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ABSTRACT. The generalized thermoelasticity theory recently developed by Green and
Naghdi is employed to investigate thermoelastic interactions caused by a continuous line
heat source in a homogeneous isotropic unbounded solid. Hankel-Laplace transform
technique is used to solve the problem. Explicit expressions, for stress and temperature
fields, are obtained for small time approximation. Numerical values are displayed
graphically. Our results show that this theory predicts an infinite speed for heat
propagation in general, and includes the second sound phenomena as a special case.
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1. INTRODUCTION.

In recent years many papers have been devoted to the development of the generalized
theory of thermoelasticity, which predicts a finite speed for heat propagation. Lord and
Shulman [1], based on a modified Fourier’s law, developed a  generalized theory of
thermoelasticity whose governing system of equations are entirely hypérbolic and hence
predict finite speed for heat propagation. Green and Lindsay (2], based on an entropy
production inequality proposed by Green and Laws (3], developed a temperature-rate
dependent thermoelasticity that includes the temperature-rate among constitutive variables
and also predicts a finite speed for heat propagation. The applications of these theories
have been examined extensively by many authors (see [4]-{9]).

Recently Green and Naghdi [10] re-examined the basic postulates of thermechanics and
postulated three type of conmstitutive repose functions for the thermal phenomena. The
nature of these three types of constitutive equations is [11] such that when the respective
theories are linearized, type I theory is the same as the classical heat conduction theory
(based on Fourier’s law); type II theory predicts a finite speed for heat propagation and
involves no energy dissipation; type III theory permits propagation of thermal signals at
both infinite and finite speeds [12] and there is structural difference between these field
equations and those developed in [1] and [2).
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The aim of the present paper is to study the thermoelastic interactions caused by a
continuous line heat source in a homogeneous and isotropic infinite solid by employing the
above mentioned type III theory. We use Hankel-Laplace transform to find the explicit
expressions for stress and temperature fields in small time intervals. Our results indicate
that this theory gemerally predicts diffusion type of heat propagation and includes the wave
type of heat propagation as a special case. The counterparts of this problem in the context
of theories developed in [1] and [2] have been studied respectively by Sherief and Anwar
[8] and Chandrasekharaiah and Murthy [9]. Due to the structural difference between these
theories, our results differ from those obtained in [8] and [9].

2. PRELIMINARIES

We consider a homogeneous isotropic elastic solid occupying the whole space. The

governing system of equations in thermoelasticity of type III developed in [12] are

(A + puyg; + gy — 10 + ofy = pu; (2.1)
ped + 10.95; = pQ + Kby + K05, (2.2)
"ij = Auk,kdﬁ + [l(ui,j + uj,i) - '761“0, (2.3)

where A and u are Lame constants, 7 = %Eﬂ‘ /(1-2v), E is Young’s modulus, v is the
Poisson ratio, §* is the coefficient of volume expansion, u; are the components of the

displacement vector, p is the mass density, § is the temperature deviation above the initial

temperature 0., o;; are the compomemts of stree temsor, k is the thermal conductivity, o

ij
is a constant, ¢ is the specific heat for processes with invariant strain temsor, Q and f;
are, respectively, the heat source and the components of the body force, measured per unit
volume.

In above equations, the notation of Cartesian tensor is employed, superposed dots
denote the time derivatives and a comma followed by the index i denotes the partial
derivative with respect to z;. Using the nondimensional variables

z; = z,fl, t = ta. [l 0 = 6/6., ui=uf]

1

of; = oylw, P =ple., fi = fYe, Q = Qlfal,

where ! is a standard length, a. is a standard speed, p. is a standard mass density, the

basic equations (2.1)~(2.3) reduce to the following (dropping primes for convenience):

pall-li = a,uj,ij + ui’jj - a3o’i + pa,fl ’ (24)
b + ady; + paQ = pagd + amuy, (2.5)
aij = %uk,kﬁij + (ui,j + uj’i) - 030, (2.6)

with
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a, = padfp, ay= (Ap)fp, ay=10./p  a, = ka. /(KD
ag = p.ad/(K*6.), ag = p.ca?[K, a;, = 1a?/k".

