roots of unity which are the
p-1 different roots of the irreducible polynomial

P ixP2, i ix41 = 0, ©p a prime > 2 (0.1)
which we shall denote by P. As is well known
9=cos¢+isin¢,¢=2’1+k, k=1,2,...,k-1 (0.2)



706 M. BAICA

Since the p-1 entities f, ?2,...,9P‘1 form all the different roots of
(0.1) we shall choose

P:cosﬁ+ ising, ;D'=2PTT[, (k=1). (0.3)

The cyclotomic fields have been substantially investigated and the
author will make use of some comments. Yet there are still many open
problems in this domain. The full group of fundamental units has not
yet been revealed and this remains one of the most interesting
problems.

1. IDENTITIES

The following important formula has been proved by Pollard [3]
and many other authors and gives the discriminant D(?) of the field
R(P) in the following explicit form

_ i 3y2 4. 2n . 2n
D(?)uliij‘-jzp—l (SD -?) ,?-cos p+is:.np,
- (1.1)
D(p) - (1) 2 pP2, ZE_g, pprime > 2, § - VT
We shall first investigate
T 1T (p*-p9); 2 = D(P) (1.2)

1<i<ggp-1
We obtain from (1.2)
(p - p2)p - P)p - p o (P - pP7H
(92 _ P3)(?2 _ ?4) . (?2 _ ?p-l)
(?3 - 94) . (?3 _ ?p-l)
. ( p-2 _ Pp-l)

T

- ?p-2 ?Z(P-3) PB(P'L‘), .. ?(P'Z) (l_P)P'Z(l_?Z)P"3(l_?3 )p-LF. . (1_?1)"2)
-2 -2 -2
_ %1' (p-1-k)k(1_?k)p-k-1:=EfT'9(p-1-k)k Err (1_?k)p-k-l
k=1? k=1 =1

We shall calculate

-2
?(p-l-k)k - p Ezﬁ (pote-b

N

(1.3)

x
1]

1

We have

-2 -2 -2 -2
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-1) (p=2) _ (zp-B)(pgl)(p-E) - (p-l)gngl

_ p(p-1)(p-2) _ ( (2p-3+3)(p-1)(p-2))
2 [}

-1)(p-2) _ p(p-1)(p-2) _ p(p-1)(p-2)
2 3 N [

Eﬁg (p-1-kK)k LR
p-1- _
o §> = ? (1.4)
Now

— cos 2% 4 isin 28; 0P - (cos 2% 4 i sin 2E)P
?_cosp+131np,§>_(cosp+151np)

cos 2n + 1 sin 2n = 1

p(p-1)(p-2) (p-1)(p-2)

P 2 = (PP
We shall presume here p > 3 and shall return to this case later. (In
the case p = 2, the primitive unity roots are + 1.) We then have
3 ¥ p, hence (p-1)(p-2) = 0(6) so that either p-1 = 0(6) or
p-2 = 0(3) and p-1 % 0(3).

Of course, since p is odd, p-1 = 0(2). So in any case

6| (p-1)(p-2), and since ?p =1,

p(p-1)(p-2) (p-1) (p-2) (p-1)(p-2)
f’ 6 = (?p) 6 =1 6 =1, and from (1.4)
p-2
T p(P-1k)k (1.5)
k=1
We thus remain with
p-2
- T (1-531‘)1"1{'l (1.6)
k=1
From (1.6) we obtain, since
?k = cos -z—gl-{wi sing%}i,%t=¢, 2—;-15= kg

and from (1.6)

-2

T = [1 - (cos kg +1i sin kg) ]P‘l‘k
k=1
p-2

= Il [(1 - cos kf) -1 sin kg P-1-k
k=1

= (2 sin? l—‘g -1 2sinl-{§ cos 1.‘? )P'l‘k

=
I
=
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p-2
-1 oisin & p-1-k k . . kg \P-l-k
5 ( 151nwg) (cos-£+1s1n-£)

