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ABSTRACT. This paper 1is concerned with a variational formulation of a non-
axisymmetric water wave problem. The full set of equations of motion for the problem
in cylindrical polar coordinates 1is derived. This 1is followed by a review of the
current knowledge on analytical theories and numerical treatments of nonlinear
diffraction of water waves by offshore cylindrical structures. A brief discussion 1s
made on water waves incident on a circular harbor with a narrow gap. Special emphasis
is given to the resonance phenomenon associated with this problem. A new theoretical
analysis is also presented to estimate the wave forces on large conical structures.
Second-order (nonlinear) effects are included in the calculation of the wave forces on

the conical structures. A list of important references is also given.

KEY WORDS AND PHRASES. Variational principle for non-axisymmetric water waves, non-—
linear diffraction of water waves, incident and reflected waves, wave forces, waves
incident on harbors, and Helmholtz resonance.

1980 AMS SUBJECT CLASSIFICATION CODE. 76Bl5.

1. INTRODUCTION. Diffraction of water waves by offshore structures or by natural
boundaries is of considerable interest in ocean engineering. Due to the tremendous
need and growth of ocean exploration and extraction of wave energy from oceans, it is
becoming increasingly important to study the wave forces on the offshore structures or
natural boundaries. Current methods of caiculating wave forces on the offshore
structures and/or harbors are very useful for building such structures that are used
for exploration of oil and gas from the ocean floor.

In the theory of diffraction, it 1is important to distinguish between small and
large structures (of typical dimension b) in comparison with the characteristic
wavelength (2n/k) and the wave amplitude a. Physically, when a/b 1is small and kb
is large (the characteristic dimension b of the body is large compared with k-l, k
is the wavenumber) the body becomes efficient as a generator of dipole wave radiation,
and the wave force on it becomes more resistive in nature. This means that flow

separation becomes insignificant while diffraction is dominant. In other words, the
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body radiates a very large amount of scattered (or reflected) wave energy. On the
other hand, for small kb (the characteristic dimension b of the body 1is small
compared with k-l) and a/b is large (a/b > 0(1)), the body radiates a very small
amount of scattered wave energy. This corresponds to a case of a rigid 1id on the
ocean inhibiting wave scattering, that is, diffraction is insignificant.

Historically, Havelock [1] gave the linearized diffraction theory for small
amplitude water waves in a deep ocean. Based upon this work, MacCamy and Fuchs [2]
extended the theory for a fluid of finite depth. These authors successfully used the
linearized theory for calculation of wave loading on a vertical circular cylinder
extending from a horizontal ocean floor to above the free surface of water.
Subsequently, several authors including Mogridge and Jamieson [3], Mei [4], Hogben et.
al. [5], Garrison [6-7] obtained analytical solutions of the linearized diffraction
problems for simple geometrical configurations. However, the linearized theory has
limited applications since it is only applicable to water waves of small steepness.
In reality, ocean waves are inherently nonlinear and often irregular in nature.
Hence, water waves of large amplitude are of special interest in estimating wave
forces on offshore structure or harbors.

In recent years, there has been considerable interest in the study of the hydro-
dynamic forces that ocean waves often exert on offshore structures, natural boundaries
and harbors of various geometrical shapes. Historically, the wave loading estimation
for offshore structures was based upon the classical work of Morison et. al. [8] or on
the linear diffraction theory of water waves due to Havelock [1] and MacCamy and Fuchs
[2]. Morison's formula was generally used to calculate wave forces on solid structures
in oceans. According to Debnath and Rahman [9], Morison's equation expresses the
total drag D as a sum of the inertia force, p C, V U associated with the irrota-

M
tional flow component, and the viscous drag force, %o CDAU2 related to the
vortex-flow component of the fluid flows under the assumption that the incident wave
field 1s not significantly affected by the presence of the structures.

Mathematically, the Morison equation is

D=pCMVU+%pCDAUZ (1.1)

M
where »p is the fluid density, CM- (1 +p—3) is the Morison (or inertial)

coefficient, Ma is the added mass, V 1is the volumetric displacement of the body,
U 1is the fluctuating fluid velocity along the horizontal direction, A 1is the
projected frontal area of the wake vortex, and CD is the drag coefficient. For
cases of the flow past a cylinder or a sphere, these coefficients can be determined
relatively simply from the potential flow theory. It is also assumed that inertia and
viscous drag forces acting on the solid structure in an unsteady flow are independent
in the sense that there is no interaction between them.

There are several characteristic features of the Morison equation. One deals
with the nature of the inertia force which 1s 1linear in velocity U. The other
includes the nonlinear factor U? in the viscous drag force term. It 1is generally

believed that all nonlinear effects in experimental data are assoclated with drag
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forces. However, for real ocean waves with solid structures, there 1s a significant
nonlinear force associated with the irrotational component of the fluid flow because
of the large amplitude of ocean waves. These waves are of special interest in the
wave loading estimation. It is important to include all significant nonlinear effects
associated with the nonlinear free surface boundaryconditions in the irrotational flow
component of the wave loading on the structures. However, the effect of large
amplitude waves on offshore structures of small mean diameter may be insignificant,
but it is no longer true as the diameter increases in relation to the wavelength of
the indident wave field. Consequently the Morison equation is no longer applicable,
and diffraction theory must be reformulated. It is necessary to distinguish between
the structures of small and large diameters, the diameter being compared to the
characteristic wavelength and amplitude of the wave.

Several studies have shown that the Morison formula 1is fairly satisfactory.
However, several difficulties in using it in the design and construction of offshore
structures have been reported in the literature. These are concerned with the drag
force which has relativly large scale effects. The shortage of reliable full-scale
drag data in ocean waves is another problem. There is another significant question
whether a linear theory of the irrotational flow response is appropriate at all to
water wave motions with a free surface. Despite these difficulties and short-comings,
the use of the Morison equation had extensively been documented in the past literature
throughplentiful data for determining the coefficients CM and CD.

Several recent studies indicate that the second-order theories for the
diffraction of nonliner water waves by offshore structures provide an accurate
estimate of the linearized analysis together with corrections approximating to the
effect of finite wave amplitude.

This paper is concerned with a variational formulation of a non-axisymmetric
water wave problem. The full set of equations of motion for the problem in
cylindrical polar coordinates is derived. This is followed by a review of the current
knowledge on analytical theories and numerical treatments of nonlinear diffraction of
water waves by offshore cylindrical structures. A brief discussion 1s made on water
waves incident on a circular harbor with a narrow gap. Special emphasis is given to
the resonance phenomenon associated with the problem. A new theoretical analysis is
also presented to estimate the wave forces on large conical structures. Second-order
(nonlinear) effects are included in the calculation of the wave forces on the conical
structures.

