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ABSTRACT. We determine the degree of approximation of conjugate of a function belonging
to Lip(&(t), p) class by matrix summability means of a conjugate series of a Fourier series.
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1. Introduction. Bernstein [2], Alexits [1], Sahney and Goel [14], and Chandra [4]
have determined the degree of approximation of a function belonging to Lip « by
(C,1), (C,5), (N,pn), and (N,p,) means of its Fourier series. Working in the same
direction Sahney and Rao [15] and Khan [6] have studied the degree of approxima-
tion of functions belonging to Lip(«x,p) by (N, p,) and (N, p,q) means, respectively.
The (N, p,q) summability reduces to (N, p,) summability for g,, = 1 for all n, and to
(N,qn) means when p, = 1 for all n. After quite a good amount of work on degree
of approximation of function by different summability means of its Fourier series,
for the first time in 1981, Qureshi [12, 13] discussed the degree of approximation of
conjugate of a function belonging to Lip &« and Lip(«,p) by (N, p,) means of conju-
gate Fourier series. But nothing seems to have been done so far to obtain the degree
of approximation of conjugate of a function belonging to Lip(&(t),p) class by matrix
means of conjugate Fourier series. The Lip(&(t),p) class is a generalization of Lip «
and Lip(«,p). Matrix means includes as special cases the method of (C,1), (C,9),
(N,pn), (N,pn), and (N,p,q) means. In an attempt to make an advance study in this
direction, we, in this paper, establish a theorem on degree of approximation of con-
jugate of a function of Lip(&(t),p) class by matrix summability means of conjugate
series of a Fourier series then both the results of Qureshi [12, 13] come out as partic-
ular cases of our theorem.

2. Definitions and notations. Let f be periodic with period 27 and integrable in
the Lebesgue sense. Let its Fourier series be given by

f(x) ~ %a(ﬁ > (ancosnx +by, sinnx). (2.1)
n=1
The conjugate series of (2.1) is given by

> (apsinnx —bycosnx) = > Bu(x). (2.2)

n=1 n=1


http://ijmms.hindawi.com
http://ijmms.hindawi.com
http://www.hindawi.com

556 S. LAL AND H. K. NIGAM

Let {p,} be a nonnegative nonincreasing generating sequence for (N,p,) method
such that

P,=Pn)=po+p1+p2+---+pn — ©, asn— o. (2.3)

Let T = (anx) be an infinite triangular matrix satisfying the Silverman Toeplitz [16],
that is,

n
D> ank — 1, asn— o, anx =0, fork>n,
k=0
(2.4)
n
> |ank| <M, afinite constant.
k=0
Let >.,._o Um be an infinite series such that
k
Sk=Ug+UL+Uz+- +Uk= > U, (2.5)
m=0
that is, sx denotes the kth partial sum of the series >, _o Um.
The sequence-to-sequence transformation
n n
ty = Z ankSk = z Ann-kSn—-k (2.6)
k=0 k=0

defines the sequence {t,,} of matrix means of the sequence {s,,} generated by the
sequence of the coefficients (a, k). The series > u, is said to be summable to the sum
“S” by matrix method if lim,,_ t, exists and equal to S (see Zygmund [17]) and we
write

t, — S(T), asn — oo. 2.7)

2.1. Particular cases. Seven important cases of matrix means are

(1) (C,1) means when anx =1/(n+1).

(2) Harmonic means when a, x = 1/(n—k+1)logn.

(3) (C,8) means when a = ("kro-1)/(nto),

(4) (H,p) means when a, = 1/log? ' (n+1) HZ;S log?(k+1).

(5) Norlund means [11] when ay, = pn_x /Py Where Py, = 3} Pk, qn = 1 for all n.
(6) Riesz means (N, py,) [5] when a, x = px/Pn, dn = 1 for all n.

