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ABSTRACT. We consider abstract differential equations of the form u'(t) = Au(t) + f(t)
oru’’ (t) = Au(t) + f(t) in Banach spaces X, where f(-), R — X is almost-periodic, while A
is a linear operator, @ (A) C X — X. If the solution u(-) is likewise almost-periodic, R — X,
we establish connections between their Bohr-transforms, 71 (A) and f (A).

2000 Mathematics Subject Classification. 34C27, 34G10.

1. Introduction. If u(-), R — X (a Banach space) is an ultraweak almost-periodic
solution of the differential equation

u'(t) = Au(t) + f(t), teR (first order) (1.1)

or
u”’(t) = Au(t) + f(t), te R (second order) (1.2)

with linear—not necessarily continuous—operator A, 9(A) C X — X, and with almost-
periodic “forcing” term f(-), R — X, then the Bohr transforms

F=1i le Mpdr, ) lim L [ et (1.3)
_Tl—n;loToe , i —T1E1°10T0e u , .

will both exist, for all reals A.
It appears that it is possible to establish a typical relationship between i (A) and
f(A) which implies also connections between the (countable) sets

Au={AeR, @A) # 0}, Ar={AeR, f(A)+6}, (1.4)

(the elements of Ay, Af are the Fourier “exponents” of u(-), f(-), resp.).
Some “historical” notes:
(i) In [7] we have (1.2) in a Hilbert space, with A > 0, and the solution is in the
usual sense. One obtains the equality

(A2+A)i(A) = -f(A), VAER, (1.5)

where A is a selfadjoint extension of A.
(ii) In [6] the equation is (1.1) and f is continuous almost-periodic in Stepanoff
SP-sense; the operator A is closed in X. One gets the equality

(iA—A)TAQA) = FA). (1.6)
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(iii) In [2, page 92] and [8, page 95] one has again (1.1) in the special case when
A e L(X).

In (i), (ii), and (iii) the solutions are regular solutions.

(iv) In [4, 5] one discusses (1.1) with A being generator of a Cy-semigroup in the
Banach space X. Now u(-) is a so-called “mild” solution over R. It appears that it(A) €
D (A) (even if u(-) does not!) and (1.6) holds again. For a detailed proof (see [11]).

The aim of the present paper is to establish similar results to those mentioned
above for both (1.1) and (1.2) and for solutions taken in the “ultraweak” sense.

2. Continuous ultraweak solutions

2.1. We consider here the first-order equation u’ = Au + f in the Banach space X.
We refer to [10, Chapter XII] for definitions and some results.

Thus, X is a B-space, X* and X** its dual and second dual space. Let A be a linear
closed operator with dense domain in X, 9(A). Assume that its dual operator A*, is
also defined on a dense domain %(A*) in X*. Then, the second dual operator A** is
well defined on the “total” set @(A**) in X**.

Consider now two continuous functions u(-), f(-), R — X which are related by the
“ultraweak” equation

JR (@ (1) + (A* @*) (1), u(D))dt = —JR (@™ (D), £(1))dt @.1)

which must hold

VE* () € Kax(R) = {@* () € CJ(R; X*), p*(t) € D(A*)

VteR, (A*@*)(-) € C(R;X*)}. 22)

The dot - means (d/dt)-strong derivative in X*.
Next, we need the “mollification” result: (see [10, pages 79-80]). Let «(-) € C&([R).
Consider the convolutions u * «, f * « defined by equalities

(u*x x)(t) :J[Ru(s)cx(t—s)ds, (f = a)(t):JRf(s)a(t—s)ds. (2.3)

It is obvious that (u * «x)(-) € C}(R;X) and (f * &)(+) € C}(R;X) too. Furthermore,
from [10, Theorem 3.1, page 80] we obtain, under our present assumptions, that

Fux)(t) €B(A**) VieR, (2.4)

and the equality

%}(u*(x)(t) =A™ F(u* o) () + $(f * ) (F) (2.5)

holds, in ordinary sense, for all t € R. (The operator, “canonical mapping” ¢, from X
into X** is defined by the equality ($x)(x*) = x*(x), for all x* € X*, for all x € X.)

