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ABSTRACT. The usual definition of regularity for convergence spaces can be characterized by a
diagonal axiom R due to Cook and Fischer. The generalization of R to the realm of probabilistic
convergence spaces depends on a t-norm T, and the resulting axiom Ry defines “T-regularity”,
which is the primary focus of this paper. We give several characterizations of T-regularity, both in

general and for specific choices of T, and investigate some of its basic properties.
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INTRODUCTION.

Probabilistic convergence spaces were introduced in 1989 by L. Florescu [4] in terms of nets, and
were later reformulated using filters in [8]. Probabilistic convergence spaces are a natural extension
of probabilistic metric spaces [9]; the fundamental idea is to assign a numerical probability to the
convergence of a given filter to a given point. From a categorical perspective, the category PCS of
probabilistic convergence spaces is cartesian closed and hereditary (i.e., a quasitopos).

In (3], Cook and Fischer investigated two diagonal conditions for convergence spaces, we call
them F and R, which are in a natural way dual to each other. A convergence space is topological
iff it satisfies F, and regular iff it satisfies R. In [8], F was generalized relative to an arbitrary
t-norm T to an axiom F7 for probabilistic convergence spaces, and it was shown in (2] that the full
subcategory of PCS determined by the left-continuous probabilistic limit spaces satisfying Fr for
a strict t-norm T is isomorphic to R. Lowen’s category AP of approach spaces [7]. Thus we define
probabilistic convergence spaces satisfying Fr to be T-approachable.

Our goal in this paper is to study the dual axiom Ry in the category PCS. Probabilistic conver-
gence spaces satisfying Ry are defined to be T-regular. If T and T' are t-norms such that T<T', then
T'-regularity implies T-regularity. Indeed, the largest t-norm, denoted by T, induces the strongest
type of “T-regularity,” which is equivalent to “componentwise regularity”. Likewise the smallest
t-norm, T, induces what we naturally call “weak regularity”.

For an arbitrary t-norm T, we give several “traditional” characterizations of T-regularity in
PCS and some of its subcategories, along with examples to show how T-regularity depends on the
choice of T. We also show that T-regularity is preserved under the formation of initial structures,
thereby demonstrating that the category RTPCS of T-regular probabilistic convergence spaces is
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bireflectively embedded in PCS. It should also be noted that the category RCONV of regular
convergence spaces is bicoreflectively embedded in RyPCS for an arbitrary ¢-norm T'.

In the last section, we show that in certain subcategories of PCS, the axiom F7 and Rt can be
stated entirely in terms of ultrafilters, which in some situations results in an appreciable simplifica-

tion.
1. CONVERGENCE SPACES.

Let X be a set, F(X) the set of all filters on X, U(X) the set of all ultrafilters on X, and 2%
the power set of X. For each z € X, & denotes the fixed ultrafilter generated by z.

Definition 1.1. A function ¢ : F(X) — 2% is called a convergence structure on X if it satisfies
the following axioms.

(C1) z € g(2), for all z € X;;
(C2) FSG=q(F) Ca(9)
(C3)z € q(F)=>z € q(Fna).

If ¢ is a convergence structure on X, the pair (X, q) is called a convergence space, and “z € ¢(F)"
will usually be written “F % z” (F g-converges to z). A function f : (X,q) — (Y,p) between
convergence spaces is continuous if f(F) 2 f(z) whenever ¥ % z. If p and g are convergence
structures on X and f : (X,q) — (X, p) is continuous, where f is the identity map on X, then we
write p < ¢ (p is coarser than g, or g is finer than p).

For a convergence space (X, ¢), consider the following additional axioms.
(CoFIdzandGSdz=>FngS
(Cs) If G € F(X) and F & z, for all F € U(X) such that G C F, then G % z.

(Cs) Vy(z) % z, for all z € X, where V,(z) is the g-neighborhood filter at z, defined by
Vo(z) = ({F € F(X): F 5 z).

A convergence structure g on X satisfying (C,) (respectively, (Cs), (Cs)) is called a limit structure
(respectively, pseudotopology, pretopology) and (X, q) is called a limit space (respectively, pseudo-
topological space, pretopological space).

With every convergence space (X, g), there is an associated closure operator cl, : 2X — 2X
defined by clyA = {z € X : 3F 5 z such that A € F}, for all A C X. (X, q) is said to be regular
if 7 2 z implies c,F % z, where ¢, F is the filter generated by {cl,F :'F € F}. A convergence
space is said to be topological if g-convergence coincides with that relative to some topology on X;
in this case it is customary to identify that topology with q.