(7) Generalized Norlund mean (N, p,q) [3] when ay, x = pn-kqk/Rn where

n
Rn =D Prdn-k- (2.8)
k=0

In particular cases (5), (6), and (7), {pn} and {g,} are two nonnegative monotonic
nonincreasing sequences of real constants.
We define the norm

21 1/p
||f||p:{jO |f<x>|”dx} L pe1 2.9)
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and let the degree of approximation be given by (see Zygmund [17])

En(f) = Min||f = Tull,, (2.10)

where T, (x) is some nth degree trigonometric polynomial.
A function f € Lip « if

flx+t)—f(x)=0(t%), forO0<a=x<1 (2.11)

and f € Lip(«,p) if

21 1/
UO |f(x+t)—f(x)|”dx} p:O(t"‘), O<a=<l,p=1 (2.12)

(see [10, Definition 5.38]).
Given a positive increasing function &(t) and an integer p > 1, then f(x) €
Lip(&(t),p) if

21 1/p
”0 |f(x+t)—f(x)|”’dx} =0(&(t)), (seel8). (2.13)

In case &(t) = t%, we notice that Lip(E(t),p) class coincides with known Lip(«,p)
class [10].
We use the following notations:

Ppit) =f(x+t)— f(x—t),

T
Anr = Z An,n—ks

k=0
1 1 (2.14)
T = Integral part of i [f]
_ 1< cos(n—k—1/2)t
Kult) =50 go“"'"’k sint/2

3. Known theorems. Qureshi [12] has proved the following theorem.
THEOREM 3.1. If the sequence {p,} satisfies the following conditions:
n
nlpn| <CIPul, X klpk—pror| <C|Pul, 3.1
k=1

then the degree of approximation of a function f (x), conjugate to a periodic function
f with period 21t and belonging to the class Lip x, 0 < & < 1 by Norlund means of its
conjugate series, is given by

| fx) = En(x) | —0(12;:’;1), (3.2)

Pn k=1

where t,,(x) are the (N, pn) means of series (2.2).
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Qureshi [13] has proved another theorem in the following form.

THEOREM 3.2. If f(x) is periodic and belongs to the class Lip(x,p) for0 < x <1,
and if the sequence {p,} is as defined in (2.3) with other requirements therein and if

" (p(»)7) p(n)
L <yq<x+25qq> = O<n0<1/q51)’ 3.3)

len =71l = 0 (75717 ) (3.4

n«-1/p

then

where t,, are the (N, pn) means of the series (2.2)and1/p+1/q =1 suchthat1l < p < .

4. Main theorem. Our object of this paper is to prove the following theorem.

THEOREM 4.1. If T = (ank) is an infinite regular triangular matrix such that the
elements ay  is nonnegative and nondecreasing with k, then the degree of approxima-
tion of a function f (x), conjugate to a 21 -periodic function f belonging to Lip(§(t),p)
class by matrix summability means of its conjugate series is given by

£ (x) - F )| =O<§(%)n””’) @.1)

provided &E(t) satisfies the following conditions:

1/n t’(,U(t)|)p }1/17_ 1
{Jo (at) atj=o(3) @2

T t,(gw(t) 14 l/pi s
{Lm(gm )dt} — o), 43)

where § is an arbitrary number such that q(1 —6) — 1 > 0, conditions (4.2) and (4.3)

hold uniformly in x,
n

fn(x) = Z Ann-kSn—k(X), (4.4)
k=0

that is, matrix means of conjugate Fourier series (2.2), 1/p+1/q =1, suchthat1 <p <
co and

= 1 (™ 1
f(x)= _E,[o w(t)cotitdt. (4.5)

5. Lemmas. For the proof of our theorem the following lemmas are required.

LEMMA 5.1 [9]. If an is nonnegative and nonincreasing with k, then forO <a <b <
c©,a<t<1andanyn,

b
Z “n,n—kei(nfk)t =0(Any). (5.1)
k=a
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LEMMA 5.2. Under the conditions of Theorem 4.1 on (any) forO<1l/n<t <,

— A
Kn(t)zO( ’t”) (5.2)

PROOF. Since for 0 <1/n <t <, sin(t/2) < t, therefore for t > 0 and T < n, we
have,

n

— 1
’K(t” = ‘2_" Zan,n—k

cos(n—k—1/2)t ‘
k=0

sin(t/2)

n-k-1/2)t

’L " Qpnxell
sin(t/2)