Consider now the “almost-periodic situation”: both 1 (-) and f(-) are Bohr-Bochner
almost-periodic, R — X.
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Then, as well known (cf. [1, page 72]), the convolutions (u * x)(-), (f * «)(-) are
also almost-periodic, R — X, and, as § is isometric X — X**, we get that the functions
F(u*xx)(-) and $(f * x)(-) are almost-periodic, R — X**. Now multiplying (2.5) by
e~ where A € R, we get the equality

e’“t%(}(u*a)(t)):e’“tA**}(u*a)(t)+e’i“§(f>x<(x)(t), VteR. (2.6)

After integration between 0 and T one obtains the equality

T
_ —iAt d
I—JO e N L (Fuk ) (0)de

T T (2.7)
= J e M AR G (y % ) (E)dt +J e ™M G(fxx)(t)dt.
0 0
In the integral defining I we apply integration by parts, to get
T
IT=e ™M guxx)(T)—$u*o)(0)+ iAJ e Mgy x o) (t)dt. (2.8)
0

In the right-hand side of (2.7) we note the following: the second dual operator A** is
a closed operator; from (2.5) we derive the equality

A $(u*x ) (t) = %}(u* ) -F(f*xo)(t), VteR, (2.9)

so that A** $(u *x &) (t) € C(R; X**).
We then apply the well-known result (cf. [11, Proposition 3.1, page 162]) and obtain
that

T
L e Mg (uk o) () dt € D(A*),

T T (210)
A** J e Mg (yx o) ()dt = J e M AR G (y x o) (E)dLt.
0 0
Then we turn back to (2.7) and (2.8) to derive the equality
1 —iAT . 1 T —1iAt
—le }(u*a)(T)—j(u*a)(O)]+lA—J e Mg (u*x ) (t)dt
T o @2.11)

,A**lf -0 g (00 o) (£t 1JT “NG(f 0 (D)t
— AL e Mk 7], e F(f * .

Next, we consider limits, as T — oo, in the right- and left-hand sides of (2.11): as the
almost-periodic function T — $(u * &) (T) is bounded, R — X**, we first have

%izn%[e‘i”(gé(u*o()(T)—}(u*(x)(O)] =0. (2.12)
Next, note that
T
%im % e Mgukx)(t)dt existsand = [Fux )] (A),
— 00 0

(2.13)
T
}Lm % JO e Mg(fxx)(t)dt existsand = [$(f * cx)]A(/\).
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We now use (2.11) and the property “A** is a closed operator in X**” to obtain

[FPu* 0] (A) e B(A*),
, A A A (2.14)
l?\[}(u* (x)] A) = A**[}(u* (x)] (A) + [}(f* (x)] (A).
Note also, as $ is a continuous operator, X — X**, the equalities
[Fux )] A) =F[(wx)] ),  [$(F 0] A) = [ * ] (A). (2.15)
Also, we use [1, Lemma, page 72] to derive the equalities
(u* )MA) = fL(?\)J e AT w(o)do, (f )™ (A) = f(A)J e A w(g)do. (2.16)
R R
Thus, equality (2.14) becomes (in view of (2.15) and (2.16))

i)\}ﬂ(/\)J e N x(o)do

h ) 2.17)

A ga ) [ e N a(o)do + 50 [ e Mo aodo.
R R

Next we consider a sequence {x,(-)} in C&(IR), where «, (t) =0 for [t]| = 1/p, xp(t) =
pa(pt),forallt e R, p € N, x(-) being a C&([R) function which is O for |t| > 1,is =0
for all t € R, and has [ x(t)dt = 1. We note that

J e N, (0)do :J e AP x(s)ds, (2.18)
R R
so that
lim | e ™ x,(0)do = J a(s)ds = 1. (2.19)
pP—>JR R

Consider now equality (2.17) applied to &, (o). We have, for all p € N

[J e’”“’(xp(o)do]ii\jﬁ(m

! ) (2.20)

:A**}ﬁ(A)J e’“‘"cxp((f)d0'+§f(/\)J e N, (0)do.
R R

Again we use “closedness” of operator A** and obtain that, as p — o, $11(A) € D(A**)
and A** $1(A) = iA$1(A) — $£(A) for all A € R, which can be written as

(IA—A**)$0(A) = $f(A), VAER. (2.21)

We can summarize all of above in the following statement.