It is an interesting (and apparently not well-known) fact that the convergence properties “regu-
lar” and “topological” are in a very natural sense dual to each other, since they can be characterized
by means of dual axioms, which we call F and R, due to C.H. Cook and H.R. Fischer [3]. Let X
and J be non-empty sets, ¥ € F(J), and o : J — F(X). We define

koF = U ﬂ a(y);

FeF yeF

« is called the “compression operator for F relative to a.” Note that if 7 € U(J), and o(y) € U(X)
for all y € J, then ko F € U(X). We can now define the axioms F and R.

F: Let J be a non-empty set, 3 : J — X, and let o : J — F(X) have the property that o(y) = ¥(y),
for all y € J. If F € F(J) is such that $(F) % z, then ko F 5 z.
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R: Let J be a non-empty set, ¢ : J — X, and let o : J — F(X) have the property that o(y) = ¥(y),
for all y € J. If F € F(J) is such that ko F & z, then (F) 5 z.

The next proposition summarizes previously mentioned results pertaining to these axioms. The

first assertion is proved in (8], the second in [1] and (3]

Proposition 1.2. Let (X, ¢) be a convergence space.
(1) (X, q) is topological if and only if it satisfies F
(2) (X, q) is regular if and only if it satisfies R

Let F* and R* denote the axioms obtained when “F(X)” is replaced by “U(X)” in F and R,
respectively. Obviously, F = F* and R = R*. The next proposition is proved in [5].

Proposition 1.3. For convergence spaces, F <> F* and R <= R"*.

Let CONV denote the category of convergence spaces and continuous maps. Let RCONV be
the full subcategory of CONV determined by the regular objects and TOP the full subcategory
of CONYV determined by the topological objects. It is well known that both RCONV and TOP
are bireflective subcategories of CONV, since the properties “regular” and “topological” are both

preserved under formation of initial structures.
2. PROBABILISTIC CONVERGENCE SPACES.

This section is mainly a review of relevant definitions and theorems from [2] and [8]. Let I

denote the closed unit interval [0,1].

Definition 2.1. A probabilistic convergence structure q on X is a function q : F(X) x I — 2%

which satisfies:

(PCS;) For each p € I, ¢(F, p) = qu.(F), where each g, is a convergence structure on X;
(PCS;) When p =0, g, is the indiscrete topology;
(PCSs) If I3 S v, then qu S qu-

If q is a probabilistic convergence structure on X, the pair (X, q) is called a probabilistic con-
vergence space. We will usually write @ = (g,), where it is understood that g ranges through I;
the g,’s are called the “component convergence structures.” If q = (g,) where each g, is a limit
structure (respectively, pseudotopology, pretopology, topology), then (X, q) is called a probabilis-
tic limit space (respectively, probabilistic pseudotopological space, probabilistic pretopological space,
probabilistic topological space).

If (X, q) is a probabilistic convergence space, F € F(X), and z € X, then p =sup{r € I : F LA
z} is interpreted as the probability that F q-converges to z.

A probabilistic convergence space (X, q) is left-continuous if, for each p € (0,1],g, = sup{q, :
v < p}, and constant if, for each p € (0,1},¢, = qu.

If (X, q), (Y, p) are probabilistic convergence spaces and f : X — Y is a map, then f : (X,q) —
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(Y, p) is said to be continuous if f : (X,q.) — (Y,p,) is continuous, for each p € I. We denote
by PCS the category whose objects are probabilistic convergence spaces and whose morphisms are

continuous maps. Some full subcategories of PCS which are of interest are the following:

PPSS (objects are probabilistic pseudotopological spaces)
PPRS (objects are probabilistic pretopological spaces)
PTS (objects are probabilistic topological spaces)

Furthermore, the full subcategory of PCS determined by the constant objects is isomorphic to
CONV. We note that CONV, PTS, PPRS, and PPSS are bireflectively embedded in PCS; CONV
is also bicoreflectively embedded in PCS.

The notion of “t-norm,” which is vital in the study of probabilistic metric spaces (see [9]), also
plays an important role in the study of probabilistic convergence spaces. We shall summarize some
facts about t-norms which are relevant to this paper; for further information the reader is referred
to [2] or [9].