-2

p-2 p-2 1-k
- T (-1)P-1-k 1P-1-k T (2 sin}-(g )p- -
k:l k:l

k=1

P2 -1-k
E (cos% +1sin Eg)p

(1.7)

We further have

-2 (p-2) (p-1)
3'\1' (-1)P7K-1 _ (C1)

, and since p is odd (-l)p'2 = -1,

hence
p-2 p-1
i (-1)PE1 - (1) 2 (1.8)
p-2 (p-1) (p-2)
o iP-1-k _ 2 (1.9)

=2 -2 ik p-1-k
j]; (cos ¥+i sin Kg)p-lhk = ElT (e%é)

k=1

p-2 _ in p(p-1)(p-2) in (p-1)(p-2)
TI_ e-g(p 1-k)k =eP 3 - e 6 R
k=1
-2 1o (p-1)(p-2)
j:’; (cos ¥+isin£{£)p oK = (-1) 6 , (1.10)

(p-1)(p-2) = 0(6).
with (1.8), (1.9), (1.10), (1.7) takes the form

-1 (p- 252 1) (p- 2§E 2)
=( 1)22_ (-1) 11-(2sin1g) pi-k (1.11)

But from (1.2) D(p) = 12, so with (p-1)(p-2) = 0(6)
-2) (p-1 (p=1)(p-2) p-2 1k
D(p) = (-1)P71(1?) ((-1)2) 6 101K (2 1n2 g
2
-1-k
D(?) = (-1) E‘T op-1-k (2 sin® ¥ )p '
k=1 k=1

-1 -2)(p-1 -2 -1
D(?) = (-1)22- 2 i-‘;:(l cos kg)P™17K _ (_1) pP~2
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from (1.1).
Hence we obtain our identity

-1)(p-2) p-2
2 IT(1- cos kg)P~17K - pP-2 (1.12)

-1)(p-2) p-2
ﬁL).é.E__l Eﬂ_ p-1-k _
2 (1-cos 2_‘n:k_) p-2 (1.13)
k=1 p

or

=P

It is interesting that the identity (1.13) is valid also for p = 3.
-1 -2
Wehavep:},k=1,2 =2 =2

1
2”(1-003%) 2(1 - cos 120°) = 2(1 +§)—3—332
k=1

But the proof is not valid here, since 3|p. We find directly, with
p = cos 120° + i sin 120° from (1.1)

D(g>)—(g>-?) -9<1-29+92>-<9 - 297 4 9"y,
since P (? 1)(? +p + 1) = 0, and for P £1,

? + 9 + 1=0, ? + ? =-1.

Thus p° - 27 + pt =92 - 24 p=-2-1=-3,
3-1

D(p) = (-1) 2 372 - 3,

Also [(cos -2§ + isin%’i) - (cos 53’3 +1 Sin%‘lz)]Z

= (2isin -2511:')2 = <4 . %: -3,

Now consider the Vandermonde determinant:

1 1 1 eee 1
1P p2 oo pPt
v |1 92 94 pz(p'l)
1 pp-1 92(p-1) . P(p-l)2
- 1T (¢t -9 =1 ﬁT (-9,
0£i<j<p-1

T as in (1.6).
Multiplying this determinant by itself we obtain

p 0 0 .o O

0 0] 0O ... p -1
V2 - = (-1)22_ pP.

0 o] D . 0

0 P (0]
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In view of

j=o Jj=o p if p | k+l
-1
Since (x-?‘]) B +xp"l, for x = 1 we obtain
j:
-1
(1- ?J) = p. Consequently V=pT. Hence | T2 | = -2|V2| "2.
j=1
-k- l
From the definition of T we obtain [T?| = i | (l1-p |2 p= But
2kT _2

ll-?k|2=2(l-cos P ), and then |T2| = || (2(1 - cos P )>p-k -1

Hence (1.13) follows.