2. VARITIONAL PRINCIPLE FOR NON-AXISYMMETRIC NONLINEAR WATER WAVES.

We consider an Inviscid irrotational non-axisymmetric fluid flow of constant
density p subjected to a gravitational field g acting in the negative z-axis which
is directed vertically downward. The fluid with a free surface z =n (r, 6, t) {is
confined in a region 0<r<®,0<z<n,-nm<08 <m, There exists a velocity
potential ¢(r,8,z)  such that the fluid velocity is given by u = - V¢
= - (¢r, %-¢e, ¢z), and the potential is lying in between z = 0 and z = n (r,6, t).

Then the variational principle is

81 =6 [ [Ldxdt=0 (2.1)
D
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where D 1s an arbitrary region in the (x, t) space, and the Lagrangian L {is

n(r,6,t)

[
"

(6. + % (V)2 + gz] de, (2.2)
0 t 2

and ¢(r,8,z,t), n(r,0,t) are allowed to vary subject to the restrictions &¢ = 0,
8n = 0 on the boundary 3D of D.

According to the standard procedure of the calculus of variations, result (2.1)
yields

= i 2
0 =381 {)j (1o, + 5 (V9)2 + gz] _ ¢n

n
1
+£ (8¢, + ¢ 8¢+ 7 by 80g + ¢ 8¢ ) dz} r drdd dt

Integrating the z-integral by parts along with r and 6-integrals, i1t turns

out that

- 1 2
0 =61 ]f)f (6, + 5 (V) + gzl _ ¢n

3 n
+ IDI ([ﬁ{) 8¢ dz - (n_ 8¢), ]

n n
9 1
+ 37 (I) o, 8¢ dz - {) (b, +7 ¢.) 60 dz - (n ¢8¢), ]
B__?_zl sd-?—[l 80 dz - (A7 ngegoe),_ ]
+ [ae or ¢e ¢ dz or 066 ¢ dz R ne 2} z=n

n
+ 1€o,80), = (0,80), o - é ¢,,5¢ dz]} dx de

In view of the fact that the first z-integral in each of the square brackets

vanishes on the boundary 3D, we obtain

0= st~ s, + 2 (V0)% + gz _ 60 + [(-n, ¢ - -i-i ngbe + 4,0 861

1 1
+ T q’r * ? 4.96 + ¢zz] S¢ az - Nz&“z-o} dx de.

We first choose 6n = 0, [5¢]z=0 = [6°]z=n = 0; since 6¢ 1is arbitrary, we derive

1 1 - 8 2.3)
et T L) g0 * 95, 0,0 <z <n (r,8,0), ¢
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Then, since &n, [8¢] and [6¢] can be given arbitrary independent values, we
z=0 z=n

deduce
ot % (V)% + gz = 0, z=n (r,8,) 2.4

1
n. + nr¢r + = "eq’e -¢ =0, n (r,6,t) (2.5)

N
]

¢ =0, z=0 (2.6)

Evidently, the Laplace equation (2.3), two free-surface conditions (2.4)-(2.5)
and the bottom boundary conditon (2.6) constitute the non-axisymmetric water wave
equations in cylindrical polar coordinates. This set of equations has also been used
by several authors including Debnath [10], Mohanti [l11] and Mondal [12], for the
initial value investigation of 1linearized axisymmetric water wave problems. The
elegance of the variational formulation is that within its framework, the treatment of
both linear and nonlinear problems become identical
3. DIFFRACTION OF NONLINEAR WATER WAVES IN AN OCEAN BY CYLINDERS.

Several authors including Charkrabarti [13], Lighthill [14]), Debnath and Rahman
[9], Rahman and his collaborators [15-18], Hunt and Baddour [19], Hunt and Williams
[20], Sabuncu and Ggren [21]. Demirbilek and Gaston [22] have made an investigation of
the theory of nonlinear diffraction of water waves in a liquid of finite and infinite
depth by a circular cylinder. These authors obtained some interesting theoretical and
numerical results. We first discuss the basic formulation of the problem and indicate
how the problem can be solved by a perturbation method.

We formulate a nonlinear diffraction problem in an irrotational incompressible
fluid of finite depth h. We consider a large rigid vertical cylinder of radius b
which 1is acted on by a train of two-dimensional, periodic progressive waves of
amplitude a propagating in the positive x direction as shown in Figure 1. 1In the
absence of the wave, the water depth is h and in the presence of the wave the free

surface elevation is n above the mean surface level.
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FIG. 1. Schematic diagram of a cy#indrical structure in waves
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In cylindrical polar coordinates (r,8,z) with the z-axis vertically upwards
from the origin at the mean free surface, the governing equation, free surface and

boundary conditions at the rigid bottom and the body surface are given by

2 = _l. .’; = CI -
v ¢(r,0,z,t) = ¢1‘I’.’ + T ¢L’ + r2¢ee + ¢zz 0, bXr <=, "<e<7l, h<z<{n, 3.1)
Log2,1 42 2y - -
¢t +gn + 5 (¢r + r2 bg° + ¢z ) =0, z=n, r > b, (3.2)
1

n,+ten + :5 %gNg — ¢, =0, 2z=n, 2 b, (3.3)

¢z =0 on z = ~h (3.4)

¢ =0 on r = b, -h<z<n, (3.5)

where ¢ 1s the velocity potential and g 1s the acceleration due to gravity.
Finally, the radiation conditon is

yh F)
lim  (kr)'® [(37 % 1k) ¢.]1 = 0 (3.6)
r R
ke
where k = 27/X 1s the wavenumber of the reflected (or scattered) wave, ¢ = @I + ¢R
is the total potential, ¢I and oR represent the incident and reflected potentials
respectively.

We apply the Stokes expansion of the unknown functions ¢ and n 1in the form

oo

n n
¢ = Le ¢n, n= Le n (3.7ab)

n=1 n=1

where € is a small parameter of the order of the wave steepness

For any given n the sum of only the first n terms of the series (3.7ab) may
be considered as the nth-order approximation to the solutions of the problem governed
by (3.1)-(3.6). The nth-order approximation is the solution subject to the neglect of
terms €" when m > n.