3. SOLUTION IN LAPLACE TRANSFORM DOMAIN
In the present paper we consider an infinite solid containing a line heat source situated
along the z;-axis, that is,

=0 ad Q= g=Q.KnHY), (3.1)

where &t) is the Dirac delta function, H{t) is the Heaviside unit step function, r =
(z"{+:z§)l 2 and Q. is a constant. The resulting thermoelastic interactions are axisymmetric

in nature so that the displacement vector has only the radial component u = u(rf) and
the stress temsor has only two components o, and o, which are normal stresses in the

radial' and transverse directions.
In the context of the problem considered, the regularity conditions are taken as

(o, 0y ) — (0,0,0) a8 r—w, (3.2)

and the initial conditions at ¢ = 0 are

u=u=0=08=0. (3-3)

Transforming equations (2.4)-(2.6) into cylindrical coordinates, with f; = 0, we obtain

pal-g:—: = -g;[(a,+l)(-gu; + %) - a,&], (3.4)
O + o + p0sQ = pagd + ok Syronujar),  (35)
o, = (ay + l)g% + (ay - 1)% - a0, (3.6)
0p = (@ - DI + (2 + D - ayf. 3.7)

Introducing the thermoelastic potential function ¢ defined by
= gg, (3.8)
equations (3.4) and (3.5) reduce to

Pl = (ay + 1V - oyt (3.9)
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V20 + $la 9% + payQ) = (;fz[pa,a + a,v2<p], (3.10)
t

where V? =

g;g + %-g; Using equations (3.9) and (3.10), equations (3.6) and (3.7) reduce
to

" % (3.11)
= paF¥ - 2——é u 3.12

g, pa . .

¢ Tae2 o*r (3.12)

Elimination of 8 between equations (3.9) and (3.10) gives

3
P + i) - 32 (0) - b w0 + 022 + 5,2 = o,

att
(3.13)
where
- by = paja,/(ay+1), b, = pag + (pay + asar)/(a;+1),
by = peay/(ag+l), b, =

pazog/(a,+1).
Applying the Laplace transform, defined by

or, ) = [° dr, dexp{-pt}dt, Re(p) > O,

to equations (3.11)—(3.13) under the homogeneous initial co;xditions, with Q given by (7),
we find that

7 = (" - 2 2%

(3.14)
5y = (0" - 2 3%, (3.15)
[(1+ap)7* - (bp+b)pW? + byp'lp + 28 =0,  (3.16)

where 4 = %b,Q./r and b? = pa, We may rewrite equation (3.16) in the form

(V2 = AD(V? = ADp = — mpis L (3.17)

where A} and A} are roots of the characteristic equation
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blp+b,2 1,
- 1+a4p"z+ Trapt = 0. (3.18)

Applying the Hankel transform defined by

q&n) = [ rio(gngra)dr,

where J, is the Bessel function of the first kind and of zero order, to equation (23), we
find that

(€ + A& + XDuen) = - e (3.19)

Using the inverse Hankel transform defined by

dnp) = [ eh(enalena,

in equation (3.19), we obtain

dre) = Tig kO - KO/ -3),  (320)

where K, is the modified Bessel function of the second kind and of zero order.

Using the equation (3.20) and the following recurrence relations of the modified Bessel
functions of the second kind

%Ko(r) = - K(r), and -g;[rKl(r)] = — rKy(7r),

where K (r) is the modified Bessel function of second kind and of order onme, the equations

(3.14) and (3.15) become

- 2 .
o = Totay DUV (O + BkOn] 102 - 2D,

(3.21)
Gy = —A §(-1)i-l[(1a2 2 - DK, (A1) - 2AK, (,\.r)] /2 = A2)
[ T'-}-_ad) i1 5P /ol Af r’\l A4 1 ).
(3.22)

Taking the Laplace transform of both sides of equation (3.9) and using the equation (26),
we find that
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D = rr eV - KO - 0F - EKON] /08 - ).
(3.23)

The system of equations (3.21)3.23) gives rise to the solutions of stress and
temperature fields in Laplace transform domain. The solutions in (r, f) domain can be
obtained by inverting the Laplace transform.

