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ANALOGUES OF SOME TAUBERIAN THEOREMS
FOR STRETCHINGS
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ABSTRACT. We investigate the effect of four-dimensional matrix transformation on new
classes of double sequences. Stretchings of a double sequence is defined, and this defi-
nition is used to present a four-dimensional analogue of D. Dawson’s copy theorem for
stretching of a double sequence. In addition, the multidimensional analogue of D. Dawson’s
copy theorem is used to characterize convergent double sequences using stretchings.

2000 Mathematics Subject Classification. 40B05, 40CO05.

1. Introduction. In this paper, RH-regular matrices and the stretching of double
sequences are used to characterize P-convergent sequences. To achieve this goal we
begin by defining an e-Pringsheim-copy and a stretching of double sequences. In ad-
dition, the copy theorem of Dawson in [1] will be extended as follows: if each of A
and T is an RH-regular matrix, and x is any bounded double complex sequence with
€ being any bounded positive term double sequence with P-lim; j€;; = 0, then there
exists a stretching y of x such that T(Ay) exists and contains an e-Pringsheim-copy
of x. By using this extended copy theorem some natural implications and variations
of this extended copy theorem will be presented.

2. Definitions, notations, and preliminary results

DEFINITION 2.1 (see [3]). A double sequence x = [xk;] has Pringsheim limit L
(denoted by P-limx = L) provided that given € > 0 there exists N € N such that
Ixx1 — LI < € whenever k,l > N. We will describe such an x more briefly as “P-
convergent.”

DEFINITION 2.2 (see [3]). A double sequence x is called definite divergent, if for
every (arbitrarily large) G > O there exist two natural numbers n; and n, such that
[xXnkl > G for n = ny, k=no.

DEFINITION 2.3. The double sequence [y ] is a double subsequence of the sequence
[x] provided that there exist two increasing double index sequences {n;} and {k;}
such that if z; = xy, ik then vy is formed by
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The double sequence x is bounded if and only if there exists a positive number
M such that |xy;| < M for all k and [. A two-dimensional matrix transformation is
said to be regular if it maps every convergent sequence into a convergent sequence
with the same limit. The Silverman-Toeplitz theorem [5, 6] characterizes the regu-
larity of two-dimensional matrix transformations. In [4], Robison presented a four-
dimensional analog of regularity for double sequences in which he added an addi-
tional assumption of boundedness. This assumption was made because a double
sequence which is P-convergent is not necessarily bounded. The definition of reg-
ularity for four-dimensional matrices will be stated below along with the Robison-
Hamilton characterization of the regularity of four-dimensional matrices.

DEFINITION 2.4. The four-dimensional matrix A is said to be RH-regular if it maps
every bounded P-convergent sequence into a P-convergent sequence with the same
P-limit.

THEOREM 2.5 (see [2, 4]). The four-dimensional matrix A is RH -regular if and only if
(RHy) P-limypnammnk, =0 for each k and ;

(RH>) P'hmm,n Z;:’lo:ol,l Amnkl =1;

(RH3) PAimp > 51 l@amnkil =0 foreach;

(RHy) PHimy > 21 l@mnkil =0 for each k;

(RHs) Z,‘:f:u |@mn k1l is P-convergent; and

(RHg) there exist finite positive integers A and B such that 3y ;- |amn k1| < A.

EXAMPLE 2.6. The sequences [y, k] =1 and [y ] = —1 for each n and k are both
subsequences of the double sequence whose n, kth termis x, x = (—1)". In addition to
the two subsequences given, every double sequence of 1's and —1’s is a subsequence
of this x.

EXAMPLE 2.7. As another example of a subsequence of a double sequence, we define
x as follows:

1, ifn=k,
Xnk = l if n <k, (2.2)
n
n, ifn>k
Then the double sequence
- 1 1 5
> 4 10 20
1
8 6 — 22
12
—11 1 1
Ynk: =1~ - - .o (2.3)
18 16 14 24
32 30 28 26

is clearly a subsequence of x.
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REMARK 2.8. Note that if the double sequence x contains at most a finite number
of unbounded rows and/or columns, then every subsequence of x is bounded. In
addition, the finite number of unbounded rows and/or columns does not affect the
P-convergence or P-divergence of x and its subsequences.