We next carry out a Taylor-series expansion of the nonlinear boundary conditions
(3.1)-(3.2) about 2z = 0, substitute (3.7ab) into (3.1-(3.2) and equate powers of €.
Equating the first powers of € leads to the following equations with the linearized

boundary conditions on 2z = 0, valid for all r,8 and t:

v2¢l (r,8,z,t) =0 (3.8)
¢1t + gn, = 0, for z=0,r>b (3.9)

nlt - ¢lz =0, for z=0,r2>2bDb (3.10)

Olz =0, for z=-h (3.11)

¢ =0, for r=0> (3.12)

1r
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1
n )2 (G2 110 ¢ .1 = 0 (3.13)
kr>e r

where ¢1 = ¢lI + ¢1R representing the total potential as the sum of the first order

incident potential, ¢ and the first-order reflected potential.

11
Similarly, equating the second powers of € leads to the following system of
equations that express the second-order terms ¢2 and n2 as functions of ¢1 and

nlz
v2¢2 =0 (3.14)

2 1 2

1 2
By + by M0, T2 (O trle Y, ) =0,2=0,120, (3.15)

1
e e T 7 f1eMe T (2 Y M) 70 2T 0 k20 (3.16)
¢22 =0 for z = =h, (3.17)
¢2r =0 for r =b, (3.18)
with the radiation condition
9& )
1lim (k,r) % [(z— 2 1k,)($, - $,.)] =0 (3.19)
K 2 ar 2 2 21
257

where k2 is the wavenumber corresponding to second-order wave theory, and ¢21 is
the second-order term of the incident potential 01.
The function n, can be eliminated from (3.9)-(3.10) to derive
Qltt + g¢lz =0, for z=0,r2>2b (3.20)

Similarly, n2 can be eliminated from equations (3.15) and (3.16) to obtain

] 9

2 1 2 2
Poee * B, = N 57 [0 v 80— [0 + (29,907 + 6,71, for z=0, b  (3.21)

1r
The pressure p(r,8,z,t) can be determined from the Bernoulli equation
P 1 2 1 2 2, . .
Prgaro +500 + o)  +0 1 =0 (3.22)

Substituting ¢ as a power serlies in € into (3.22), we can express p as

1 21 2 2 3
p = -Pgz ~ €pd;, - e% (o, + 300, " + (o) +¢, "1} +0(eT)  (3.23)
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The total horizonatal force is

F = f f [p]rsb (-b cosb) dzd® (3.24)

where n 1s given by the perturbation expansion (3.7b).
Substituting (3.23) into (3.24) and expressing the z-integral as the sum of

+ |, we obtain

| “—O

o3

h

me 0 2 1 21 2
Fx,bp{);f Loz + ey + o oy + 3 0,7 + 1707y

eny + en, 2 2 1.2 1 2
* {) lgz +€ ¢ +e o, +5 (4], + 7 410 e (cost 0 (3:25)

It is noted that condition (3.12) is used to derive (3.25). It is clear from (3.25)

that the integral of gz, the hydrostatic term, up to z=0 contain no cos® term and

hence may be neglected. Also, the upper limit of the z-integral of the second-order
2

1 +en,

higher-order terms 53, etc. Thus Fx may be written as

terms may be taken at z=0 in place of 1z = ¢€n which would only introduce

F =€ F_ +€ F (3.26)

where the first-order contribution is

0
€F, =t (j) [{h (€4, dz] cosd db (3.27)

and the second-order contribution is

2m €Ny

2
€T F, = b é [é {gz + €¢lt}r=b dz

20 1, 2.1 . 2
+ € {h {¢2t + 7 (¢lz + ;§'¢19 )} dz]r=b cosf d6 (3.28)

4. FIRST-ORDER WAVE POTENTIAL AND FREE SURFACE ELEVATION FUNCTION.
MacCamy and Fuchs [2] solved the system (3.8)-(3.13) and obtained the first-order

solution which can be expressed in the complex form

L]
- Wcosh k(z+h) e-iwt t 1™ 6 A (kr) cosmd, (4.1)
1 2 mm

k“ sinh kh =0
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-{wt —

Nyt io i émAm(kr) cosmd, (4.2)
where m
1, when m=20
= [2, when m # 0]’ (4.3)
J '(kb)
(1)

A (kr) = J (kr) - —>———H ‘" ’(kr), (4.4)
m m (l)(kb)

and the frequency w and wavenumber k satisfy the dispersion relation

w? - gk tanh kh, (4.5)
Hm(l) is the mth-order Hankel function of the first kind defined by
B (kr) = 3 (kr) + 1Y (kr) (4.6)
m m m

in which Jm(kr) ?nd Ym(kr) are the Bessel functions of the first and the second kind
respectively, In (x) denotes the first derivative.

It is noted that result (4.2) represents the complex form of a plane wave of
amplitude k_l propagating in the x-direction and represented by the terms whose
radial dependence 1is given by J (kr), together with a reflected component described
by the terms whose radial dependence is given by H (l)(kr). The first order solution
E¢l
5. SECOND-ORDER WAVE POTENTIAL AND FREE-SURFACE ELEVATION FUNCTION.

With known values for ¢  and n given in (4.2) and (4.3), equation (3.2)

1 1
assumes the following form for z =0 and r > b:

includes the complex form of an incident plane wave of amplitude €.

g 240t
bope t 80y, < oK © T Bm(kr) cos mf, (5.1)
=0
where
-] a0 0
o m+n-1
I B (kr) cos md = I r 8§68 1 A [cos (mn)® + cos(m—n)O]
m m n mn
m=0 =0 n=0
o L
+ 2 _coth kh I I §6 im+n—1 <
2.2 m n
r m=0 n=0
x AmAn (mn) [cos (m~n) 6 - cos (mtn) 8] (5.2)
with

Al
A = (3 tanh kh - coth kh) AA + 2 cothkh A A , (5.3)
'mn m n m n
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and a prime in (5.3) denotes differentiation with respect to kr.
The form of (5.1) indicates that the general solution of (3.14) with (3.17)-

(3.18) can be written as

-2iwt ® »

we
¢, = 5 o D, (k) A (rk,) cosh k,(z+h) dk,] cos md, (5.4)
2k mw=0 O
where k2 denotes the wavenumber of a second-order wave taking only continuous values
in (0, =).
We next substitute (5.4) into (5.1) to obtain a relation between Dm and Bm in
the form
1] [k, sinh k,h - 4k tanh kh cosh kyh] A (rk,) D (k) dk, = B_(kr) (5.5)
0

where Bm(r) can be obtained by equating similar terms of the Fourier Series (5.2).