THEOREM 2.1. In the Banach space X consider a linear closed operator A with dense
domain %(A), and assume that its dual operator A* is also densely defined in X*. Next
consider two continuous almost-periodic functions, u(-) and f (-), fromR into X, related
by (2.1). Then, if t(A) and f(?\) are the Bohr transforms (1.3) and $ is the canonical
immersion of X into X**, it follows that

i (A) € D(A**) and (2.21) holds true, VA € R. (2.22)
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Next, we are making some comments and deriving some consequences of Theorem
2.1.

(a) In (2.21), we note that if 72 (A) = 0, then f()\) = 0 (as ¢ is isometric). Accordingly,
if f£(A) # 0 then 1 (A) # 6 which, in view of (1.4) means that

Af C Ay (2.23)

(b) Assume that iAo ¢ 0, (A**) (the point spectrum of operator A**). Use again
(2.21); if f(Ag) = O then (iAg — A**)$1i(Ag) = 6 and accordingly $1i(Ag) = 6 too.
Thus, if 71(Ag) # 0 then f(Ag) # 0. We can say that

A ER, iAo ¢ 0p(A**), AgEA, = AgE Ay (2.24)
and also that, using also (2.23),
Aun{A R, id ¢ 0p(A**)} CAf C Ay (2.25)
In the special case when iA ¢ 0, (A**) for all A € R, we obtain from (2.25) that
Ay CAy CAy, hence Ay =Ayp. (2.26)
(c) Assume that the space X is reflexive ($(X) = X**). From (2.21), which is also
(IALA)) —A** T(A) = $F(A), VAER, (2.27)
applying $-!, we obtain the equality
iALA) - $TA** I (A) = F(A), VAER. (2.28)

We know the equality $71A** ¢ = A (cf. [11, page 159]), hence we derive the relation,
n(A) €eD(A) and
(IA—A)U(A) = f(A), VAER. (2.29)

Then we may reason as in (a) and (b) above, with A replacing A**, and obtain, in
particular, that if (iA—A) ! exists for all A € R, then A, = Ay.

2.2. In this section, we again consider ultraweak continuous In almost-periodic so-
Iutions of (1.1) and establish a certain connection between the Bohr transforms 7 (A),
f (A), under somewhat different assumptions on the operator A; the relation between
7(A) and f()\) is now different form (2.21). We will state (and then prove) the following
theorem.

THEOREM 2.2. Let u(-), f(-) be continuous almost-periodic functions, R — X and
assume thatu' — Au = f inultraweak sense. Assume also that for some complex number
Ao, the operator (Aol —A)~! exists and belongs to £(X). Then, if tL(A), f(?\) are the Bohr
transforms of u(-), f(-), the equality

GAT=A) (Ao —A) '(A) = (Ao —A) ' F(A), VAER, (2.30)

holds true.
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The proof here is based on the so-called “resolvent regularization” of ultraweak
solutions (cf. [9, page 149]). We need in fact a slight extension of [9, Theorem, page
149], which will apply to equations u’ — Au = f with f not identical to zero. Thus, let
us state the following.

LEMMA 2.3. In the Banach space X, consider the linear operator A with dense domain
PD(A), B(A) C X — X, and assume equality (2.1). Suppose furthermore that, for some
Ao € C, we have A € p(A) (resolvent set of A). Let v (t) = (Ao —A)lu(t), t e R - X.
Then

v(-) € CHR;X), v(t) €D(A) VieR,

231
V() —Av(t) = (Al —A) " f(t), tER. 31

PROOF. We first show that the above defined-continuous function v (-) is ultraweak
solution of (2.31).
Take any test-function @* () € K4+ (R). We obviously have the equality

J <icp* +A*cp*,v>dt - J <£(p* +A* ¥, (AO—A)*1u>dt, (2.32)
r \dt R \dt

where (, ) means the duality between X and X* (dual space to X). We next use the
well-known result (cf. [3, (4.10), page 14]) to get Ay € p(A*) (resolvent set of operator
A*)and [(Ag—A)1]* = (Ag— A*)~L. Equality (2.32) now becomes

i* **>_J< _**1<£* **)>
an{<dt(p +A*@*,v)dt = . (Ag—A*) i ? +A*@* |,u)dt

ZJ <%(A0‘A*)flfp*+A*(A0—A*)71<P*,u>dt (2.33)
R

_ i * * g,k >

- JR<dtw AT u)dt,
where ¢* = (Ag— A*)"1@* belongs (obviously) to K+ (R). Next, because of (2.1), we
see that

= —fR((Ao—A*)’lqo*,f)dt (2.34)

- @ o-a) " .