A t-norm is a binary operator T : I? — I which is associative, commutative, increasing in each
variable, and satisfies T'(u,1) = g, for all u € I. Let T be the set of all -norms, with pointwise
partial order. T contains a largest member T, defined by T(g,v) = min{g,v}, and a smallest
member T, defined by

A p, ifr=1
T(p,v)=< v, ifu=1
0, otherwise.

A t-norm T € T is said to be strict if there is a surjective, strictly decreasing map S : I — [0, 0o}
such that T'(u,v) = S~1(S(k) + S(v)). Neither T nor T is strict; an example of a strict t-norm is
T(p,v) = pv, where S(p) = —log p.

Let (X, q) be a probabilistic convergence space, and let T € T. We define two axioms for (X, q)
relative to T which are derived in an obvious way from the axioms F and R of Section 1.

Fr : Let p,v € I. Let J be any non-empty set, ¢ : J = X and o : J — F(X) be such that
o(y) & P(y), for each y € J. If F € F(J) and pF % z, then xoF "™5" z.

Rz : Let y4,v € I. Let J be any non-empty set, ¢ : J — X and o : J — F(X) be such that
o(y) & ¥(y), for each y € J. If F € F(J) and ko F % z, then pF 75" z.

For a fixed T € T, the full subcategory of PCS whose objects satisfy Fr is denoted by FrPCS.

The next three propositions summarize some already known results.

Proposition 2.2. (8]

(1) FrPCS is a bireflective subcategory of PCS, for every T € T;
(2) PTSCFrPCSCPPRS, for every T € T;

(3) If T = T, then FfPCS=PTS.

In [7], R. Lowen introduced the category AP of approach spaces which contains the categories
TOP and MET (metric spaces and non-expansive maps) as full subcategories. In [6], R. Lowen and
E. Lowen embedded AP in a quasitopos CAP of convergence approach spaces. As a consequence of
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the next proposition, both CAP and AP are bireflectively embedded in PCS.

Proposition 2.3[2]. Let T be any strict ¢t-norm.

(1) AP is isomorphic to the full subcategory of F7PCS whose objects are left-continuous limit
spaces.

(2) CAP is isomorphic to the full subcategory of PCS whose objects are left-continuous limit spaces.

In view of the first assertion of Proposition 2.3, we define objects in FxPCS to be T-approachable.
In view of Proposition 2.2 (3), the T-approachable probabilistic convergence spaces are precisely
the probabilistic topological spaces, which yields a direct generalization of Proposition 1.2 (1).

Proposition 2.4(8]. For a probabilistic pretopological space (X, q), and a t-norm T, the following

statements are equivalent.

(1) (X, q) is T-approachable.

(2) For arbitrary u,v € I and for each V € V,
YEW, VeV,(y).

(3) For arbitrary g,v € I and A C X, cl,, (cl,, (A)) € dqr(,,.,)(A)‘

(z), there exists W € V, (z) such that, for each

T(nv)

3. T-REGULARITY.

A probabilistic convergence space (X, q) is defined to be T'-regular if it satisfies the axiom Rr.
The T-regular objects in PCS determine the full subcategory RrPCS.

Theorem 3.1. Let (X,q) € |[PCS|,T € T. Then (X, q) is T-regular iff, for all g, v € I, F & z
implies cl, F ""5” z.

Proof. Assume that (X, q) is T-regular, and let F % z. For arbitrary p € I, let
J={(6,¥):6 € U(X),y € X,G 3 y}.

Define 0 : J — F(X) by 0(G,y) = G, and 9 : J — X by ¥(G,v) = y. Then o(z) 2 9(2) holds
for all z € J. For each F € F, let Sr = {(G,y) € J: F € G}, and let S be the filter on J with
base {Sr : F' € F}. One easily verifies that F C koS, and hence xoS &5'z. By Ry, it follows that
Y(S)=cl F ) 2 as desired.

Conversely, let J,0,%, and F € F(J) be as in the statement of Rr, and assume that xoF 2.
Since o(y) & ¥(y), for all y € J, one may confirm that cl,, ko F C $F. But cl, ko F T4 2 by
hypothesis, and consequently ¥ F T%¥ . Thus (X, q) satisfies Rr. |

Corollary 3.2. Let (X, q) be a probabilistic convergence space.

(D)HET,T"€ Tand T' < T, then if (X, q) is T-regular, it is also T"-regular.