Equation (3.15) gives the second-order free surface elevation nz in the form

2 2 2
3¢1

3 3%¢ 3 3
2 1.1 1 1
+5o Gy + (g *+G7) H,z=0,120b, (5.6)

-1
", =g Gt *M 3o

where nl, ¢l and @2 are determined earlier.

In order to compute the total horizontal force on the cylinder as given by (3.26)
combined with (3.27)-(3.28), it is necessary to solve (5.5) for the case of m=l.

A tedious, but straight forward, algebraic manipulation gives the value of the
complex quantity Bl(r) as

mt1 + 2 coth kh

Bl(r) =8 L (-1) [Am’m+1 7 2 ] (5.7)
k'r

m(m+1) Am A
m=0

w1

Since the first-order problem described by (3.8)-(3.13) 1s 1linear, its real
* *
physical solution 1is given by % (01 + ¢l ) where ¢l is the complex conjugate of

¢1. However, since (3.21) is nonlinear in ¢ it is not possible to express the

1’
*

solution of (3.21) as % (¢2 + ¢2 ). We next discuss physical meaningful second-order
solution for ¢2.

*
We first write a real solution %-(¢l + ¢l ) from (4.1) in the form

h k(z+h) o —ot
0 - @ cosh k(z+h) ,  ym ' m A (k) cos n, (5.8)

2k sinh kh me— ™

where ém is defined by (4.3) and o is given by

w, m> 0+
w = [ ] (5.9ab)
m

-, m<0 -

and the function Am(kr) is defined by (4.3) for positive values of m, and by the

relation
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A_ (ke) = A " (kp) (5.10)

for negative values of m. The summation in (5.8) includes both m = 0 + and m =0 -

- *
in order to incorporate e Lot Ao(kr) and eimt AO (kr).

The corresponding real solution for nl is given by

® -iw t

PR Lkl m
" (r,8,t) = 7K L dm Yol e Am(kr) cos md (5.11)
m=...ao
where
1, m> 0+
Yo = [ ] (5.12ab)
: -1, m<0 -

Equation (3.21) then takes the following form which is similar to (5.1):

%9, 9, g *
5 + g ——=— [e L Bm(kr) cos md + c.c] (5.13)
dz 4k m=0

-2iwt

It

where c.c. stands for the complex conjugate, and

-— ® - «© *
e Rl L B (kr) cos md + e2iwL L B (kr) cos md
m m
m=0 m=0
1 ® @ m+n+l —i(wm+wn)t
- b T § § 1 e A [cos (m+n)® + cos(m-n)F]
p=—o g M D mn
bod ol m+n+l -1 -i(w + w )t
+ % coth ;h X L § & 1 mn w (w + wn) e ™ AA X
(kr)? e pe—e @ 0 m m n
x [cos(m*n)8 - cos(m—n)d] (5.14)
4
where Amn is given by
= . 1 :
Amn = [Ym (tanh kh - coth kh) + 5 (wm + wn) tanh kh] AmAn
1 v .
+ G»(wm + mn) coth kh Am An (5.15)

t is noted that for m, n > 0 this expression is identical with (5.3) and hence the
definition* of Amn is consistent with the previous definition. Furthermore,
A_m’_n = Am’m. It can be verified that the double series in (5.14) contains terms
that are independent of time ¢t and hence correspond to standing waves. However, it
can readily be checked that these terms add up to zero and hence there are no standing
waves in the solution.

Finally, the solution for ¢2 satisfying the required boundary conditions has

the form
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-2iwt L o

w e
=& 3
¥, 3 - [ Dm(kz) Am(rkz) cosh k2 (z+h) dk2] cos md
4k n=0 0
+2iwt ©
w e * *
+>~——— L [/ D (k,) A (rk,) cosh k, (z+h) dk,] cos m8, (5.16)
2 m 2 m 2 2 2
4k mw=0 0

This result 1is similar to that of (5.4), and Dm(kz) is the solution of (5.5) with
Bm(kr) given in (5.14) which is analogous to (5.2).
6. RESULTANT HORIZONTAL FORCES ON THE CYLINDER.

For a diffracted wave whose first-order potential is of the form (5.8), the
hydrodynamic pressure evaluated at the cylinder r = b depends on ¢1, ¢2, etc. The

first-order horizontal force on the cylinder is obtained from (3.27) in the form

_ 4pg _ tanh kh

= ; cos (wt - a ) (6.1)
xbo3 IHl(l) (kb | !
where
-1 J. " (kb)
ul = tan LYT—ZEE; (6.2)

This result was obtained earlier by other researchers including MacCamy and Fuchs [2],
Lighthill [14] and Rahman ([17]. In the 1limit kh* =, (6.1) corresponds to the
result for deep water waves which are in agreement with Lighthill [14], and Hunt and
Baddour [19].

We next summarize below the second-order contribution to the total horizontal
force given by (3.28). We first put values of ¢l and ny from (5.8) and (5.11)
into (3.28) and then evaluate the z-integral to obtain the coefficient of «cos8 1in

(3.28), apart from the 3¢2/3t term, in the form

2 0 o«
_ge° _ —_2kh et L
3 I I Gman R R ({3 Sinh 2kh) cos [-2wt + a +a+ o (m+n) ]
16k~ m=0 n=0
-« +‘——ZIL) cos (& - a + T (m-n))} [ cos (mn)® + cos (mn)B]
sinh 2kh m n 2
mn 2kh n
) (A + Srah 2en)  cos (Gt +a 4o+ 5 (ntn))
+ cos (um -a % (m-n))}{cos (m+n)® - cos (mn)B}]) (6.3)

where the Wroanskian property of Bessel functions yields

(1" -1 fa
A (kb) = 21 [nkb H: " (k)] = R e T, (6.4)
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with
J' (kb)
m

o (6.5ab)
' (kb)

2 2 2, L2 -
R, = (;Eg) [Jm (kb) + ¥ (kb) 1, @ = tan [

In view of the subsequent 6O-integration described In (3.28), we need only the

coefficient of cos® 1in the double series (6.3) and hence obtaln the following

- E% (;%E]z SEO {(1 -2 i;:;)) (I + sinik;kh) Es

+ 17 (3 sinik;kh] * S(:;:(; (1+ siil;thh“[Cs cos 2ut-§ sinZut] (6.6)
where

[E_, Co» S, = »14_3 [(J;Y;H— J;HY;], (Y;J;+l+ Y;HJ;], (Y;Y;H— J;J;HJ], (6.7abc)
with o= (02 e ?)(al vl (6.8)

and the argument of the Bessel functions involved in (6.6)-(6.7abc) 1is kb.