Thus, from (2.32) and (2.34) we derive the relation

anz <%cp* +A*cp*,v>dt = —J[R (@p*, (AO—A)_]f)dt, V@* € Kax(R) (2.35)
which means precisely that (2.31) holds in the ultraweak sense.

Next, note the simple [9, Lemma 2, page 150]: v(t) € %(A) for all t € R, and
(Av)(-) € C(R;X); then apply [10, Proposition 2.1, page 79] to the functions v (-) and
(Ag —A)~Lf. (Note that, because Ag € p(A) it results that A is closed.) One obtains
that v(-) € C}(R;X) and (2.31) holds true on the real line.
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We are now ready for the complete proof of Theorem 2.2.

Consider (2.31) and note that, from almost-periodicity of u(-) and f(-) the almost-
periodicity of v(-) and (Ag — A)~Lf follows. Then multiply (2.31) by e"®f, A € R, to
get the equality

e Y (1) —e MAY (1) = e M (Ag—A) T F(L), tER. (2.36)

Then integrate between 0 and T: f()Te‘i"tv’(t)dt =e ATy (T)-v(0) +f0T iAe Aty (t)dt
so that one gets from (2.36)

. T . T .
e ATy (T)—v(0) +iA J;) e My (t)dt — JO Ale ™ty (t))dt

T (2.37)
:J e (Ao —A) " F(b)dt.
0
Also, as usual (A is a closed operator) one obtains
T . T . T .
J e My (t)dt € B(A), AI e““v(t)dt:J Ale ™ty (1)) dt. (2.38)
0 0 0
Thus, from (2.37) one gets now the equality
1. _ar L1 (7 —iAt I —iAt
—[e v(T)—v(O)]+1/\—J e v(t)dt—A—J e My (t)dt
T T Jo T Jo
1 (T (2.39)
= 7] e M (Ag—A) T F(0)dt.
T Jo
As T — oo one obtains as in (2.12), (2.13), the equality
IAD(A) —AD(A) = ((/\O—A)flf)A(A). (2.40)

On the other hand, it is immediate that 7(A) = (Ag—A) 17 (A), and ((Ag—A) L) (A)
= (Ag—A)"1f(A). Hence (2.40) is also

GA) (Ao—A) 'aA) —AAg—A) aA) = (Ag—A) T F(A) (2.41)
which is exactly (2.30). O

Next, as in Section 2.2, we derive some simple consequences of (2.30).
(a) Assume 1 (A) = 0; then (AOI—A)‘lf(A) = 0 and hence, f()\) = 0 too. This means
again that
Af C Ay. (2.42)

(b) Assume that, for some A € R, id ¢ 0,(A). If F(A) = 0 then (iA — A)
(Ao —A)"M(A) = 0, hence (Ag —f&)*lﬂ(f\) = 0 which implies that #(A) = 6. Thus,
if 7(A) #£ 0 and iA ¢ 0, (A), then f(A) # 0. This can be expressed as

Aun{AeR, id¢ o,(A)} CAr CAy. (2.43)
Finally, in the special case when iA ¢ 0, (A) for all A € R, one obtains

Ay = Ag. (2.44)
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3. The second-order equation. In this section, we study similar problems for the
second-order equation (1.2) in both ordinary and ultraweak setting.
First, we state the result for regular solutions.

THEOREM 3.1. Let X be a B-space, and A, 4(A) € X — X a linear closable op-
erator. Let u(-) and f(-) be continuous almost-periodic functions, R — X, let also
u(-) € C2(R; X), u(t) € %(A) forallt € R, and (1.2) holds true.

Finally, assume that u’(-) is a bounded function, R — X. It follows that

aA) ed(A), VAeR, (A2I+A)a(d)=-f(A), VAER, (3.1)

hold true.