(2) If (X, q) is T-regular for some T € T and F % z, then cl,, F 24 2 holds for all p € I.
In particular, if (X, q) is T-regular, then ¢, is a regular convergence structure.

(8) (X, q) is T-regular iff (X, q) is componentwise regular (i.e., g, is a regular convergence structure
for all p € I).

(4) (X, q) is T-regular iff both of the following hold:
() FBz=c,F Bz forallpel
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() FB ez cyF Bz forallpel

Proof. All of these results follow directly from Theorem 3.1. In particular, the first assertion in (2)
follows by taking v = 1, and the second by letting 4 = v = 1. To prove (3), let 4 = v and note that

T(pp)=pAp=pl

In the subcategories PPRS and PTS of PCS, the characterization of T-regularity given in
Theorem 3.1 can be reformulated as follows.

Corollary 3.3.

(1) (X, q) € |PPRS| is T-regular iff, for all p,v € I and z € X, Vg, ,,(z) C clg, (Vo (7))

(2) (X, q) € |PTS| is T-regular iff the following holds for all y,v € I: f z € X and AC X is
a gT(u)-closed set not containing z, then there is a g,-open neighborhood U of z and a
g.-open neighborhood V of A such that UNV = 0.

A probabilistic convergence space is said to be strongly regular if it is T-regular and weakly
regular if it is T-regular. It follows by Corollary 3.2 (4) that every (X,q) € |PCS| such that ¢; is
discrete is weakly regular, demonstrating a wide gap between weak and strong regularity. Note that

“strong regularity” according to our definition coincides with “regularity” as defined in [8].
Example 3.4. Let T be the t-norm defined by T'(u,v) = uv, let X be any infinite set, and let q
be the probabilistic convergence structure defined by

discrete topology, u € (3,1]
gy = { cofinite topology, p€ (3,1
indiscrete topology, u € [0,}]

We obtain a T-regular space (X,q) which is not strongly regular. However if we modify q only
slightly to obtain p defined by

discrete topology, € (3,1]
pu = { cofinite topology,  p € [}, 3
indiscrete topology, u € [0,1),

the resulting probabilistic convergence space (X, p) is weakly regular but not T-regular. }

Example 3.5. We borrow from [8] an example of a probabilistic convergence space which is strongly
regular but not T-approachable for any t-norm T'. Let A denote Lebesgue measure and 7 the usual
topology on I = [0,1]. Let X be the set of all real-valued, Lebesgue-measurable functions on I, the
convergence structure g, on X is defined as follows: F 2 f iff thereis A C I such that A(4) < 1—p
and F(v) 5 f(v), for all v € I — A. One easily verifies that q = (g,) is a probabilistic convergence
structure on X.

For arbitrary s € I, let F 2 f. Then there is A C I such that A(4) < 1 — p and F(v) 5 f(v),
for all v € I — A. By regularity of 7, cl, F(v) 5 f(v) for all v € I — A, and (clg, F)(v) 2 clx(F(v))
implies that (clg, F)(v) = f(v) for all v € I — A. Thus cl,, F %, f, establishing that q is strongly
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regular. The fact that (X, q) is not T-approachable for any T’ € T is proved in Example 3.13, [8].

Example 3.6. Let X be the set described in Example 3.5 and let Y be the set obtained from X
by identifying functions which are equal almost everywhere. Let p be the probabilistic convergence
structure on Y defined as follows: for each p € (0,1], F 24 fin Y iff, for each @ > 0 and € < y there
is F € F such that, for each g € F, \{v € I : |g(v) — f(v)] < a} > €. For p =1, p, is convergence
in probability. Let T' be the t-norm defined for g,v € I by T'(u,v) = max{u + v — 1,0}. It is
shown in Example 3.14, [8], that (Y, p) is T"-approachable. We shall now show that (Y, p) is also
T'-regular.

Leta>0, pv € I,and F 2 f. Let T'(u,v) =n. i =0, clp, F 23 fisclear. If n > 0, let ¢
be a number such that 0 < ¢ < 7. Since = u + v — 1, we can choose ¢; < p and €; < v such that
e+ € —1>c Then F 2 f implies there is F € F such that AM{¢ € I : |h(£) — f(£)| < £} 2 &.
If g € cl, F, there is G 25 g with F € G; thus there is G € G such that M{¢ € I : |k(€) — g(¢)] <
2} > e forallk € G. Let k' € GNF. Then M¢ € I': [g(€)— f(€)| < a} > A€ € I |g(€)—h'(&)I+
IW(©)-1(6)l < a} 2 A[{E € I:1g(6) - K(O)I < SYn{E e T: W) ~ fE)] < 3)] 2 ate—12c.
Therefore cl,, F 23 f, which establishes that (Y, p) is T"-regular.