¢
The part of 522 proportional to cos 8, given by (5.16), contributes to the
z-integral in (3.28) the term

© Dl(kZ) sinh k, h

g tanh kh -2iut [ T 2 dk, + c.c. (6.9)
kmb 0 k,” H (k,b)

where Dl(kZ) 1s related to Bl(kb) through (5.5).
Combining (6.3) and (6.9), integrating with respect to 8, the result can be

expressed as the sum of steady and oscillatory components:

S (0]

Fr2 = Fxa * Fyo» (6.10)

where
2 o

S 2bp 1 s (s+1) 2kh

o= - 2R (o) 1 {n- 11+ 1 E }, (6.11)

x2 "kz kb 6=0 b2k2 sinh 2kh [
and

_ © P (k,) sinh k. h
ng - [pg tinh kh e 21iwt f 1 22(1)' 2 ‘dkz + coc.]
0 k2 Hl (kbz)
2 ©
e R S R (R e I e (G S D
nk s=0 sinh 2kh sinh 2kh b "k

x (C_ cos 2wt - §_ sin 2uwt), (6.12)
s s
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These expressions for FS and Fg correspond to results (6.1), (6.2) and

(6.3) obtained by Hunt and Wilyiams [20] ior the diffraction of nonlinear progressive
waves in shallow water. The second-order contributions to the total horizontal force
Fx on the vertical cylinder each consist of two components, a steady component
together with an oscillatory term having twice the frequency of the first-order
term. Hunt and Williams calculated the maximum value of Fx for various values of
wave steepness, water depths and cylinder diameters. The maximum value of Fx is
found to be significantly higher than that predicted by the 1linear diffraction
theory. The second-order effects are found to be greatest 1in shallow water for
slender cylinders, but in deep water they are greatest for cylinders of larger
diameter. These predictions are supported by some existing experimental results
which, for finite wave steepness, shows an Iincrease over the linear solution.

In order to establish the fact that (6.12) represents the oscillatory component
of the second-order solution, it is necessary to evaluate the complex form of Dl(kZ)
from the integral equation (5.5) for m=1 and in conjunction with (5.7). Following
the analyses of Hunt and Baddour [19] and Hunt and Williams [20], we obtain from (5.5)
and (5.7) that

©

kk, { A (k,r) B (r)dr

D)) = k, sinh kb - 4k tanh kh cosh k,h’ (6.13)
which can be written as
D, (k,) sinh k,h k [ A (k1) B (r)dr
2 (1)} = bAk tanh kh, _ (1)° ’ (6.14)
k)T H D) ky(k, - S k,h ) BT (kb
The nondimensional form of (6.14) is given by
oo
D, (bk,) sinh k,h ib A (bk,) B, (kr) d(kr)
G(bk,) = = (6.15)
2 2z ()] ~ 4 bk tanh kb, (1)"
(ble))™ |, 77 (bky) - (bky) [bk, tanh k,h JHT (bky)
It is noted that the function Gz(bkz) is analytic near and at k2 = 0. However, it
is singular when k2 is a root of the equation
k2 tanh k2h = 4 k tanh kh (6.16)
Clearly, k2 = 4k for deep water case and k2 = 2k for shallow water problem. The
root k., of (6.16) lies between 2k and 4k and hence may be regarded as correspond-

2
ing to an ocean of intermediate depth. An argument similar to that of Griffith [23]

o

shows that the 1Integrand in the integral f G(k2) dk2 is singular at k2 = 4k for
0

a particular deep water wave, and at k2 = 2k for a particular shallow water wave.

The non-dimensional forms of the first-order and the second-order forces can be

expressed as
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Fxl tanh kh  cos (wt - al)
pgD 2(kb) [0, (v |
F -2iwt
X2 tanh kh e
= [ [ 6(k,) dk, + c.c.]
pgD3 8 (kb) 0 2 2
_ 1 - T (_l)s[(3 _ 2kh . s(;+;) (l . 2kh )] x
4m (kb) ~ s=0 sinh 2kh b7k sinh 2kh
x (C cos 2wt - S sin 2uwt)
s s
= i
o1 . T l(l a s(;+;))(l + —2kh ) ES] (6.18)
4m (kb) "~ s=0 b™k sinh 2kh
where D 1is the diameter of the cylinder.
Thus the total horizontal force in nondimensional form is expressed as
F = F1 + p2 (6.19)
where
{(n/8)(n/L)
= - 2
Fl CM /L tanh kh cos(wt al), (6.20)
Foo= (/8 1/1)” tanh kh e 2% [ G(k.) dk, + coc.]
2 D/L 2 2 e
w: T kh +1 kh
_ (H/L) = D {(3 - 2 + s(; 2) (1+ 2
4 (D/L)(kb)™ s=0 sinh 2kh b7k sin 2kh
x (C_ cos 2ut - S sin 2uwt)
s s
/L)? - (s+1 2kh
- H/L 5 E {[1—532) (1 + ) e (6.21)
4(p/L)(kb)” s=0 bk sin 2kh

where H = 2a 1s the total waveheight and L 1is the wavelength of the basic wave,
and CM is defined to be the Morison coefficient due to linearized theory and is
given by

2;. ()"
C, = 4/tn (k0 [H) 7 (kb)) (6.22)

In ocean engineering problems, wave forces on the structures depend essentially
on three dimensionless parameters H/L, D/L and h/L. However, Hunt and Williams

have pointed out that many experimental studies of wave forces have been published
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with such a variation of parameters that precise experimental verification is not
possible. Recent findings of Rahman and Heaps have been compared with experimental
data collected by Mogridge and Jamieson [3]. An  agreement between theory and
experiment is quite satisfactory as shown in Figures 2 - 4,

Another comparison is
made in Fig.

5 with the experimental data due to Raman and Venkatanarasaiah [24). The
second-order results of Rahman and Heaps [17] seem to compare well with these
experimental data. 1In Fig. 6, both the first-order and the second-order solutions are

compared with force measurements of Chakrabarti [13] which are generally found to be
closer to the second~order theory.

- Linear Theory
Experiment * * * Second-Order Tlheory :
020 1= b/i-0.057 P
) h/L=0.090 x -
[a)
2 015
S~
x
o
¥ o010
0.05
H/L |
o |
0 0.01 0.02

ith
FIG. 2. Comparison of linear and second-order .wav: E;(Jces w
experimental data of Mogridge and Jamieso .

