Internat. J. Math. & Math. Sci. 219
VOL. 20 NO. 2 (1997) 219-224

ON THE SEMI-INNER PRODUCT IN LOCALLY CONVEX SPACES

SHIH-SEN CHANG
YU-QING CHEN

Department of Mathematics
Sichuan University
Chengdu, Sichuan 610064, PEOPLE'S REPUBLIC OF CHINA

BYUNG SOO LEE
Department of Mathematics
Kyungsung University
Pusan 608-736, KOREA

(Received March 15, 1995 and in revised form June 20, 1995)

ABSFRACT. The purpose of this paper is to introduce the concept of semi-inner products in locally
convex spaces and to give some basic properties

KEY WORDS AND PHRASES: Semi-inner product, duality mapping, upper semi-inner product,
lower semi-inner product.
1991 AMS SUBJECT CLASSIFICATION CODES: 46CS0

1. INTRODUCTION

The concept of semi-inner products in real normed spaces was first introduced by G. Lumer [6], but
its history can be traced to S Mazur [8]. Recently, the semi-inner product theory has made great
progress (cf. [9,11]) and it plays an important role in the theory of accretive operators and dissipative
operators, differential equations, linear and nonlinear semigroups in Banach spaces and Banach space
geometry theory (see [1,2,3,4,5,7]) The purpose of this paper is to introduce the concept of semi-inner
products in locally convex spaces and to study their basic properties. As for the applications of our
results, we shall give in another paper. ‘
2. MAIN RESULTS

In this section, we shall always assume that E is a real locally convex space generated by a family of
seminorms {p, },cs, where I is an index set

PROPOSITION 2.1. Foreachz € E, y € E and 1 € I, the following hold:

i) k7 (p(z + hy) — p.(z)) is a nondecreasing function in A € (0, + co) and it is bounded from

below,

(i) A~Y(p,(z) — p.(z — hy)) is nonincreasing in h € (0, + co) and bounded from upper,

(i) h7'(p(z) — p(z — hy)) < R (p(z + hy) — p.(z)) for h € (0, + o0)

PROOF. (i) Forany hy, hy € (0, + 00), hy < ho, since

p.(z + h1y) — p,(z) = pi(z + ho*hy thyy) — pi(z)
= pi(h1hs ' (z + hoy) + (1 — hih3")z) — pi(2)
< p(hhi (@ + hoy)) + p((1 = BaksY)z) — pi(2)
= hih3'p,(z + hoy) + (1 — hihy)pi(2) — pi()
= hy'hi(pi(z + hoy) — pi() .
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Therefore we have A7!(p,(z + h1y) — (7)) < Ayl (pi(z + hoy) — ().
Moreover, it is obvious that A~ (p,(z + hy) — p,(z)) > — p,(v)
(ii) By the same way, we can prove that (i) is true.
(iif) is obvious
Next, we define

[z3lf = lim A7 (p(z + hy) - B(2)).
[=,9; = lim A~ (pi(z) — pi(z ~ hy)) .

Now we list some properties of [z, y]* as follows:
PROPOSITION 2.2. (i) [z,y); < [z,9);
(@) [z, 9} < p (),
(iii) [z, yl ~ [z, 2151 < p(y - 2);
@iv) [’Tvy];F = - [Ir _y]z_ = - [—-z,y],‘;
W) [sz,ry)E = srz, Y], r,s2>0;
o) [2,y+ 2] < [z, 9] + [z, 2] and [z,y +2]] 2 [2,9); + [z, 2]
i) [2,y+ 2] > [z, 4] + [z, 2] and [z,y + 2] < [2,9)7 + [2,4)};
(viii) [z,y + az]f = [z,4]f +ap(z), YaeR,
(ix) [z,y]; is upper semi-continuous in z,y € E and [z, y]; is lower semi-continuous in z,y € E;
(x) Ifz(t) : [a,b] — E is differentiable in ¢ € (a, b) in the sense that
. plz(t+ Ot) — z(t) — o' (1) At)
Am, At

=0 foral zer

and m,(t) = p,(z(t)), then

m,(t+ k) —m,(t)

h = [I(t), xl (t)];‘- ’

D*m,(t) =hllt{)1*
ma(t) — mi(t — k)

n = [z(t),z'(¢))]!, iel.

D m,(#) =i,
PROOF. (i)-(v) is obvious.
(vi) Since
WG+ +2) - 5@) =17 (3o + 2m) + S+ 209) - o))

< §(p(z +2hy) - p(2)) + %(P:(x+2:z)-n(-‘r))
< 5 ,

we know that [z,y + 2| < [z,y]] + [z, 2]]. On the other hand, since
- - 1 1
W) - e - ay+2) =1 () - a (3o - 200 + 3w - 209) )

by the same way we can prove that

oy +2 2 [y +[=z, 2] .