DEFINITION 2.9. A number f is called a Pringsheim limit point of the double
sequence x = [xpk] provided that there exists a subsequence y = [V k] of [xni]
that has Pringsheim limit 8 : P-lim y, x = .

EXAMPLE 2.10. Define the double sequence x by

(-1, ifn=k,
Xnki=1(=2)", ifn=k+1, (2.4)
0, otherwise.

This double sequence has five Pringsheim limit points, namely —2,-1,0, 1, and 2.

REMARK 2.11. The definition of a Pringsheim limit point can also be stated as fol-
lows: B is a Pringsheim limit point of x provided that there exist two increasing index
sequences {n;} and {k;} such that lim; xy, k;, = B.

DEFINITION 2.12. A double sequence x is divergent in the Pringsheim sense (P-
divergent) provided that x does not converge in the Pringsheim sense (P-convergent).

REMARK 2.13. Definition 2.12 can also be stated as follows: a double sequence x
is P-divergent provided that either x contains at least two subsequences with dis-
tinct finite Pringsheim limit points or x contains an unbounded subsequence. Also
note that, if x contains an unbounded subsequence then x also contains a definite
divergent subsequence.

EXAMPLE 2.14. This is an example of a convergent double sequence whose terms
form an unbounded set
k, ifn=1,

Xnki=1m, ifk=2, (2.5)
0, otherwise.

EXAMPLE 2.15. This is an example of an unbounded divergent double sequence
with three finite Pringsheim limit points, namely —1,0, and 1:

k+1, ifn=1,
Xpki=1 (1)1 ifn=k, (2.6)
0, otherwise.

EXAMPLE 2.16. This is an example of a double sequence which contains an un-
bounded subsequence
n, if n =k,
Xnki=1-n, ifn=k+1, 2.7)
0, otherwise.
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EXAMPLE 2.17. For an example of a definite divergent sequence take x, y = n for
each n and k; then it is also clear that x contains an unbounded subsequence.

The following propositions are easily verified.

PROPOSITION 2.18. If x =[x, k] is P-convergent to L then x cannot converge to a
limit M, where M #+ L.

PROPOSITION 2.19. If x =[xy k] is P-convergent to L, then any subsequence of x is
also P-convergent to L.

REMARK 2.20. For an ordinary single-dimensional sequence, any sequence is a sub-
sequence of itself. This, however, is not the case in the two-dimensional plane, as
illustrated by the following example.

EXAMPLE 2.21. The sequence

1, ifn=k=0,
Xy = 1, ifn=0,k=1, 2.8)
' 1, ifn=1, k=0,
0, otherwise

contains only two subsequences, namely, [V, k] = 0 for each n and k, and
an::r, if n=k=0, 2.9)
' 0, otherwise;
neither subsequences is x.
The following propositions are easily verified.

PROPOSITION 2.22. If every subsequence of x = [xy,] is P-convergent, then x 1is
P-convergent.

PROPOSITION 2.23. The double sequence x is P-convergent to L if and only if every
subsequence of x is P-convergent to L.

DEFINITION 2.24. The double sequence v contains an €-Pringsheim-copy of x pro-
vided that y contains a subsequence Ynik; such that Iynl,,kj -x;jl <€, fori,j=
1,2,....

EXAMPLE 2.25. Let

(-1, ifk=mn, (2.10)
Xnk = .
k 0, otherwise,
and let P-limy, €5k = 0 with
(-, ifk=n,
Ynk = . (2.11)
€Enks otherwise.

Observe that, not only does y contain an e-Pringsheim-copy of x, but y itself is an
€-Pringsheim-copy of x.
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DEFINITION 2.26. The double sequence Yy is a stretching of x provided that there
exist two increasing index sequences {R;};., and {S; ;10 of integers such that

Ro=50=1,
Xniy if Ri_1 <k <R,
Y= oo ' 2.12)
Xjiks ifS; 1 =n<sj,
ij=1,2....

REMARK 2.27. This definition demonstrates the procedure which is used to con-
struct a stretching of a double sequence x. This procedure uses a sequence of stages
to construct the stretching of x. These stages are constructed using a sequence of
abutting rows and columns of x. These rows and columns are constructed as follows.