4. SMALL-TIME SOLUTION IN (r,{) DOMAIN

It is a formidable task to find the inverse Laplace transform of equations (3.21)—3.23).
For this reason we have resorted to the case of small-time approximation. From equation
(3.18), we find that

(4.1)

(byp+d,) + |(byp+b,)? — 4by(1+a,p) /2
Apg = p[ ] .

2(1 + a,p)
For large p, expanding the above equation binomially in ascending powers of 1/p and

retaining only necessary terms, we obtain

1
A% bop + by Ay w bp'l?, (4.2)

by neglecting terms of O(p~?), where
1 1 1
by = (/e = bfla))'2, by = (8972,

3
by = Mbibyay — byad — B/ (be,)’/

Similiarly, we have

1

11 1 ]
-_— = =3 + b= + O ? 5 , 4.3
A (l+ag) 0P P *7) (#3)

where

by = (2byey - byby)/b1.

Substituting from equations (4.2) and (4.3) into equations (3.21)—«3.23), we obtain
o /A = bg(%lp" + bop?)Ky[(biop+y)r] + %-[(blo/ b)p? + (by/bytbigby)p™

1
+ bu%f‘] K[(byop+by)1] - b?(%lp'l + bop?)Ky[byop /2"] - %bzo(%lﬂ'sh

+ bqu/z)Kl[bzoPl/z"]r (4.4)
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. b3-2b,
ool A ® ["—bl_p-l + (83by—2b30by—4b1obyy/b)p~? — 2(b1/b;+2byby)p™

- 2”31"01’4] K[ (byop+byy)] - %[(bxo/ b)p? + (byy/bytdygby)p™ + bnbop-‘]
1
K{[(byop+byy)1] - [(bg/'ﬁ)l"l + (b3b,—2b3/b))p"* ~ 2”;0501’-3] Ky[byop /2"]
1
+ %b,o(-};lp's/ 2 4 by DK [byyp' ™, (4.5)

bfo- b3
a0/A % [Tp'l + (b30bg=b5bo+2by0byy/b)p? + (b3,/b;+2by5by;by)p"

1
+ bfxbop-‘] Ky[(byop+dy)7 + [(bg/ b)p™ + (b3b,—b3/b)p7? - b;obop‘:’] Kylbgop /2"]

(4.6)
From [13], we find the following inverse Laplace transforms
< Yp*} = £YT(n), (47)
£ K fap)} = H(t-o)#-a?) V7, (48)
< Yp'K\(ap)} = H(t-a)cosh’)(t/a), (4.9)

where I'(n) is the Gamma function. Using the shift property of the Laplace transform and
the expansion technique for large p, we obtain

24P K [(bup b))} = eap{-mi} £ EoKy(bypr)}
= ezp{-mt} £ {(p"! + mp? + m?p)K(b,opr)}, (4.10)

where m = b,,/b,. Using the convolution theorem of Laplace transform and the formulas

(4.7) and (4.8), we get

& Yp?Ky(byopr)} = & p 7} £ K\ (byopr)}
= [¢/T () H{t-byyr)(£=b3r) 7
S o) Blsbyor)(57-3pr%) 1 s
H{t-b,y1) [t cosh™\[t/(b,o7)] - (t’—b}or’)‘/’].
(4.11)

Similiarly we obtain

2 3K (byopr)} = H{t-byy1) [(%t’ + 382 cosht) (byor)] - S -b2,r%) 2].
(4.12)
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Substituting from equations (4.9), (4.11) and (4.12) into equation (4.10), we obtain

£ U Kl(bup+b )} = Ht-byrlesp(-mi}[(1 + mt + gm¥ét + Jmibiyr?) «
cosh“(-b%,) -ml + %mt)(t’—b}or’)‘/ ’], (4.13)