(Here A is a closed extension of A.)

PROOF. We start with the equality u''(t) = Au(t) + f(t),t e R.As A C A, we have
also u” (t) = Au(t) + f(t), t € R. Take A € R; we obtain immediately the equality (for
all T > 0)

T T T
J “Ay () dt = J e‘lAtAu(t)dt+J e M F()dt, VAeR. (3.2)
0 0 0

Using partial integration we get

’ X p—iAT
%J ~ity " (1) dt = ? e~/ (T) — u;O) N ide Tu(T)
0
_iAu(0)

T

(3.3)
A2 ! J “iALy (t)dt.

As T — o the right-hand side in (3.3) is convergent to —A271(A), for all A € R. On the
other hand, (3.2) writes itself as

1" e _ L iy 7J’T _iAt
T JO e Au(t)dt = T (t)dt — T o e f(t)dt. (3.4)

As Ais closed, u(t) € W(A) forall t € R, Au(t) = u’'(t) - £(t) € C(R;X), it follows as
usual that

1 T . .
T I e My t)dt e w(A),
0 (3.5)

A (" Ay, Lo i
- —1 —— —1 ’” = —1
ATJO e "Mu(t)dt Tjo (t)dt T.[o e "M f(t)dt.

As T — oo, the right-hand side of (3.5) is convergent to —A27i(A) —f()\), forall A € R.
Also, (1/T) fy e"u(t)dt — i(A), for all A € R.

Again we use the property, “A is closed” and infer that ©1(A) € @(A) for all A € R,
AT(A) = =A20(A) —f(?\), for all A € R, that is, (3.1). O

REMARK 3.2. Theorem 3.1 extends the statement of [7, Theorem]; the proof is the
same too.
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We next derive corollaries of (3.1), connecting the sets A, and Ay.
(@) If 7.(A) = 0 then f(A) = 0; therefore

Af C/\u. (3.6)

(b) Assume that Ay € R is such that /\(2) is not an eigenvalue of operator —A. Then,
from (3.1) again, it follows that f(Ag) = 0 = @ (Ag) = 0, or i (Ag) # 0 = f(Ag) + 0. We
can say that

Aun{AeR, A ¢ 0, (—A)} CAp C Ay (3.7)

Next we will handle—for a similar result—the class of “ultraweak solutions.” There-
fore, let again X be a B-space, and A, 9(A) C X — X be a linear operator with dense
domain %(A). Then (cf. [11, pages 72-73]) its dual operator A* is a linear closed op-
erator with domain %(A*) c X*—the dual space of X.

Denote with K3« (R) the (linear) set of functions @ *(-) € C3 (R; X*), p* (t) € D(A*)
forallt e R, (A*@*)(-) € C(R; X*).

Next, consider two continuous functions u(-) and f(-), R — X, related by the ultra-
weak equation

[ (@ -aror @)= [ @ @@ Vo o ek ®. G
Assume furthermore that
A is a closed operator; the domain @ (A*) is dense in X*. (3.9)

We effectuate “mollification” of u(-)—in a similar way to [10, pages 79-80].
Consider a scalar-valued function «x:(-) € Cg([R), such that «:(t) = 0 for |t| > &,
and then the convolution

t+e

(u*ae)(t) = J u(t)oe (t—T1)dT :J u(t)e:(t—7)dT. (3.10)
R

t—¢

We see that (1 * &¢)(+) € C2(R;X) and that the equality
(us o)’ (t) :J u(t)«l (t—1)dT, VteR, (3.11)
R

holds true. We prove now the following lemma.
LEMMA 3.3. Under the above assumptions, $(u * ;) (t) € D(A**) forallt € R and
the equality

2
%}(u* o) (1) =A** $(us ) (1) + F(f *xe) (1), VEeER, (3.12)

holds true (¢ is the canonical mapping, X — X**).

PROOF. For any t € R, consider the functions @/ (T) = «:(t — T)$p*, where ¢p* €
D (A*) (they all belong to Ki* (R)—as readily seen).