T T J
0.40 | P
D/L=0.086 Y
_ e s
o h/L=0.136 % il
8 0.30 | L
< *
Tx s
H - -
w 0.20 - /.
Z
0.10 |- .
0 0.02 0.04 0.06

FIG. 3. Comparison of linear and second-order wave forces with
experimental data of Mogridge and Jamieson [3].
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Experiment * * * Second-Order Theory — —~—~— Linear Theory
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o h/L=0.153 _ _
— *
% 0.30 _
Q
nd
! 0.20 |-
€
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FI1G.4 Comparison of linear and second-order wave forces with

experimental data of Mogridge and Jamieson [3].
]
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FIQG. 5.Comparison of linear and second-order wave forces
with experimental data of Raman and Venkatanarasaiah [24].

A final comment on the singular nature of G(k2) is in order. For a cylindrical

structure, the wavenumber k2 of the second-order wave theory must not coincide with
the root of the equation (6.16) unless the corresponding integral in (6.15) van-
ishes. Otherwise, the structure will experience a resonant response at the wavenumber
k2. This kind of resonance is predicted by the second~order diffraction theory but
not by the linear wave theory. 1In real situations involving ocean waves, such non-
linear resonant phenomenon 1is frequently observed. Hence the correct values of the
wave forces on the offshore structures cannot be predicted by the linear wave theory.

According to Rahman and Heaps' analysis, the cylindrical structure will ex—
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perience a resonance when k, = 4k for the case of deep water waves, and when k_ , = 2k

for the case of shallow watzr waves. Obviously, there is a need for modific;iion of
the existing theories in order to obtain a meaningful solution at the resonant wave-
number. A partlal answer to the resonant behavior related to the shallow water case
has been given by Rahman [25].

Recently, Sabuncu and Goren [21]have studied the problem of nonlinear diffrac-
tion of a progressive wave in finite deep water, incident on a fixed circular dock.
This study shows that the second-order contribution to the horizontal force is also
highly significant. Their numerical results for the vertical and horizontal wave
forces on the dock are in excellent agreement with those of others. Demirbilek and
Gaston [22] have also reported some improvements on the existing results concerning
the nonlinear wave loading on a vertical circular cylinder. 1In spite of various ana-
lytical and numerical treatments of the problems, further study 1is desirable in order
to resolve certain discrepancies of the predicted results.

Finally, we close this section by citing a somewhat related problem of waves
incident on harbors. A recent study of Burrows [26] on linear waves incident on a
circular harbor with a narrow gap demonstrates that the wave amplitude inside the har-

bor 1s significantly affected by the frequency of the incident waves. At certain

4.5
¥ Experiment « x x
4.0 |- Linear Theory
3.5 L Second-Order — _
Theory
3.0 |
N
~
I 2.5 |-
~N
>
1 20F H/h=0.2
ot h/a=1.16
€ 1.5
w
1.0 }
0.5 |-
0 L 1 A 1
(o] 0.5 1.0 1.5 2.0 2.5

FIG.8. Comparison of linear and second-orderwave
forces with experimental data of Chakrabarti [13].
frequencies the harbor acts as a resonator and the wave amplitude becomes very
large. If the harbor is closed and the damping neglected, the free-wave motion is the
superposition of normal modes of standing waves with a discrete spectrum of char-
acteristic frequencies. With a circular harbor with a narrow opening, a resonance
occurs whenever the frequency of the incident waves approaches to a characteristic
frequency of the closed harbor. A resonance of a different kind is given by the so

called Helmholtz mode when the oscillatory motion inside the harbor is much slower
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than each of the normal modes. Burrows determined the steady-state response of the
harbor with a narrow gap of angular width 20 to an incident wave of a single

frequency under the assumption of small width compared to the wavelength. The re-
sponse 1s a function of frequency and has a large value (a resonance) at the fre-
quency of the Helmholtz mode and also near the characteristic frequencies of the
closed harbor. The actual nature of the response near these frequencies depends on

2 a. It is shown that the peak value at each resonance Increases as a decreases, that
is the harbor paradox for a single incident wave frequency. However, the increase is
slow. The peak width also depends on a, and decreases as o decreases, but the
decrease for the Helmholtz mode is less than for the higher modes.

Some authors including Lee [27] gave a numerical treatment of the resonance
problem inside the harbor. In approximate calculations it is assumed that the total
flow through the gap will effectively determine the flow near the resonant
frequency. This 1is correct near the Helmholtz resonance, but incorrect near the
higher resonances where the through-flow is small. Most of the work on the subject of
Helmholtz resonance was based on the linear theory. The question remains whether or
not the circular harbor is a Helmholtz resonator for nonlinear water waves.

7. NONLINEAR WAVE DIFFRACTION CAUSED BY LARGE CONICAL STRUCTURES.

We consider a rigid comical structure in waves as depicted in Figure 7. With
reference to this figure, the equation of the cone may be given by r = (b-z) tan a
where b 1is the distance between the vertex of the cone and undisturbed water sur-
face, a 1is the semi-vertical angle of the cone and r 1s the radial distance of the
cylindrical coordinates (r,6,z). The fluid occupies the space (b-z) tana < r < =,
-m <8 nm, -h<z<n (r,0,t), where h 1is the height of the undisturbed free
surface from the ocean-bed and n(r,6,t) is the vertical elevation of the free surface.

The governing partial differential equation for the velocity potential
¢ = ¢(r,0,z,t) 1is

2 2 2
_3% 11+1__1+__1 a.n
2 r 2 2
ar ar dz
within the region (b-2z) tana {r<®, -7 <6 <n, -h<z<n.
The free surface conditions are
3¢ 1 ..3¢ 1 3¢ 3¢
+gn + [(a ) + (3 t Gy ) ] = (7.2)
for z=n and (b-z) tan a £ r;
an , 3% 3n 1__4’ an _ 3¢ (7.3)
9t  dr " dr 2 36 ° 3 3z

for z =1 and (b-z) tana £ r.

The boundary condition at the ocean-bed is

(7.4)

o
e
"
o

at z = =h

-5
N
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FIG.7. Schematic Diagram of a Conical Structure in waves.