STAGE 1. Begin by repeating the first row of x R; times and denote the resulting
double sequence by y!0 then repeat the first column of y!:? §; times resulting in y!:!.

STAGE 2. Begin by repeating the R; +1 row of y!, R, — R, times which yields y>!
then repeat the S; +1 column of y2!, S, —§; times which yields y?2?2.

STAGE i. Begin by repeating the 1+ 2;;11 R, row of yi~Li-1 R; —R;_; times which
yields y¥i~! then repeat the 1+ Z;;ll Sq column of y#-1,§;—§;_; times which yields
v, Note that in each stage we repeat the number of rows and then repeat the number
of columns. However the resulting stretching y of x is the same, if we first repeat
the number of columns and then repeat the numbers of rows. Also note that every
sequence itself is a stretching of itself and the sequences that induce this kind of

stretching are R; =i and S; = j.

EXAMPLE 2.28. The sequence

X111 X110 X110 X120 X122 X122 X130 X130 X113
X111 X110 X110 X120 X122 X122 X130 X130 X113
X111 X111 X110 X120 X12 X122 X130 X130 X113
X2,1 X211 X201 Xz X222 X222 X23 X23 X23
X2,1 X201 X201 Xz X222 X222 X23 X23 X3
X2,1 X211 X210 X222 X2 X222 X23 X223 X223 - (2.13)
X31  X31 X31 X32 X32 X32 X33 X33 X33
X3,1 X3,1 X331 X32 X332 X32 X33 X33 X33
X3,1 X301 X3,1 X32 X32 X32 X33 X33 X33

is a stretching of x induced by R; = 3i and S; = 3;.
3. Main results. The following theorem is given its name because of its similarity
to the copy theorem of Dawson in [1].

THEOREM 3.1 (extended copy theorem). If each of A and T is an RH -regular matrix,
and x is any bounded double complex sequence with € being any bounded positive term
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double sequence with P-lim; je;j = 0, then there exists a stretching y of x such that
T (Ay) exists and contains an €-Pringsheim-copy of x.

PROOF. We begin by introducing a few notations which are used only in this proof.
Let

||A|| := sup. (Z |am,n,k,l|) <Ky, ||T|| = sup. (z |tm,n,k,l~) <Kr,
k,l k,l

m,n>B m,n>B
i,j c
Mi,ji=1+z | xkil, 5i,j:=mi,n{%sksw13151},
L]
k=1

€kl (3.1)
K::KA+KT+max{T'sksiulslsj +1, Qij:=KM;;+1,

i,j
Ll’l)sk<nulsl<sj},

cij(r,s) ::{
(k,D)

<k<ous;<l< oo}, bij(r,s)=cij(r,s)\ci-1,j-1(r,5).
1

Cij(r,s) = {
Then by (RH>) there exist m, and ng, such that for m > my, > B and n > ng, > B,
where B is defined by the sixth RH-condition,

< M (3.2)

a ri—1 .
z e 16Qx,8,

k=1

Also by (RH;) and (RH>) there exist a, and bg, such that

O« B i O« B
> tagpgrl <557 2. lagbp ki = 1| < goP= (3.3)
(kD ecyy g, (mn) o 8Qaup ST 8Qaupy

In addition, there exist 1714, 11g,, X2, and B, such thatif 1<y <ay, and 1 < w < bg,, then

1)
Z | ttp,w,k,l| < IGS%- (3.4)
(kD€ ) (M,70) 2,82

Also, there exist 7y, > 1 and sg, > 1 such thatif 1 <m <14, and 1 <n <7, then

1)
Z |ammii| < ﬁ (3.5)
(kD ECxy gy (7,5) 2,2

Now, without loss of generality, we set &, = p and B; = q. Having chosen

_ i—1,j-1
{mp,m,,,ap,rp} 3.6)

Ng,Nq,bq,Sq p=0,4=0

withmgy = ng = Mo = Mo = ap = by = o = o = 1,now choose m; > m;_; andn; > 7;_;
such that if m > m; and n > n; then