Applying similiar procedure to other terms and making use of the following identities

27 K(ep)} = LH(t-0)(#-0)/?, (4.14)
2{p K (ap)} = LH(t-a)(P-a?)/?, (4.15)

£ YK ({@P)} = gearl- T} (4.16)
LK (@)} = oV em{- 3}, (417)

we find that for small values of time

0l A = Hi-bgr)eap{-mth[oycom(h) + an(P-tr?)/7] + 0B (b (41)

+ o, ezp{-b2,7/(48)}, (4.18)
0o/A = Hit-byr)esp{-mt) [a¢lcoah"(-bth’) + apy( b2/ 2] + 0B, (40)
+ oyeezp{-b3,7/(40)}, (4.19)
a0/A = H(t-bmr)ezp{—mt}[alcosh“(-b‘Ttr) + o) ’] + 0,E {0,741}
+ 0,ezp{-b23,r%/(41)}, (4.20)

where Efz} = [° %erp{—s}ds, z > 0, is the exponential integral and

oy = 8%-1[%2 + 4632, + Abgh,b,byr + 3bgbi, — b6, + bbb,
t
+ bob,b’wblg’] + ml[lsbgm + 16byb,b2 — 3262, — 16b,3b,, — 16b,b,5%,
2
- bob,b“,b,,] + ﬂt,—[m’bg + 2mbyh,b? - boblbwbu], (4.21)
1
0, = 2-};;[boblbfo + 3bygby, - 2mb? - 2boblb§] + B-i-l[%.z + 2T + Thbbyby
2 2 t? 8§ 1 $
- 12mb,b5 - 12mb°blbs] + mb“[-’-_z - Fbob1] + Wbobll’

(4.22)

oy = g%ﬁl[bob,bgor‘ + 6b3, — 4803 - l2b°blb§b§°r’] + 13‘-51[4b°b1b§o + bbbl

+ 88, - sbob,bg], (4.23)
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2
0., = zﬁzl[””o"nbg - 6b2, - bob,bgoﬂ] - 2%1[24}_, + 5b°b,b§°] - 3b8i/7,
(4.24)
1
Udn = -8-5;[(8b§—8630—2610b“‘bobu"bgblbm) + 4(b0blb§_2b0b1b10—4blobll)blob“r

+ (4b§b§1-12bgob{,-sboblbgo—boblb{ob“)r?] + l-é-b‘[(wmb%16b°blb§—1660blb§o

2
— 48b,gb, +byb,bygby) — Sbob‘bfobflr’] + ,{-l(mzbgnbob,mbg-ub{,-4bob,b“,

~ 3bybybigby) ~ $hbhE, (4.25)
041 = T8, | (3602+2700b by +450,0b,~1851-185,8,50) + 1605387
1

+ B-b—lg;;[(24boblbfobu+24bob,b§°+84blob§1-6m7b§b10—12bob§bmbu)
1 11 1
~ Thobplobyr = (3b,tbobibyo+8bioHa] + [ Tgbobtcbrgpp—{bobiby

1] 1
- 12b,,—4bob,bw);;] — Laoby (01, (4.26)
Tos = 9%31[-431;: + 183,77 — 12b,b,b32,7 — boblbgor‘]

¢
+ ml[st:go — 8bb b2 — 4byb, - boblb;,,#], (4.27)

Gon = t[;bobg - $,/b, + %Ibobgor’] + t’[(blr’)" + glbob;,,] + Lo,
(4.28)
0, = g5 [4(0%HD) + (THR,bA 100 bl -2028% 20,820,001

t
+ g (120,00, 4boHE,47bE4b ) + Bob¥iotEr)

2
+ Q-i—l[7b§1+4b0blbmb“-2mboblb§—2m’b§] +hne, (429)

by = (bobi + mb3/by — bybly ~ 3bgby,/b, - ébobiobgl’l)
+ t(gm"obi + %’"’bﬁ/bn - %lng = 3bybyobdyy) - %‘é‘bobiltz”