The boundary condition on the body surface is

3¢ _ 3¢ 3% -
35 = 3r cos a + 5 sina =0 (7.5)

at r = (b-z) tana, ~-h Lz <N where n 1s the distance normal to the body sur—
face. There 1s another boundary condition which is needed for the unique solution of
this boundary value problem. This condition is known as the Sommefeld radiation

condition which is discussed by Stoker [28]. This is briefly deduced as follows:
The velocity potential ¢ may be expressed as

6(r,8,2,t) = Rel#(r,8,2) ¢™F] 7.6

where Re stands for the real part and W is the frequency. We assume
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b (r,8,z) = DI +J>S
such that ¢I = Re[bI e—imt]’ ¢S = Re[#S e-iwt]
Therefore, ¢ = ¢I + ¢S (7.7)

where ¢I and ¢S are the incident wave and scattered wave potentials respectively.

Then the radiation condition is written as

3%
lim /T (§-—S—ikb)=0 (7.8)
r S
rw

This condition may 1be generally satisfied when DS takes an asymptotic form
proportional to (r) Azexp(—ikr). Here k 1s a wave number.
The linear incident wave potential QI may be obtained from the solution of the

Laplace's equation,

2 82¢I 32¢I 82¢I
v ¢I =0 = 7+ ) (7.9)
9x Ay 9z
subject to the linear boundary conditions (Sarpkaya and Isaacson [29])
~-iwt

¢I(x,y,z,t) = Re[#I(x,y,z) e 1

where
cosh k(z+h)
bI =C—Cshmn exp(1(kx cos Y + ky sin Y)), (7.10)

and C=- (ﬂ_&_l) Y 1s the direction of propogation of the incident wave in the
2w 7?

x-y plane.

The famous dispersion relation for water waves is

w2 = gk tanh kh
(7.11)

Using this relation, we find
exp (1(kx cos Y + ky sin v))

= exp (i(kr cos(6-y))

= mio Bm In (kr) cos m(8-y)

where BO =1, and Bm = Gm exp (im n/2), 60 =1, m=0; 6m =2, m> 1.

The incident wave expression (7.10) can be written as
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5. =¢ cosh k(z+h)

-]
1 cosh kh = By Iy (kr) cos m(8-y) (7.12)

m=0

We are now in a position to construct the scattered potential ¢ which is given by

S
h k(z+h) (1)
_ o cos z+ 1 _
bs [ cosh knh m:o Bm Bm Hm (kr) cos m(6-Y) (7.13)

where Bm is a constant.
It can be easily verified that (7.13) satisfies the radiation condition (7.8).
The surface boundary condition (7.5) gives that

b s 3P 1
T T at r = (b-z) tan a (7.14)
b ] EH]

1__1 L
3a 3¢ °°8 a + 3z sin a

L

- kC '
B cosh kh mio Bm [Jm(kr) cosh k(z+h) cos a

+ Jm(kr) sinh k(z+h) sin a] cos m(6-Y) (7.15)

where Yy 1is the angle made by unit normal with the radial distance r. Similarly, we

get
P 3P 3P
§=Fcosa+a—zs-sina
- —KC_ ; B B [H (1)'(kr) cosh k(z+h) cos a
cosh kh =0 m m m
+ Hm(l) (kr) sinh k(z+h) sin a)] cos m(8-Y) (7.16)

Comparing the coefficients of Bm cos m(6-Y), wusing the conditions (7.14), we obtain
1
Jm (kr) + Jm (kr) tanh k(z+h) tan a
1
= - Bm [Hm(l) (kr) + Hm(l)(kr) tanh k(z+h) tan a] (7.17)

at r = (b-z) tana, - h <z <n.

It is to be noted from (7.17) that the constant Bm turns out to be a function of 2z
instead of a constant. In order to overcome this difficulty, we estimate the constant
Bm by taking the depth average value, which is obtained by integrating both sides of
(7.17) with respect to z from z = -h to z = 0, such that

0 A

—f [Jm(k(b—z)tan a) + Jm(k(b—z)tan a)tanh k(z+h)tan a)] dz

-h
B, =5 " 0 ,  (7.18)
f [Hm (k(b-z)tan a) + Hm (k(b-z)tan a)tanh k(z+h)tan a] dz
-h

where m=0,1,2,ce0s
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Once the scattered potential &S is determined, we can formulate the wave forces on the

structures. Therefore, the total complex potential $? may be written as

_ . cosh k(z+h) (1) -
91(1(,}’,2) C ~osh kh mio Bm [Jm(kr) +B H (kr)] cos m(6-y) (7.19)

The formulation of the wave forces is given in the next section.
8. WAVE FORCES FORMULATION.

Lighthill [14] demonstrated that second order wave forces on arbitrary shaped
structures may be determined from the knowledge of linear velocity potential alone.
The exact calculation of second order forces on right circular cylinders has been
obtained by Debnath and Rahman [9] using the Lighthill's technique. The total
potential has been obtained in the following form:

F = Fl + Fd + Fw + Fq (8.1)

where FE is the linear force, Fd is the second order dynamic force, Fw is the
second order waterline force, and F is the quadratic force. These force components
are all functions of the linear diffraction potential ¢£. They may be obtained using

the following formulas:

The linear force is

3,
F, = é (-p 37) n, ds (8.2)

which can be subsequently written as

F, = Re [-tpwe % [ 2 n_ ds] (8.3)
2 S L x
where ¢£ = bI + ws.
The second order dynamic force is
F,=-+p [ ,)% 0 das (8.4)
d 2 S L X
1 -2iwt 1
Making use of the identity 8, 8, = Re [E z) z, ¢ + 2 21 zz]
where, s = Re [zl e_iwt], s, = Re [z2 e-iwt] and the asterick denotes the complex

conjugate, we can write

1 -240t 1 2
Fy=-4p ke le js (Vo) n_ds] -7 o £ [v0,]" n_ds.  (8.5)

The waterline force is

)
F =] (290G dy (8.6)
z=0

which can be subsequently written as
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-2 1 2 1 2 2 .
om0/ Re [ e 2N )% gyl + % (0w’ /p) fz=0 ol” ay. (8.1
z=0

Making reference to Rahman [15] the quadratic force may be written as

~2iwt Y 2
F = Re [(-20u%/go e I G ey
q z=0 z=0
X , ¥ 2%, .
- = - = dx dy] .
78 0 (Y7 5 *gazz)} y

where o = 4w2/g = 4k tanh kh and ¢ 1s the complex time independent potential gener-
ated by the structure surging at a frequency of 2w.

