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SOME NEW INEQUALITIES FOR MEANS OF TWO ARGUMENTS
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ABSTRACT. We prove certain new inequalities for special means of two arguments, includ-
ing the identric, arithmetic, and geometric means.
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1. Introduction. The logarithmic and the identric mean of two positive real num-
bers x and 1y are defined by

_ . y—-x . _
L=L(x,y): 710gy—logx' if x = 1y, L(x,x) = x,
(1.1)
1(y” 1/(y=x) .
I=I(x,y):=z(x—x) , ifx =y, I(x,x)=x,

respectively.

Let A= A(x,y):= (x+y)/2 and G = G(x,Yy) := \/x denote the arithmetic and
geometric means of x and Yy, respectively. Many interesting results are known involv-
ing inequalities between these means. For a survey of results (cf. [1, 3, 4, 11, 13, 14]).
Certain improvements are proved in [5, 7], while connections to other means are dis-
cussed, (cf. [6, 8,9, 10, 15]). For identities involving various means we quote the papers
[6, 12].

In [5, 8], the first author proved, among other relations, that

(A26)"3 <1, (1.2)
2
ue)"* <1< v (1.3)
A
where ) b1
U=U(x,y):= (%) . (1.4)
We note that a stronger inequality than (1.2) is (cf. [5])
ZA;G <1, (1.5)

but the interesting proof of (1.2), as well as the left-hand side of (1.3), is based on
certain quadrature formulas (namely Simpson’s and Newton’s quadrature formula,
respectively). As a corollary of (1.3) and (1.5), the double-inequality

4A%2 +5G% < 9I° < 8A? + G? (1.6)
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can be derived (see [8]). Here and throughout the rest of the paper we assume that
X # Y.

The aim of this paper is twofold. First, by applying the method of quadrature for-
mulas, we will obtain refinements of already known inequalities (e.g., of (1.2)). Second,
by using certain identities on series expansions of the considered expressions, we will
obtain the best possible inequalities in certain cases (e.g., for (1.6)).

2. Main results

THEOREM 2.1. If x and 7y are positive real numbers, then

exp (052;3;)2) < ? <exp (W) (2.1)
exp ((XIES);)Z) < é < exp ((xlggz)z) (2.2)
exp ( (Z8_03.8‘1‘34) < (Azé)m <exp (W), (2.3)
exp<(X9;SJ;)2> < V3A22[+ & < exp (W), (2.4)

where v = min{x,y} and s = max{x,y}.

PROOF. Let f:[0,1] — R be the function defined by f(t) = log(tx+ (1—t)y). Since

1 (X—y)z
t)y=——"", 2.5
Fo (tx+(1—t)y)2 @)
we have
)2
My :=min{-f"(t)|0<t<1}= %,
S
(x— )2 (2.6)
My :=max{-f"(t)|0<t <1} =%.
Applying the “composite midpoint rule” (cf. [2]) we get
! 1 & ,(2i—-1 1,
J0f<t>dt=;i:21f( )+ (&), (0<Ea<). @.7)

Remarking that I = exp ( fol log(tx + (1—t)y)dt), relation (2.7) via (2.6) gives

mo exp(1/n>, f((2i-1)/2n)) ( Mo )
— . 2.
24n? ) < I <SP\ oqn2 (2.8)
Letting n = 1, we get the double-inequality (2.1). For n = 2, after a simple computation
we deduce (2.4).
In order to prove (2.2), we apply the “composite trapezoidal rule” (see [2]):

exp (

1
L FOdr=Z[FO)+ FD]=5f" (), ©<n<D). 2.9)

As above, taking into account (2.6), relation (2.9) yields (2.2).
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Finally, (2.3) follows as application of the “composite Simpson rule” (see [2, 5]):

jl 1 2 (1 @)
Of(t)dt=éf(0)+§f( )+ 5 F - pges FO©, (0<C<D.  @10)

2880

We omit the details. O
REMARKS. Inequality (2.8) is a common generalization of (2.1) and (2.4). The left-
hand side of (2.3) is a refinement of (1.2), while the left-hand side of (2.4) implies the

inequality
4I° <3A%+ G2, (2.11)

which slightly improves the right-side of (1.6). However, the best inequality of this
type will be obtained by other methods.