61"1

Z Amnkl—1

(k,l)EC_i,l‘j,l (v,s)
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61',1

>, |ammpt| < oo (3.8)
(kDEci 1 1(r,5) 8Qi-1,j-12M/
Also choose a; > a;-1 and b; > bj_; such that
0i,j S
> ltapkal < 80, > tabki—1| < BQU . (3.9)
(k,hHeci j(m,n) i J (k,1)ec; j(m,n) i,j
Next choose m; > m; and 71 > nj such thatif 1 < ¢ <a; and 1 < w < b; then
6ij
>ty < sz (3.10)
(kDecy ;(m,7) 257 Qi
Then choose #; > r;_; and sj > s5;_; such thatif 1 <m <, and 1 <n <7, then
6, .
> ammrl < o/ (3.11)

4+i+j (). L0
(kDee; j(r,s) 2 Qirnjr1

where m;,nj,m;,7;,7;, and s; are chosen using (RH1), (RH>), (RH3), and (RH4) such
thatif 1 <p <j—-1and 1 <g <i—1 the following is obtained:

Op.i ~ big
z Amnkl| = %; Z Amnkl| = 3.12)
(k€D ;(1.5) 8Qp.j2rt (kDeby g (r,) 8Qiq2*
Therefore by (3.9) and (3.10) we have
6. .
> tagbjki =1 =7 = (3.13)
(k,hec; j(m,n)\c;, j(m,n) Ql,]
and by (3.7), (3.8), and (3.11) we also obtain
Oij
Z Amnkl~ A it (3.14)
(k.Deby,j(r.5) BQUZW

where m; < m <m; and nj <n < nj. Let {yx,} be the stretching of x induced by {r;}
and {s;}. Since

¥i-1—-1,55-1-1

(AY)mn — Xi,j = Z Amnk1Vk1+ Z Amn,k1Vk,l — Xi,j
k=1 (k,l)El;Jl'yj(‘r‘,S) (3 15)

+ z z Ammn,k, 1Ykl

p.a=i+1,j+1(k,l)ebp q(r,s)
if i,j > 1, with m; < m < m; and n; <n < 7, the following is obtained:

ri-1—1,sj-1-1

Z Ammnk1Vk,l
k=1

¥i-1—1,s5-1-1
<k<i-luls<l<j- 1} > lamnkayil.

[ Xk,
1 -
o=t (3.16)

smax{
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By (3.8),

Ti,l—l,Sj,l—l

Z Amn,k,1Vk,l
k=1

[ Xk 1] , , } 0i,j
< max — <k<i-lul=<l<j-1t————. (3.17)
SL 1 J 8Qi-1,j-1

Since

i-1,j-1
Qil,jI:K(n > |xk,l|)+1 szax{'xf” sksi—wlslsj—l}, (3.18)
k=1

the following holds:

Vi,lfl,S,',lfl

Oi i
Z Amn kI Vkl| < =L (3.19)
8K
k=1
the following also is obtained:
Z Z Ammn kI Vkl| < Z [k, Z | ammnit]
pa=it1Lj+1 (k1)ebpq(r,s) p.a=i+1,j+1 (kD Ebpq(7,s) (3.20)
6, i 00,00 6 .
< > 1 _ RV
24K —~ 2p+d 8K
p,q=i+1,j+1
because
00,00
: Op-1,q-1 [xpql 1
r-14 P4
Z | ammpt| < 5 ; <= (3.21)
k,l=7p,sq 24rp qu,q qu K
Therefore by (3.11),
i-1
> Amn ki Vil —Xij| < D |Xiql > Am,nk,l
(k,D)eb; j(r,s) q=1 (kD €b; g (r,s)
j-1
+ 2 |xp,l > Amnk,l
p=1 (k,lyeb, i(r,s)
” (3.22)
+ |Xi,j| z Amnkl— 1
(kDb j(r,s)
i,j i,j
< IXi,j1 Opaq < 9ij Z _ 0ij
P11 Q;,j 2r+a+3 — K8 ] 2p+q KZ

Therefore,

6 61} 61] < % (3-23)

| (AY)mn = x”|_K8+K4+K2 2K
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Note that the inequality (3.23) is true for m; < m < #; and n; <n < 71, and also this
inequality is true for i, j = 1 with m; <m <, and n; < n < 7n;. Hence