Here we did not use the assumption that p is a prime number.
Therefore (1.13) holds for every positive integer p > 3. (1.13) is
an interesting identity and any proof avoiding cyclotomic fields could
be very difficult, if not insoluble.

2. NUMERIC APPLICATION

We shall give a few examples for the identity (1.13). For this
purpose, we need a short review of known formulas.

Let again be

p
VT = cos g_;t’_k_ + i sin 2}’;—1{, k = 0,1,...,p-1

D
‘/I = 2n i %)ky k = 0,19°'°’p-1

(cos Tt i sin
Choosing again k = 1, % = g, we have

(cos g +ising)P-1=0

cosP g (i tang +1)P -1=-0

S
cosP g
and for the imaginary part of (2.1) we obtain, after cancelling by ij;

(i tan g + 1)P = = 0, (2.1)

B
tanP g = (B)tanP 2 g+ B)tanP“ g+ -+ 4 (-1) Zptang=0. (2.2)

Excluding tang = 0, we can divide (2.2) by tang and obtain the equa-
tion for tan g

o
2 (DX (B tanPo2K g o, (2.3)

This formula was also stated by Gauss [1]. We shall still show how
the cos g can be obtained from (2.3) since
2
tanza - 1l - cos™ a .
cos® «

We obtain from (2.3)
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B p-1-2k
PIREINEN (1 - cos®d _o. (2.4)
k=

E-l-2k
(cosz;zf)

Setting
cosz;d = X (2.5)
we obtain from (2.4)
-1-2k

-1
k 1-
Z SHLIE ) S—IL_T—Z(— -0 (2.6)
and in expanded form

-1 -3 -5 I
ﬁl'_xg_(g)ﬁiiz_jz__,,(z) 1-x:5__+...+(_1)2rp=0
BT =

X X

or
-1 -1-2k
Z -1¥@-x) 2 (B) - o. (2.7)

This equation is of degree %:L for cosz;d. But there is another formula
for cos g which is obtained in the following way. We obtain for the
real part of

(cosg + isin;z!)8 -1=0
25

-1+ (-l)k(zpi{) cosp'2k¢ sin2k¢= 0]

™

-1+ (-l)k(zpk) cosp'2k¢ (1- coszﬂ)k =0 (2.8)

ML

which is easily transformed into

e S
41+ ;—5 (-1)¥ % (Bp) (5 | cosP2 g o (2.9)
= 1=

We obtain for the first element under the sigma sign with k = O
=
Py _ D Py . oP-1
- (Zi) =1+ (2) + (2) + + (p-l) =2 .

21K

Equation (2.9) is of degree p; one of its roots is, from &==g=0 for
k=0, cos 0=1, so the polynomial (2.9) is divisible by cos g - 1. The
quotient polynomial is of degree p-1, its p-1 roots 2n 2—'&,.. .

e’ P
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%), k=l,...,p—1,

hence this quotient polynomial is the perfect square of a polynomial
of degree E'rl, the roots of which are cos k#, k=1,... ,E'z-.

Formula (2.9) is also stated by Gauss [1] in a slightly different
form.

Another way to obtain cos g directly is obtained in the following
method investigated also by Perron for symmetric polynomial. We have
the irreducible equation (0.1)

-IJ). 2% are pairwise equal, viz. cos 2—1;5= cos (2m -

1 P2 s x+1=0.
-1
Dividing by x we obtain

p-1 p-3
b d + L + | x + L + 0+

X3 25

b4 b4

(2.10)
(xz +%) + <x+%) +1 =0.
X

We obtain easily, setting
X + % =Y,

2

)
+
N
]
<

X
%1 (2.11)

But x +%= cosg+ ising + cosg- ising = 2 cosgd=y, so that a root
of (2.10) is 2 cosg.