We introduce these functions in (3.8); note that (d?/dt2) @/, (T) = &/ (t —T)$p* and
obtain accordingly the relation

JR (af (t—T)p* = (t —T)A*P* ,u(7))dT = JR (e (t—T)P*, f(T))dT  (3.13)
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or also

<A*¢>*,JR o(g(t—T)u(T)d-r> _ _<¢*’J[R 0‘s<t—T)f<T)dT>
+<¢*'Jugag(t_7)u(1')d'r> Vp* € B(A*). 3.14)

This equality can also be written as follows (using the imbedding X L x )
(F(usae)(t),A*p*) = (F[(uk )" (1) = (f k) ()], p*) VP* € B(A*) (3.15)
which in turn implies $(u * x¢)(t) € D(A**) and then
AR (Fuk ) (1) = $[(ukxe)” () = (f x ae) (1)] VEeR, (3.16)

Finally, $(u * ;)" (t) = (d?/dt?)$(u * «¢)(t); hence from (3.16) we derive

2
%y(u* o) (1) = A** (F(ux o) (1) + $(f ) (1) VEeR. (3.17)
Which proves Lemma 3.3. O

We are now ready for consideration of an “extension” of Theorem 3.1 to the case
of ultraweak solutions. We can state in fact the following theorem.

THEOREM 3.4. In the Banach space X consider a linear closed operator A with dense
domain %(A) and assume that its dual operator A* is also densely defined in X*. Then
consider two continuous almost-periodic functions, R — X, denoted with u(-), f(-),
related by (3.8). Then, if Ti(A), f()\) are the Bohr transforms of u(-), f(-), it follows
that $11(A) € D(A**) and the equality

(A2T+A**)g0u(A) = —-$f(A) VAER (3.18)
is satisfied.

The proof goes on similar lines to the proof of Theorem 2.1.
Note first that the functions: $(u * &) (-), $(f * &) (-), are almost-periodic, R —
X**_ Next we multiply (3.17) by e~ and integrate over [0,T], T > 0. We obtain

T d?
| e im Gl )ar
T . (3.19)
= Jo e AR G (k) (B)dt + Jo e NG (f x ) (B)dt.
As previously, the left-hand side here is e AT $(u * &¢)' (T) — $(u * &)’ (0) + iAF(u *
®e) (0) —A2 [ e M g (u % o) (Bt

If we divide this left-hand side by T we obtain

T
%JO e E g s ) ()t

dt?
e Suke)(T) 1 ,
et Tg(u*(xf) (0) (3.20)
T
+i2\w—2\z%ﬁ) e Mg (ux o) (t)dt.
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In order to proceed further we now need the following proposition.
PROPOSITION 3.5. The function $(u * x:)'(-) is bounded over R.

We have in fact (from (3.10)) $(u * &z)’ (t) = [ ($u)(T) . (t —T)dT, hence

19 (ux ae) (D)) = SID;pl\<;m><T>||j[R o (t—1) |d

(3.21)
= cJ |z (s)|ds=c1, VEER.
R
Thus, from (3.20) we get, letting T — oo, the relation
lim + JTe*i“d—z(g,ﬁ(u * o) (D) dt = —A2($(u* ae)) (D) (3.22)
T-o T Jo dat? ¢ ¢ ’ ’

Next, we divide by T the right-hand side of (3.19). We obtain accordingly the equality

lJ(T 7iAtA** tdt lJ(T —iAt tdt
H eas s wder 3 [ e (rr o @)

, (3.23)
T ) 2
:%L e,m%}(u*m)mdt.
hence
T

In the left-hand side note that A** is closed, A** $(u * &¢) (t) = (d?/dt?) $(u* xe) (1) —
$(f * xe)(t)—from (3.17)—hence A** $(u * ) (t) is continuous function (belongs to
C(R;X**)). Thus, as usual, we infer that

T
J e NG (uk ) (t)dt € D(A®Y),
0 (3.25)

A**I e’lAt}(u*aE)(t)dt:J eI ARE G (1 x ) () dt.
0 0

Again, from (3.24) it then follows that

T
lim A**%L e N §(uk o) (£)dt exists and = —F(f * o) (A) — A2 (u * o) (A).