(AY)mn = Xij+Uij, (3.24)

where |u; ;| < 6;;/2K. Note that if m;_; < m < m; and 7,1 < n < nj, then the
following is obtained:

‘VL'*I,SJ'*I

Y AmmkiVil
k=1

00,00

Z Z Amn,k, 1 Vk,l

pa=it1,j+1klchy q(r,s)

| (Ay)m,n | =< +

| ‘ Tifl,ijl
X , .
smax{%skszLJISZSJ > lammnkil
k=1
00,00
+ > x> |amnkl
p.a=i+1,j+1 k,l€bp.q(r,5) (3.25)
00,00
<Kmij+ > |xl
p,q=i+1,j+1

51',]' i 1

sKmi,j+ﬁ Z p+a

5%61
24+p+q Qp+1,q+1

p.a=i+1,j+1 2

< Kmi,j +1= Qi’j.

Also, if m;_; <m <m; and nj_; <n <n; then

Z AmnklVkl| = | (Ay)m,n _Xi,j| + |Xi,j|

k=1 (3.26)
< %+Km' i <Km;j+1=0Q;;
=5k ij = i,j ij

By using (3.25) we now show the existence of T(Ay).Ifa;-1 <m <a;and bj_; <n <
b; then

00,00 00,00
Z il (AY )kl | < Z Z | tmn,p.a (Ay)p,q |
k,l=mi+1,ﬂj+1 r,s=1,j (l’ﬂ)657+1,s+1 (‘Vi’l,ﬁ)
= z Q7’+1,s+1 Z | tm,n,p,q |
r.$=1,j (,@)EDy 41,541 (M,7) (3.27)

67,5

22+7+SQ1’+1,3+1

00,00
= Z Qr+1,541

r,s=1,j

18 1 0ij
=iy X e <4
,

=1
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Therefore T(Ay) exists. Also, by (3.25) we now show that T(Ay) contains an e-
Pringsheim-copy of x. First note that

00,00 mi—l,nj—l
z tai bk (AY)ki—Xi,5| < Z |tai,hj,k,l(Ay)k,l|
k=1 k=1
+ > tag bk (Al — Xi,5 (3.28)
(k,1)€bj ;(7,s)
00,00
+ > k1 (AY )k |
kL=t + 1,7 +1
with
mi—l,nj—l mi—l,nj—l 6 ) 5 ]
1, 1,
Z |tai,bj,k,l(Ay)k,l| = Z 1tai,bj,k,l |Qij < Qi,jﬁ = ?J, (3.29)
k=1 k,l=1 1,J
> tagbj k1 (AY) ki — X5 | = > tagb ki (Xij+Uij) = X1,
(kD€Db; j(r.5) (k,Deb; ;(r,s)
< |xil > [taib k1= 1]
(k,D€b; j(r,s)
+ Z \tui,bj’k,lui,ﬂ (3.30)
(k,l)EBiyj(Y,S)
Ixi,jl 6ij O
= Q,J‘ TJ_I—*J z \t(li,bj,k,l|
bJ (keb; j(r,s)
< i
2
Z bkl (AY )1 ‘ = Z Z | tai,bj,p,q (AY)p,q |
k’l:mi+1’ﬂ'j+l Y‘S:i“j(p!q)657+1,5+1(mvﬁ)
00,00
=< Z Qri1s+1 Z |tui,loj,p,q| (3.31)
¥,$=1,j (,@) €Dy 11,541 (M,1)
00,00
- 575 6ij
= z Qrilsilgrr——— < —~.
’ 2471 +s
¥,s=i,j 2 (27+1§+1 4
Hence,
00,00
Z tm’n’k![(Ay)k,[—Xi’j < :l"l + ;J + g‘l <6i’j <€ j. (3.32)

k=1

This completes the proof of the extended copy theorem. O
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The next two results are immediate corollaries of the extended copy theorem.

COROLLARY 3.2. If T is any RH-regular matrix summability method and A is an
RH-regular matrix such that Ay is T-summable for every stretching v of x, then x is
P-convergent.

COROLLARY 3.3. If T is any RH-regular matrix summability method and A is an
RH -regular matrix such that Ay is absolutely T -summable for every stretching y of x,
then x is P-convergent.
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