In particular, (Y, p) is weakly regular. However (Y, p) fails to be T-regular for T'(g,v) = pv.
Indeed, let ¥ = f , where f = xy is the characteristic function for I. Let p = v = %, let G =g,

14
where g = Xo.4)- Then F —%v Xit ) and G > cl,, F. But G fails to pi-converge to Xi 1) and it

*}
follows that (Y, p) is not T-regular.

Theorem 3.7. For a fixed t-norm T, let {(Y,,p*) : @ € A} be a collection of objects in RTPCS.
Let X be a set and f, : X — Y, a function, for all « € A. If q is the initial structure on X relative
to the families {(Y4, p*) : @ € A} and {f, : @ € A}, then (X, q) is T-regular.

Proof. As is noted in [8], for any v € I, F % z iff f.(F) LA fa(z), for all @ € A. Thus for p,v €
I, F 3 z implies clpg (fa(F)) = falz) in (Yas P3(u))s for all o € A. Since fo : (X, q,) = (Yo, p0) is
continuous for all p € I, clyg(fa(F)) C fa(cly,(F)), and hence fo(cly, (F)) = fa(z) in (Ya,PF(,,))
holds for each a € A, since every (Y,,p?®) is T-regular. Consequently, clo, (F) — z in (X, ¢r(uv)),
establishing that (X, q) is T-regular.

Corollary 3.8. T-regularity is preserved under subspaces and arbitrary products in PCS. Further-
more, RTPCS is bireflectively embedded in PCS for any T € T.

Corollary 3.9. CONV and RCONV are bicoreflectively embedded in PCS and RrPCS, respec-
tively, for any T € T.

Proof. In both cases the bicoreflector maps (X, q) to (X, ¢1) and preserves the underlying function.
Note that ¢; is regular whenever q is T-regular by Corollary 3.2 (2). 1

We have seen in Example 3.3 that T-regularity does not generally imply “componentwise reg-
ularity,” and the question naturally arises whether there is some weaker property which every
component structure of a T-regular probabilistic convergence structure must satisfy. Indeed, there
is such a property which we define as follows: a convergence space (X, ¢) is symmetric if, for all
z,y € X, y > z implies & 4 y. Note that every regular convergence structure is symmetric.
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Proposition 3.10. A probabilistic convergence space (X, q) which is T-regular for any T' € T has

the property that each component convergence space (X, g,) is symmetric.

Proof. Let 4 € I and let § &5 z. Let J = X, let 4 be the identity map on X, and let o : X — F(X)
be defined by o(z) = § and o(z) = z, for z # z. Then koz = y, and by R, ¢ 24 y, since
p= T([l, 1). 1

We close this section with a simple characterization of those probabilistic convergence spaces

which are simultaneously T-approachable and T-regular.

Proposition 3.11. (X, q) € |[F7PCS| N | RrPCS| iff the following conditions are satisfied:
(1) clg, (Vo (2)) = = in (X, g7(un)), for all p,v € I and = € X.
(2) clg,(clg,(A)) C clogy,,,,(A), for all p,v € T and A C X.

The proof is an easy consequence of Proposition 2.4 and Theorem 3.1.
4. ALTERNATE FORMULATIONS OF THE AXIOMS.

The results of the preceding section pertaining to Rz, combined with those of [2] and [8] in-
volving Fr, demonstrate the usefulness of these axioms in the study of probabilistic convergence
spaces. Furthermore Rz, when translated under the isomorphism mentioned in Proposition 2.3, has
important ramifications in the study of approach spaces, convergence approach spaces, and related
categories which we shall discuss elsewhere.

In working with axioms or definitions based on filters, it is useful to know when “filter” can be
replaced by “ultrafilter” with no resulting loss of generality. This is true, for instance, in defining
“Hausdorfl” in the setting of convergence spaces; an additional illustration is found in Proposition
1.3. In this concluding section we show that Proposition 1.3 can be generalized to the axioms Fr
and Ry for arbitrary probabilistic convergence spaces. Furthermore, by restricting Fr and Rr to
the category PPSS of probabilistic pseudotopological spaces, these axioms can be given equivalent
formulations based entirely on ultrafilter convergence.

