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ABSTRACT. Let U be the unit disk, D O U an open connected set and zo € D. Let also
P(z0,c, D) be the class of holomorphic functions in D for which f(z9) = cand Ref(z) > 0in U.
We find the extreme points of the class P(zq,c, D).
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1. INTRODUCTION.

Let U be the unit disk {z:|z| < 1}, D D U an open connected set, 29 € D and H(D) be the
class of holomorphic functions in D. By P(zg, ¢, D) we denote the class of the functions f € H(D)
for which f(z0) = cand Ref(z) > 0in U. Let EP (20, ¢, D) be the subclass of the extreme points
of the above class for P = P(0,1,U) it has proven [1] that

EP = {(¢ + z)(e — 2)"! : ¢ € 8U — D},

In this paper we find the points of the subclass EP(zo,c¢, D).
2.  MAIN RESULT.

THEOREM. (i) If (1 — |zo|)Rec < 0 then EP(29,c, D) = 0. (ii) If (1 — |20|)Rec > 0 then
f € EP(20,¢, D) iff it has the form

€+2z .
1) = 212 i,
where € € 0U — D, z; = Rec[Re(563‘_'—‘;";)]'l and z; = Imc — zl.Im(‘e-"_'—’;%)

00
PROOF. Let f € P(z9,¢,D) with f(z) = 5 anz™ in U. Let also r < 1, S be a complex
n=0
number and M > 0 such that 0 < 2|S| < M and z € 9U. Since

L+ %(Sz +3z-1)|Ref(rz) > 0
then o
Re[f(rz) %(Szf(rz) + 3'2 o, 2" ! 4+ Sapz)] ().

n=0
By the maximum principle for harmonic functions it follows that (1) holds for every z € U.
Therefore for r — 1 we have Re(f(z) £+ u1(z)) > 0 in U where

u1(2) = 3708571 (f(2) — o) + 5oz + S2f(2)] @)
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Choosing appropriate S # 0 we get Reuj(29) = 0. Setting u(z) = uy(z) — ilmuy(20) from
u(zg) = 0 it follows that f + u € P(29,c¢, D).

Let now f € EP(zo,c, D). Then it is obvious that u(z) = 0in D. If we set S = |S|e‘(v+§)
then from equality u = 0 we conclude that f has the form

E1(1 + 2%e%%) 4 €326

f(z) = = 77e5%) +ié3 =
o+ DT s L - A i,

where £;,62,63 € R.

We now prove that [{2| = 26;. From the Caratheodory’ s inequality we have | f’ (0)| < 2Ref(0)
and hence |€2] < 2. If [€2] < 2 then there are £},€3 such that 0 < [¢f| < & + 2,0 < &3] <
& — 2 , and Reuj(z0) = 0, where

ue) = 6o

)+52( )

1 + ez

Setting u*(z) = uj(z) — iImuj(2) then f * u* € P(20,¢, D). Since f € EP(z9,c, D) it follows
that u* = 0 and hence £ = §; = 0. Therefore if f € EP(29,c, D) then |2] = 2(; and hence f
has the form

1(e) = 23(-22) +iez, 21 > 0,23 € R,c € U — D. @
From (4) we have

€+ 2o

Rec[Re( )]‘ > 0 and hence (1 — |zg|)Rec > 0.

Let f € P(20,¢, D) and having the form (4). Let also 0 < A < 1 and fy, f2 € EP(zg,c, D)
such that f = Afi(1 — A)f;. Then

2 =X 01) + (1= N)ga(z) n U,

mhere Refy(0) fi(z) = iImJi(0)

« _yIten () — JilZ) —umj; .

A _/\Ref(o),g.(z)_ Refi0) , 1=1,2
Since

€+ z cP
then ot
. _; =g1(z) = g2(z) in U.

From the identity Theorem and the restrictions f(z9) = fi(20) = fa(20) = ¢, we obtain f = f,
and hence f € EP(z,c, D).
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