2 f
The vertical particle velocity (5%) on z =0 may be written in a series form

for finite water depth

2
® i .h)
(3!) Sl: (- 2Kl (mjr) sin (mJ }
9z =0 j=1 Kl(mja) (mjh + sin mjh cos mjh)
(2) inh 2 h
. 2H1 (vr) sinh “v | cos 8 (8.9

Hfz)zva) (vh + sinh vh cosh Vh)

where (4w2/g) =~ mﬁ tan m.h for j = 1,2,..., and 0 = v tanh Vh = 4k tanh kh.
Expression (8.9) is valid only for right circular cylindrical structures. The wave
drift forces on the structures may be obtained from the equations (8.5) and (8.7) col~

lecting the steady state components of the forces F. and Fw' Thus the drift forces

d
on the structure is

1 2 1, 2 2
Farige = -3 ° £ 70, | n.ds + - (puw/g) £=0 [0, 1° ay. (8.10)

9. CALCULATION OF WAVE FORCES.
The total wave forces may be obtained from the formulas (8.3), (8.5), (8.7) and
(8.8). The linear resultant force can be obtained from (8.3) and is given by

-iwt
F, = Re [-1pw e é»,; n_ ds)

2t 0

= Re [-1pw ¢ 1Vt [ ] 2 {(b-z) tan a dz}(~cos 6)de ]
6=0 z=-h
2mTpwC tan a -iwt 9
= Re [__:;;B—Ei__ cos Y e f (b-z)cosh k(z+h)A1(k(b—z)tan a)dz] (9.1)
z=-h
(1)

where Am(kr) = Jm(kr) +B H “(kr), m = 1,2,3,....
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Therefore, the horizontal and vertical forces can be obtained respectively as

F =F

2x q cos a, F =F, sin a (9.2ab)

Lz L

The resultant dynamic force can be calculated from (8.5) and is given by

-21
Fy=- % Re [e wt{; (WE)Z n ds] -—%fs ‘Vézlz n ds
2r 0
- - fRe (MY [ [ @,)2((b-2)tan a)dz (-cos 8)d8)
9=0 z=-h
o " 0 2

=71 1 |9, |*((b-2)tan a)dz (-cos 6) q9 (9.3)

0 -h

After extensive algebraic calculations, the dynamic force can be written as

= 0 2
n -
Fy= 22D ke 172 (£ [ (b-z)tan o . (cosh’” <) ¢ ee1)
£=0 -h cosh"kh (b-z) tanza
i

-(22+1) 5

2
+ k seczu sinh2 k(z+h)) (e A!,AJL+1) dz} ]

pT cos Y) ; ? 2(b—z)tanaJc12 .

+ (
4 £=0 -h cosh2 kh
2 Lt SLE]
cosh” k(z+h) 2 2 2 2 *
X (——————5= L(&+1) + k” sec“a sinh“k(z+h) (e AZAZH AzAzﬂ)dz (9.4)

(b—-z)2 tan“a

Therefore, the horizontal and vertical dynamic forces can be obtained respectively as

F,,=F, cosa, F sin a (9.5ab)

ax - Fq > Faz = Fy

The resultant waterline force can be obtained from (8.7) and is given by

2
-21iwt 2 pw 2
) Re [e J @)%y e zJ;O [+ | ay

F o=- (&
w 4g 20
wi
—24wt 2 2 -2+ 5=
= - ( ) Re [e (=47C” cos Y)(b tan a) Z A2A2,+1 ]
2=0
@ ‘"_i. * - l[_i
)(211|| Y(btana) T (e 2 AA,.. +e 2 A A, ) (9.6)
+ ( cos Y a 28041 L Aol

L=0

Therefore, the horizontal and vertical forces can be obtained respectively as

= = 9.7ab
wa Fw cos o, sz Fw sin a ( ab)
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Thus the drift force as defined by (8.10) can be obtained as follows:

2n 0
P 2
Fdrift =-7 f f 'V#Z‘ ((b-z)tan a)dz (-cos 6)d6
0=0 z=-h
pw” " 2
+ g / '*g' b tan a (-cos 6)d8
6=0 z=0
_ (pn cos Y) ; ? ZIC 2(b—z)tan a
4 2 X
£=0 -h cosh™ kh
2
x (L(%+1) ﬂ’—ﬂ% + k% sec®s sinhZk(z+h)) x
(b-z)“tan” «
Lt o
2 * 2 . *
(o7 AAg te T A,z
. .o o
2 * 2 %
- (‘22‘)(2ﬂ|0|2 cos V(b tana) E (e Al Te A Agyp) 908
=0

Theérefore, the horizontal and vertical drift forces may be respectively obtained as

( ) ( ) cos a, (F ) ( ) sin a (9.9ab)

Fartee?x = Farise arifc)z = Fartfe

The resultant quadratic force can be obtained from the formula (8.8) and is given by

o0’ -2iut ¥ 2 1 2 ¥y 2
F_= Re[- &2 e J (g L)% = 5= (0 5= + g —5—)dx dy] (9.10)
q go z=0 z=0 & 9z

After extensive algebraic calculations, the quadratic force can be written as

2 oo
2pw -21iwt
Zu_ Mt

F = Re[ (rdr) x
q r=b tan a
3y 2.2 Z (A4l 2
[ &Y 1 i coso-n) 1 (A4 cann? kn
zz 2=0  k°r
v -(28+1) ;_i' 2.2 2
x A2A£+1 + Ay A£+1} e + 2C°k“(tanh“kh-1) cos(6-y) x
b =(2%+1) %i
x I Ag A1+l e 1d6] (9.11)
£2=0
After simplifying, (9.11) reduces to
oo 21[
- Y
F = Re[- %-e 2iwt f (rdr) { (%;) cos(B-y) x
1 r=b tan a 6=0 z=0
mi
@ =-(20+1) 5=
2,2 2(2+1) 2, N 2
x 2¢°k° ¥ [{ 7 5+ 3 tanh” kh 1} AAg *2 AzA“_l] e de}

=0 k'r
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Therefore, the horizontal and vertical quadratic forces may be respectively obtained

as

F =F cos a F =F sina 9.12ab
qx q ’ qZ q ¢ )

10. CONCLUDING REMARKS.

Second order nonlinear effects are included in the derivation of the wave forces
on the large conical structures. The second order theory 1s consistent because 1t
satisfies all the necessary boundary conditions 1including the radiation condition.
Theoretical expressions for the wave forces have been obtained; the linear forces
could be improved by adding to 1t the second order contributions namely, dynamic,
waterline and quadratic forces. It would be of considerable value if the theoretical
results presented in this paper could be checked experimentally under laboratory condi-
tions. Plans are made in future research to check the accuracy of the predicted
results with the experimental measurements.
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