(4.30)
B, = (Sb2/b, + xb,b2b2, — kb4 r/b, — <L b b ré
3 = (59s/9y T 7995920 — gl207 /0y 1‘2‘3‘0207')
1
+ "(%bobg - %’bgo/ by - i‘bob;o"z) = 5bob3et?, (4.31)
t 2
B, = H03u/by ~ bobE + Faboble) + Sopb,t2 (4.32)

Due to the presence of the exponential integral and the expoment functions in the
expressions of equations (4.18)—(4.20), it can be seen that the effect of input (7) is felt
throughout the medium instantly and hence it shows that according to this theory heat
travels at an infinite speed.

5. HEAT PROPAGATION WITH A FINITE SPEED
As we have pointed out earlier, this theory gemerally predicts a diffusion type of heat
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propagation and includes the finite wave propagation of heat as a special case. In this
section we consider this special case when o> k, that is, a, = 0, b, ~ 0 and equation

(4.1) becomes

Ai = ¢p i = l’ 2, (5.1)
where
) "?
6 = [1b + (3} - 48)/72) (52)
Using equation (5.1) in equations (3.21)«(3.23), we obtain
- 2 - 2
caA = E(O{K (o) + ZapiKepn)],  (53)
- 2
c.oy/A = i{:l('l)"‘[(l’g = 2c)K(c;pr) - %cip'lxl(cip")]x
(5.4)
cogd/A = B(-1)(e - B)K,(cpn), (55)

where ¢, = (b3 - 463)‘/ 2

Making use of identities (4.8) and (4.15), we find the solution for stress and
temperature fields as

cofd = F () HEon)[e-ar 7 + e-ar),
(5.6)

coogld = 5 (1) HHt-n) [(0F-2e)(E-cirt) 12 - L)),
(5.7)

cosfld = B - D)V (58)

In this special case, solutions (5.6)—(5.8) indicate that thermal signals propagate at a
finite speed since the Heaviside unit step function appears in all terms.
6. NUMERICAL RESULTS AND CONCLUSIONS

The numerical values of stress and temperature fields at time ¢{ = 0.5 have been
calculated and displayed in figure 1-3 along the raxis. To obtain these numerical values,
we have taken that b, = 5.2, b, = 3.35, b, = 2.25, and bZ = 2.54. In the general case,

we assumed that a, = 3.1 and b, = 2.8.

From Fig.1 and 2, we note that in the general case the magnitudes of the radial stress
and the tangential stress decrease from —o at r = 0 to zero as r tends to infinity without



THERMOELASTIC WAVES DUE TO LINE HEAT SOURCE 333

-

_
04 0.6 08
T

Fig.l. o,/A vs. rfor t = 0.5

. L n "
02 04 (L} os

-
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any jumps. However, in the undamped case, the corresponding magnitudes suffer two
infinite jumps at r = t/c, » 0.237113 and r = #/c, » 0.576053. From Fig.3, we see that in

the general case the temperature decreases from +o at r = 0 to zero as r tends to infinity
while the temperature in the undamped case suffers two infinit jumps at r s~ 0.237113 and
r & 0.576053 and vanishes for r > 0.576053.

It is also apparent that, in general, this theory predicts a diffusion type of thermal
propagation. The values of stress and temperature fields damp out gradually as r increses.
In the special case (undamped case) when k* » k, this theory predicts finite speed for heat
propagation. In this special case, stress and temperature fields vanish identically for r >
t/c, = 0.576053.

We also note that in the special case, both the stress and the temperatuie fields have
finite values at r = 0, which is quite unusual for a continuous line heat source input
given by (3.1). However, if we set k¥ = 0 in the heat conduction equation (2.2), we obtain
a hyperbolic heat equation which contains Q

pca + 70'ﬁi’i = pQ + k‘ﬂ,ii.

In this case we get an impulsive heat source Q when we take Q as a continuous heat
source given by (3.1). According to solutions (5.6)—(5.8), the precise values for stress and
temperature fields at r = 0 are

oA = -1ft, o A =-1lt, 6/A =1/t
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