In [6] the following identities are proved:

I &1

log = = > z2k, (2.12)
G [T 2k+1
A &1

log= = > —z%, (2.13)
G =2k

logé :%—1, (2.14)

where z = (x —y)/(x+y).
Relation (2.14) is due to H.-J. Seiffert [11]. With the aid of these and similar identities,
strong inequalities can be deduced. We first state the following.

THEOREM 2.2. The following inequalities are satisfied:

X=y A (x-y)?

¢ p<6(x+y) )< i <eXP( 2dxy ) (2.15)
X=y L (x—y)?

¢ p<3(x+y) )<G <exp< 12xy )| (2.16)
X _r _ =)t

. p<30(X+y) ) © (azG)" <eXp<120xy(x+y)2>' @17

PROOF. We note that (2.16) appears in [6], while the left-hand side of (2.15) has
been considered in [12]. We give here a unitary proof for (2.15), (2.16), and (2.17),
which in fact shows that much stronger approximations may be deduced, if we want.

We assume that x > y, that is, 0 < z < 1. Taking into account that

22 = 22 22
3 < g <?(1+z +z4 4 ):73(1_22), (2.18)
from (2.12) we obtain the double-inequality (2.16).
On the other hand, (2.12) and (2.13) yield
log= = i L (2.19)
I & 2k(2k+1)" ’
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Since
i 2"<Z—2(1+zz+z4+---)—272 (2.20)
= 2k(2k+1) 6 T 6(1-22)’ '
via (2.19) we get at once (2.15).
To prove (2.17), let us remark that from (2.12) and (2.19) we have
I 3 o k-1 5
A2BGis - XP (gz 3k(2k + 1)Z ) (2.21)
Since
_ k=l < L for all integers k > 2 (2.22)
3k(2k+1) ~ 30 gers k=2 '
from (2.21) we get as above (2.17). O

REMARKS. Inequalities (2.15), (2.16), and (2.17) improve (2.1), (2.2), and (2.3). From
(2.14), taking account of (2.16), one can deduce that

4(x2+xy+y%) A  x?+10xy+y?

3+ )? < I < —12xy . (2.23)
In [4] it is proved that
I G
log—>1-—. 2.24
OgL > I ( )
Inequality (2.24) enabled the first author to obtain many refinements of known results
(see [7]).
If one uses the estimations
z2 ozt 2 1 2% _ z2 z4 z2 z4
—+— —_— —+—(1 ==+ —, (2.2
6+20<§2k(2k+1)z 6+20( vetaztee) = o ey @29
as well as
22 ¢ S 1,z s 4 z? z4
§+§<22k+12 <?+?(1+Z +Zz +"')7§+m, (226)

one could deduce the following inequalities:

x p(G(xli) +210<§3>4> < ? <ex p(G(xli) +809i)3€/(_xyj;)2>'

A (2.27)
xX-y xX-y I (x y) (x-y)
X p<3 (x+y> *5 5 <x+y> ) < G <exp<3 xX+y * 20xy(x+y)2 )’
The next theorem provides a generalization of (2.17).
THEOREM 2.3. If p and q are positive real numbers with 2q > p, then
_ a2 _ a4
exp 2q-p (x y) Lda-p <x y)
6 xX+y 20 \x+y
(2.28)

v+ 2q7p<xfy>2 4q-p (x-y)*
<Ach<exp( 6 \x+y) T80 xy(x+1)?)
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PROOF. We assume that x > y, thatis, 0 < z < 1. From (2.12) and (2.19) we can
deduce the following generalization of (2.21):

i:; = exp ( k; Z,zgl,;pl)zz")- (2.29)
Since 2k p saep |
2k(2k+1) < 20 for all integers k > 2, (2.30)
we have
qupzz + 4112611724 < ki 213?2,1’(?,1)22’( < 211671022 4 4142619 - iz 231)
The above estimation together with (2.29) yields (2.28). O