For a probabilistic convergence space (X, q) and a t-norm T, let F} be the axiom obtained when
“F(X)” is replaced by “U(X)” in the axiom Fr. Furthermore, let FF* be the axiom obtained when
“F(J)” is replaced by “U(J)” in the axiom F%. In exactly the same way, we derive R} from Ry
and Ry from R}. It is obvious that Fr = F; = Fy" and Rr = R} = RY.

Theorem 4.1. For (X,q) € |PCS| and T € T, Fr <= F% and Ry <= R}.

Proof. Assume Fj. By Proposition 2.4, it suffices to show that (X, q) is a probabilistic pretopo-
logical space which satisfies: ¢ly,(clg,(A4)) C elopy,,,,(A), for all p,v € I and A C X. The proof of
Proposition 3.5, (8], estabishes that if (X, q) satisfies F%, then (X, q) is pretopological. To prove
the assertion about closures, let z € clg, (clg, (A)); then there is an ultrafilter H % z such that
cly(A) € H. Let J = X and ¢(y) =y, for all y € X. If y € cl,, (A), there is an ultrafilter G, 5y
such that A € G,. Define o(y) = G,, for y € cl,,(A) and o(y) = g, if y & clg,(A). If follows that
A€ koH. By Fy, koH %% 2 and therefore z € Clopguny (A)-
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Next, assume R}. To establish Ry, it suffices to prove the characterization of R given in
Theorem 3.1. But in the first half of the proof of Theorem 3.1, we observe that o(z) € U(X) for
every z € J. Thus this same proof remains valid when Ry is replaced by R%. |

Lemma 4.2. Let J, o, and F € F(J) be as in the statement of F7. If i € U(X) and U > ko 'F,
then there exists a G € U(J), G > F such that koG = U.

Proof. Let & € U(X) be such that & > ko F. For A € U, define Hy = {y € J : A € o(y)}. Observe
that H4 N F # @ for all F € F and all A € U; otherwise, for some F € F, X\A € o(y) for all
y € F. But this implies X\ A € xoF, which is a contradiction. Let H be the filter generated by
{Ha : A € U}, and let G be any ultrafilter on J with the property that G > F Vv H. It is easy to
verify that keG =U. 1

Theorem 4.3. For (X, q) € |PPSS| and T € T, Fr <= F¥.

Proof. Assume F3*. Let J, o, ¥, and F € U(J) be as in the statement of F7, and assume that
$F 2 z. Let U € U(X) be such that & > xoF. By Lemma 4.2, there exists a G € U(J), such
that ¢ > F and & = koG. Hence, G 2 z, and so U = koG R z, by F7. Since g, , is
pseudotopological by assumption, it follows that ko F e o, Thus, (X, q) satisfies F3. Theorem
4.1 now implies that (X, q) satisfies F7. 1

Lemma 4.4 Let J, 0, ¢, and F € F(J) be as in the statement of Ry. If & € U(X) and U > ¥(F),
then there exists a G € U(J) such that koG > ko F and U = ¥(G).

Proof. Let U € U(X) be such that & > y(F). For A €U and F € F, define

Gar={y € F:¢(y) € ANY(F)},

and let G be any ultrafilter on J, with the property that G is finer than the filter generated by
{Gar:A€Uand F € F}.Since G > F, koG > ko F. Also, ¥(Gar) C A, for all F € F and all
A€eU;thusyp(G)=U. 1

Theorem 4.5. For (X,q) € | PPSS| and T € T, Ry <= Rr.

Proof. Assume Ry’. Let J, o, ¢, and F € F(J) be as in the statement of R}, and assume that
ko F 2 ¢ for some z € X. Let U € U(X) be such that & > ¢(F). By Lemma 4.4, there exists a
G € U(J) such that xoG > xoF and $(G) = U. Hence, koG % z, and so U = P(G) %"
RY. Since ¢y, is pseudotopological by assumption, it follows that ¥(F) RCS Thus, (X,q)
satisfies R}. Theorem 4.1 now implies that (X, q) satisfies Rr. I

z, by

Corollary 4.6. Let (X, q) € |[PPSS|, T € T. Then (X, q) is T-regular iff, whenever u,v € I, F €
U(X), and F % z, then cl,, F 5" z.

Proof. Use the second half of the proof of Theorem 3.1 to establish Ry".
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