(vii) By V) [z,9]] = [z.y + 2 - 2]} < [z, y + 2] + [z, = 2|7 . By (), [z, — 2] = - [z,2]],
and so [z,y]] + [z, 2]; < [z,y+ 2]} By (vi) and (iv) again, we have [z,y + 2]] < [z,3] + [z, 2);

(vili) Since [z,y+az]} < [z,y)] + [z,az]} = [z,y]} + ap,(z), by (vii) we have [z,y+az]” >
[z,9]] +[z,a2]] = [z,9)] +ap(z), and s0 [z,y + az], = [z,4]] + ap.(z)

Similarly we can prove that [z,y + az]] = [z,y]; + ap,(z).

(ix) Since
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.z, + hy,) — p(z)
h il

[zr, 9]y < Vh >0,

ifz, -z, y. — y, we get

fim[z.,y,); <TImh™ (pi(z- +hy:) - pi(z0)) = R (pi(z + hy) — i(2)),

and so

im [z, y,]; < lim k™ (p,(z + hz) = pi(2)) = [z, 3], -

On the other hand, since [z, y,]] > h~}(p,(z,) — p.(z- — hy.)), we have
lim [z, 5], 2 [2, 9],

(x) Since
[h7} (ma (¢ + B) = ma(2)) = b7 (mu(2(t) + ha' (1)) = pi(z(2)))]
= [p7 (pi(z(t + b)) = pu(z(t) + hz(t)))] < h7'pi(z(t + k) — z(t) — ha' (1)) — O,
as h— 0",
we know that D*m(t) = [z(t),z/(¢)]}.
Similarly we can prove that D~m(t) = [z(t),z’ ()]
Let E* be the dual space of E. For each i € I we define a mapping j, : E — 2F by
@) =[f, €E" : fi(z)=p(z) and [z,9]; < fi(y) < [z,9], Yy€E}. @1

It is obvious that j,(z) is convex Next we prove that j,(z) # @ for each z € E In fact, for any
givenyo € E, yo # 0 we define

filayo) = alz, yo)! .

(1) Ifa >0, then f,(ayo) = [z, ayo;,
(2) Ifa <0, then

fi(ayo) = — lal[z,yo]:’ == [I’ IalyO]:- = [z, - Ialyo],' = [z,ay0); < [zrayO]:_'

Hence we have f;(ayo) < [z, ayp) for all @ € R. By Proposition 2.2, [z, ]} is a subadditive function
of ye E By Hahn-Banach theorem [10], there exists a linear function f,: E — R such that
F.(awo) = f.(ayo) foralla € Rand — [z, —y)} < f,(v) < [z,9)}, Yy € E,

ie, [z <f@ <[, 7@ <nw).

This implies that 7, € j,(z).
By the above argument and the Banach-Alaoglu theorem (see [10]) we have the following.
PROPOSITION 2.3. Forany z € E, i € I, j,(z) is a nonempty weak” compact convex subset of
E-.
PROPOSITION 2.4. [z,y];] = max{f,(y), f. € .(x)};
[z,y]; =min{£.(y) : f, € 5i(z)}.

DEFINITION 2.1. For eachi € I, (z,y)] = p,(z)*[z,y]; is called the upper semi-inner product
with respect to 7 € I. (z,y); = p,(z)*[z,y]] is called the lower semi-inner product with respect to
iel

DEFINITION 2.2. For any i € I, we define the mapping J, : E — 2F by

J.(z) = p(z)*j(z) forall z€F,
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and it is called the duality mapping with respectto ¢ € I.
The following results can be obtained from Proposition 2 2-2.4 immediately
PROPOSITION 2.5. The semi-inner product defined in Definition 2.1 has the following properties
0 (z,9)7 < (=,9)],
(i) |z, 9)¥| < p.(z)* 2. (Y),
@iii) |(z,¥)7 — (z,2)F] < (@) Py — 2),
@) (z,9)) = = (=, —y)7 = ~(—z,9);
W) (sz,ry)* = sr(z,y)%, 1,8 >0;
™) (2,y+2)] < (2,9)] +(z,2)] and (z,y+2)] 2 (z.9)] +(=,2)];
(i) (z,y+2)] 2 (z,9)] +(z,2)] and (z,y+2)] < (z,9)] +(2,2);
(iil) (z,y +ax)t = (z,y)F + api(z), Va R,
(ix) (z,y)7 is upper semi-continuous and (z,y);” is lower semi-continuous,
(x) If z(t) : [a,b] — E is differentiable in ¢ € (a, b) in the sense that
. p(z(+ At) — z(t) — ' (t)At)
Al:r_r?o Ot =

0, Viel,

and m,(t) = p2(z(t)), then
D*m,(t) = 2(z(t),z'(t))] and D™ m,(t) = 2(z(t),z'(t)); .
PROPOSITION 2.6. Foranyi € I, z € E, J,(z) is nonempty, weak’ compact convex, and

(z,y)j' = max{f,(y) : ft € J,(I)}
(z,y), =min{f,(y): . € J.(z)}.

DEFINITION 2.3. Let ¢: E — R be any given convex function The subdifferential of ¢ at
z € E (denoted by 8¢(z)) is defined by

0p(z) ={f €E" : ¢(z) - ¢(y) £ f(z—y) forall ye E}.

THEOREM 2.1. Let ¢,(z) = } p2(z), = € E, then the subdifferential 8¢, is identical to duality
mapping J,.