REMARK 2.4. For p =2/3 and q = 1/3, (2.28) gives (2.17), while for p =g =1/2 we

get
2(23) w5y
eXp(12<x+y +40 xX+y

) (2.32)
<A cex i(x—y) +i7(x—y)4
VAG P12 X+y 160 xy(x+y)2 )’
THEOREM 2.5. If x and y are positive real numbers, then
1 xfy)4 V2AT+ G2 1 (x-p)?
eXp<45(x+y ) ST A P 180xy(x+)2 ) (2.33)

PROOF. Assume that x > y, thatis, 0 < z < 1. We prove first the following identity:

VoAZ+ G2 O 1( 1 1 )2k

log =TT _glﬁ 2k+1  (x+1)k)? (2.34)

for all positive real numbers «. Indeed, since

2
logV(xA2+G2—log«/xy+logJ1+Z(( /;+\/f> , (2.35)

letting z = (x —)/(x + ) we obtain

log VA2 + G2 :logG+llog(1+ @ )
2 1-2z2 (2.36)

:logG+%log(1+(x—22) - %log(l—zZ).
By the well-known formula

k
”?, O<u<l, (2.37)

Me

log(1-u) =-

k=1
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we can deduce

_ 52y = Yy z
log (1+x—2z%) =log(1+x) glk(ourl)k’ log (1 - 22 k; - (2.38)
Thus
aAZ+G2 &1 1 ok
log = G Z k(1 e )7 (2:39)
This identity combined with (2.12) ensures the validity of (2.34).
For @ = 2, (2.34) yields
2 (o]
log ~——=—— 2A +G => i( i)zz". (2.40)
P 2k 3k
Since
i( 1 —i)<i for all integers k > 2 (2.41)
2k\2k+1 3k) =35 gers k=2 '
we have
EAlPR ST Y N SR B PP z*
45<k§22k(2k+1 3k>z Sa5(1-22) (2.42)
This estimation together with (2.40) gives (2.33). O
REMARKS. From (2.33) it follows that
31 < 2A% + G°. (2.43)
This inequality refines (2.11) and it is the best inequality of the type
2 X 42 1 2
I <0(+1A +0(+IG' (2.44)

Indeed, the function f :]0, [~ R defined by f(x) = (&/(x+1))A%+(1/(x+1))G? is
increasing because A > G. Taking into account (2.43) we get

P < %AZ + %Gz < %AZ + ﬁcz (2.45)
whenever & > 2. On the other hand, if 0 < & < 2, from (2.34) it follows that (2.44)
cannot be true for all positive real numbers x + .

The fact that (2.43) is the best inequality of the type (2.44) can be proved also by
elementary methods, without resorting to series expansion (2.12). Indeed, letting t =
(1/2)(x/y —1), and assuming that x > v, it is easily seen that (2.44) is equivalent to

0<2t—(1+2t)log(1+2t)+t10g(1+2t+ﬁt2) (2.46)
whenever t > 0. Let gy :]0,[— R be the function defined by

Jda(t) =2t —(1+2t)log(1+2t)+tlog (1 +2t+ ﬁﬂ). (2.47)
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We set, for convenience, g, := g. Easy computations give

Lo 2t+(4/3)¢2 ( 2 2)_
g (t)_—1+2t+(2/3)t2+10g 1+2t+3t 2log (1 +2t),

8t3 (2.48)
g//(t)

T o(1+20)(1+2t+(2/3)t2)%

Since g’ (t) > 0 for all t > 0, g’ must be increasing. Therefore, g’(t) > 0 for t > 0,

because g’ (0) = 0. Consequently g is increasing, too. Hence g(t) > 0 whenever t > 0,

because g(0) = 0. This guarantees the validity of (2.46) for & = 2. Thus (2.43) is proved.
On the other hand, since

. 8 3
log(1+2t) =2t-2t +T+O(t ),

X (2.49)
log<1+2t+ﬁt2) —2t+ ﬁﬁ—i(zuﬁtz) +o(t?),
it follows that p
Fall) = (ﬁ—§>t3+o(t3). (2.50)

Therefore (2.46) cannot be true for all positive real numbers t if 0 < « < 2.
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