T—oco
(3.26)
Now, from (3.24) and (3.26), as A** is closed, we obtain
Fux o) (A) €B(A*) (VAER),
A A A (3.27)
A**}(u * 0‘5) (A) = —}(f* 0(5) (A) —AZE(M * (Xs) (A).
we use [1, Lemma, page 72] to derive equalities
Fluxa) M) = g2 | e ac(ordo,
. (3.28)

G ) M) = $FQ) jRe*iMcxgw)do,
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and accordingly one gets

A**}Q(A)J ey (o)do
o (3.29)
— g7 JRe’“(’ag(a)dcr—AZ}ﬁ(A) JRe’iA”ag(a)do VAER.

Consider at this point a sequence {x,(-)} in C&([R), where «, (t) = px(pt) for all
p €N, x(-) is a function in CS([R) which is O for [t]| = 1, is greater than or equal to 0

for all t € R, has integral over R = 1. Note therefore that

J e N, (o)do :J e M pa(pordo
R R

(3.30)
=J e /P x(s)ds which — 1 as p — oo.
R
Consider now (3.29) for «:(0) = &y (0), p €N. As p — o, we have
F1(A) J[Re‘““’(x,,(a)da — $1(A),
(3.31)
A**}ﬁ()\)I e M, (0)do — —Ff(A)-A%FiL(A) VAER.
R
This entails (again!), that $1(A) € D(A**) and

A** FU(A) = —}f()\) —A%$0(A) VAeR (3.32)

which is precisely (3.18).

REMARK 3.6. The convolution method which has been used in the proof of Theorem
3.4 can be used to get an extension of Theorem 3.1. Precisely, we can eliminate the
assumption

u’(+) is a bounded function,R — X. (3.33)

The details are given below.
We start with the equality

u’(t) = Au(t)+ f(t), teR. (3.34)

Take & (-) € C3(R), x:(t) = 0 for |t| = &, and let
U(t) = (ko) (t) = J U(T) e (t—1)dT = J u(t—s)xe(s)ds. (3.35)
R R

We have obviously, u} (t) = [gu" (t —s)x.(s)ds.
Also u(t —s) e @(A) and Au(t-s) =u"’(t —s) — f(t —s) is a continuous function
of t € R. As A is closed operator, one obtains that

U (t) :J u(t—s)a:(s)ds € »(A4),

R (3.36)

AJ u(t—s)ag(s)ds:J (Au) (£ —s) e (s)ds.
R R



ON THE BOHR TRANSFORM OF ALMOST-PERIODIC SOLUTIONS ...
Now we have
ul(t) = JRu”(tfs)(xg(s)ds = JIR [(Au)(t—5)+ f(t—s)]xe(s)ds,
that is also

ul(t) = er (Au)(t—s)ag(s)ds+J[Rf(t—s)(xg(s)ds
= Au.(t)+ fe(t), VteR.

On the other hand, we see that the first derivative u;(t) is given by
u,(t) = J u(t)o(t—T)dT,
R

so that we estimate u;(-) over R, to get

[Jus(t)]| gsupHu(-)HJ | (o) |do = cesupllu(-)||, VteR.
R R R

Thus, for all € > 0, u,(t) is bounded over R.
As in (3.2), (3.3), and (3.5)—applied to u.(-)—one obtains that

1:(A) €D(A), VAeR, (A2+A)0:(A) =—fe(A), VAeR.
Now, using [1, Lemma, page 72], one infers that
e (A) =ﬁ(A)JRe‘iA”a5(U)dU, fe() =f(7\)JRe‘i""ag(a)dU,
so that

Azﬁ(A)J

Re’“‘"ag(a)da +A[Jme’“‘”o<g(a)da]ﬁ(2\)

= —f(/\)JRe’”“’ag(a)dU, YA ER.
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(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

Now consider a sequence x,(-) in CS([R), xp(t) = pa(pt), for all p e N, x(-) €
Cg([R), =0for|t|>1,>0forall t € R, [ x(-)do = 1. Consider (3.43) for xp(0), and

note that [ e 7 «,(0)do — 1 as p — o, for all A € R. We also have
a(A)J e My, (0)do — 1(d), VAER,
R
A[am)[ e‘”‘"a,,(a)da] — —f(A)=A%a(A), VAER.
R

This shows that (A) € B(A) and A@(A) = —f(A) —A2@(A), for all A € R.
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