3. TWO EXAMPLES
We shall first investigate
Case A p = 5.
Equation (2.3) yields
tan¢ - (3) tan%d + (2) = 0;
Setting tan®d = x, we obtain
x2 -10x + 5=0

tanzg{ =5+ 2y5

X =

1
m=l+tan2¢=6+2;/§,
0082;5= 1 =6-2‘/5

6+2y5 16 ’

cosg = ﬂg—l (3.1)
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Equation (2.9) yields

2 2-k
-1+ g (-1)K (; (2k221)(k1:1)) 0055_21{}5: o,

hence
-1+ [1+ (g) + (Z)]cossp’- [(g) + (Z)l]c053¢+ (Z)cos¢= 0.

2t coss;zf- 20 cos3;d+5cosgf-l=0 (3.2)
dividing (3.2) by cosg - 1, we obtain

16 cossj- 20 0053¢+5cos¢-1_ 4 3 5
cosg - 1 = 16 cos g +16 cos”d - 4 cosgd

- L4 cosg+ 1
= (&4 cosz,d + 2 cosg- 1)2 - o.

4 cosz;zf +2cosg-1=0 and cosg= @'— .
Finally we shall use formula (2.10) and obtain
(x2+%>+(x+%) +1=O,x+%=y=2 cos 4. (3.3)
x

Hence

y?-2+y+1=0, y?-y-1=-0, y=LzL
cos g = % = ﬂl':—l, as in (3.1).

We shall now verify identity (1.13) for p=5 and prove, with _2; =g

26(1-005;{)3(1- cos 2¢)2(1-cos 34) = 52, (3.4)
cos g = iZ—l .

We have

l-cos¢=5zi/5 %] (I/Z— 1)

W5-1)3 = (6-2/5)(/5-1) = 8/5- 16 = 8(/5-2)
(1-cos g)3 = 23 '62(1/5-2) _ sﬁé[/b'-zl

2 40+2y85)°
B 256 B

(1-cos 2;!)2: (2 sin2,d)2= 4 (1 - 6—]% /5 )
by 5WB+1)2 55412 534y
256 16 8

1—cos§¢=l-40033¢+3 cosg=1 - 62—2 + 3‘/5[:3 = 52‘/5 .
Hence 26(1 - cos ;!)3(1 - cosZﬁ)Z(l - cos3g)

6. 5/5(/5-2) . 5(/5+3) . BB+ 220 4 3
8 8 4 =8 .8 - L=°>>

which proves (3.4).

Case B p = 7.

Here it will be extremely difficult to state explicitly cos -271£=
cos g, and the more so to verify our identity (1.13). For we obtain
from (2.3)

tan® - (B)tan"s + B)tan?d + (@) = o,
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tan®d - 21 tans + 35 tan’4 - 7 = 0, and
with tan’d -y,

y? -21y2 435y -7=0. (3.5)
From (2.9) we obtain
-1+2% cosd - [(D) + (D)2 + (D)3] cos”F +
[(Z) + (g)(z)JCOSB,d - (g)cos,o'= 0.
64 cos’g - 112 c055¢+ 56 COSBﬂf- 7 cosg-1= 0. (3.7)

Dividing (3.7) by cosg -1 yields

64 cos7¢-112 c055¢+56 0053,6-7 cosgd-1 _ 64 cos6;z!+6l+ cossgf _
cosg- 1 -

48 cosh¢-48 cos3¢+8 cosz,d+8 cosg+1= (8 cosB,d+h coszp'-hcosp’-l)z
=0. 8 cos3¢+l+ coszﬁ-h cosg-1= 0, setting cosgd= %

(3.6)

y3 + y2 -2y -1 = 0. (3.8)
We finally get from (2.10)
3 1 ) 2 1 ) 1 ) A
x° + + [x° + + (x+=) +1=0; (3.9)
(FF) « (Frg) s (s

2 cosg= x+%= v, cos;z!:%;

(3.9) yields

y3 - 3y + y2 -2+y+1=0,

v +y2 - 2y =1 = 0, which is equation (3.8).
We leave it to the reader to calculate cosg from (3.5) or (3.8),
and then to verify our identity (1.13).
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