0(1

0(1

o(%)

by Lemma 5.1. O

z Ann- kei(n—k)t

|eit/2|) (5'3)

)

n
Z 7kei(n—k)t

6. Proof of the main theorem. Lets, (x) denote the nth partial sum of series (2.2),
then, following [7], we have

_ 1 (™ 1 1 (T cos(n+1/2)t
Now
Zan,nk{snk(x)—<—J Y (t)cot= tdt)}
- 6.2)
1 (T n cos(n—k—1/2)t
T2 Jo (’U(t)gba"’"*k sin(t/2) dt
or
- D < cos(n—k—1/2)t
En0) - ) = 5 | W0 XSG e
- [ vk ar
0 (6.3)

1/n
:jo w<t>1<n(t>dt+J/ WORn(t)dt

=1 +1>.
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Applying Holder’s inequality and the fact that @/ (t) = W (Lip&(t),p), we get

1/n .
I = L WK (0) dt

ol (w1 AT (M (KaE@ )]
of [yl 1 Rz,

q 1/q
} dt] by (4.2)

sin(t/2)

n cos(n—k-1/2)t
Z aAnn-k~— 7.
k=0

n n 1/q
oG LR S ]
o3[ (B
= O(%)O(E(%)) [Ll/n;éz]l/q by mean value theorem
“o(Ro(e() [ {art, |
ool
ofe(3) )
I = O(E(%)n””) (smce —+ == 1)

Consider I

~ ™ |t‘5w(t)|}p }l/p[ T {Kn(t)g(t)}q ]1/q
L= |:J1/n{ &(t) at L/n -9 at

T (etlew 7 1 (EA ]

E() Ay,
t—o+1

{E(l/y)An,[y]}qdy}lm

q 1/a
is } dt} by condition (4.3)

yé—l yZ

PN

n dy 1/q
n,n) [L {yq(é—lnz H by mean value theorem
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~o(we()[{ ==tk

wog(L)) ot

n

(6.5)
By combining (6.3), (6.4), and (6.5) we have
- ~ 1
|t - Feol =o(g(5)n'7), (6.6)
therefore
. B 21T p 1/p
£ (x) ~ |, =0 «UO (E(n)n””) dx} }
- 1/p
_ BRWRY o 6.7)
ol (&G ) (1 ax) |
-ofs(3)o]
This completes the proof of the theorem. O

7. Applications. The following corollaries can be derived from the main theorem.

COROLLARY 7.1. If &E(t) = t%, 0 < o < 1, then the degree of approximation of a
function f(x), conjugate to 21t-periodic function f belonging to the class Lip(x,p) is
given by

- = 1
|tn(X)_f(X)| =O<W> (71)
PROOF. We have
N 21 5 1/p
£ () = f 0|, = O{L |fn(X)_f(X)|de} (7.2)
o p 2 1/p
IRV _ Tz _ 7 p
(E(;)n ”) = OHO [tn(x) = f(x)] dx} (7.3)
or U
21 ~ ~ 1
_ _ p
O(l)—O{J0 [t (x) = f(x)] dx} O(E(l/n)nl/l”)' (7.4)
Hence

w0 —F 0| = 0| g(5 )n'r| (7.5)
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for if not the right-hand side will be O(1), therefore

|0 (x) = f(x)] =o[(%>anw] =0(#). (7.6)

nO(*I/P
This completes the proof. O

COROLLARY 7.2. If p —  in Corollary 7.1, then for0 < x < 1,
- " 1
|t - F0 1, =05 )- (7.7)

REMARK 7.3. An independent proof of Corollary 7.1 can be derived along the same
lines as the theorem.

8. Particular cases. (1) If ank = pPn-k/Pn, () =t%, 0 < x <1, p — o and using
1/m*<1/pn Zﬁzl pr/k*1 (see[14,Lemma 1]), then the result of Qureshi [12] becomes
the particular case of the main theorem.

(2) The result of Qureshi [13] becomes the particular case of our theorem if (a, k)
is defined as in case (1) and &(t) =t*, 0 < x < 1.
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