PROOF. Let f € J,(z), then by (2.1) and Definition 2.2 and the fact that |[z,y]}| < p.(y), we
have

fe =) = 1) - f6) 2 @) - n(2)*50) 2 3 (=) - R,

and so, f € d¢,(x).
Conversely, if f € 8¢,(z), then

P(z) <Py +2-fz—y) forall yeE. 2.2)
Replacing y by = + hy in (2.2) we have
p2(x) < pP(x +hy) —2h+f(y) forall ye E and heR. (2.3)
When h > 0, we have
1 1
3 Pz +hy) + () 3 (Pz +hy) —pu(2) 2 fW), VY EE. (24
Letting h — 0% we have
p(z)*[z,y)] > fly), VyEE. (25)

If p,(x) =0, then f =0 Therefore f € p,(z)j.(z) = J,(z), the desired conclusion is proved If
p.(z) #0, for h < 0, we have
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fly) > %(Pz(i + hy) + p(z)) % (p(z + hy) —p(z)), Vh<O0, yekE.

Letting o — 0™, we have
f@) 2 p(2) [z, 9] - (26)

By (2.5) and (2.6), we know that ;:-(% € s(x),ie, f € p(z)* () = Ji(z)
This completes the proof.
DEFINITION 2.4. Let A: D(A) C E — 2F be a nonlinear multi-valued mapping A is said to be
accretive, if

p(z —y) < plz—y+ Au—v))

forallz,y € D(A), u € A(z),vE A(y), 1€ I, 2> 0.
THEOREM 2.2. The following conclusions are equivalent:
() A:D(A)C E — 2F is accretive,
(i) [z—yu—v)} >0foralz,ye D(A),u€ Az, v€E Ay,i € I;
(i) (z—y,u—v)f >0forallz,y € D(A),u€ Az, v€ Ay, i€
PROOF. (i) = (i) Since A7} (p,(x — y + A(u —v)) — p(z — y)) > 0, let A — 0 we get (i)
(ii) = (iii) is obvious.
(iii) = (ii). Since (z — y,u — v)7 = p,(z — ¥)[z — ¥ u — o]
@ I p(z—y) =0 then A\ (p(z —y+ A(u - v))) > 0, and 50 [x — y,u — o]} 20,
() If p.(x — y) # 0, then [z — y,u — v > 0.
(i) = (i). By Proposition 2.1, A7} (p;(z — y+A(u —v)) — p(z —y)) is nondecreasing in
A € (0, + o0) and

lim pz-y+A(u—v)-plz-y)

—[r— — ) >
Jim, X [z -y u—v)f >0.

This completes the proof.
THEOREM 2.3. Let A: D(A) C E — 2% be an accretive mapping and z : [0, + 00) — E be
continuous. If the following conditions are satisfied:
(i) there exists z’(t) : [0, + 0c0) — E such that
p.(z(t + At) — z(t) — 2/ (t) At)
m =
At—0+ At

0, Viel;

(i) =(0) == € D(A);

(i) z'(t) € — Az(t)ae. t € (0, + o0),

then such an z(2) is unique.

PROOF. Suppose the contrary, there exists another y : [0, + co) — E which is continuous and

satisfies conditions (i)-(iii). Let m,(t) = p,(z(t) — y(t)). By (X) in Proposition 2.2, we know that
D™m,(t) = [z(t) —y(®), ='(t) - Y @®)], -
Furthermore, there exist u(t) € Az(t) and v(t) € Ay(t) such that z'(t) = u(t), ¥'(t) = v(t) ae
t € (0, + 00), hence we have
D m,(t) = [z(t) —y(t), —u(®) +o(t)); .
It follows from Theorem 2.2 that D™ m,(¢t) < 0, and so
p(z(t) —y(t)) < p(x(0) —y(0)) =0 forall i€l.

This implies that z(t) = y(¢) forall ¢ € [0, + o0)



224 S-S CHANG, Y-Q CHEN ANDB.S LEE

THEOREM 2.4. Let M C E be a nonempty convex subset and = € E be a given point Then the
following conditions are equivalent

@) po—z)<py—zx)foralye M,

(i) (yo—z,y—w) 20

PROOF. (i) = (ii) Since p,(yo —z) < p,(y — z) forall y € M, letting z = yo + (1 — a)(y — yo)
for any y € M, a €(0,1), then z € M (since M is convex), and so p,(yo—z) < p(yo—z +
(1-a)(y-w)), a€(0,1),ye M,

P((o—2)+ (1 - )y —w)) — p(yo — )
l-a

ie, >0, VYyeM, ac(0,1).

Lettinga — 1 — we get
lvo—z,y—w)f >0 foral ye M.

(i) = (i) Since [yo — =,y — yo); > 0, we have
1
7 (w0 — 2) + h(y = %0)) = p(yo ~ 7)) 20, Vh >0,

ie,n(yo —z) < p(yo— z+ h(y— yo)), YR > 0. Letting h — 1 we have
p(yo—z)<p(y—z) foral ye M.

This completes the proof.
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