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ABSTRACT. Suppose X = (X3, Xy, ..., X,) is a random vector uniformly distributed over a polytope.
In this note, the author derives a formula for E(X]Xj...), (the expected value of X7 X?...), in terms of

the extreme points of the polytope.
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1. INTRODUCTION

Von Hohenbalken [2] presents an algorithm for decomposing a polytope V = {z|Az > b,z € R"}
where A is an m x n matrix, into n-simplexes and states a formula for the center of gravity of V. In this
note we explain how these results can be generalized to find formulas for E(X]Xj...), where

X = (X;,Xs,..,X,) is a random vector (r.v.) uniformly distributed over V. Let fQ f(z)dz be the
Lebesque integral of a continuous function over a compact setQ € R* In order to motivate the
approach we have chosen, consider the problem of finding the 7 moment E(XT) using the definition-
formulating the integral
EX]) = / zldz

as a set of n-fold iterated integrals and evaluating them. But how does one find the range of integration
in a systematic way, given an arbitrary matrix A? It appears that no algorithm has yet been developed.
2. MAIN RESULTS

In order to simplify the arguments, we assume that L(V'), the Lebesque measure of V' is positive In
the following, we denote vectors by lower case letters with or without superscript. The " element the
vector z is z, and L(Q) is the Lebesque measure of a compact set Q C R"

Since V is a polytope, it is the convex hull of its extreme points, say z!,z%,...,z° Let E be the set
of these extreme points. Then there exists a set S = {S;, Sy, ..., Sg} of n simplexes such that the n + 1
extreme points of each S, arein E, i = 1,2, ..., g and that

i)y v=US,

i) L(V)=3 L(S.).
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The set E can be found using the algorithm in Dyer et al [1] while the set S can be found by
decomposing E using the results given in [2]. Now i) and ii) imply that

g
E(XeXt.) =Y LS)EX:X:..|X CS)/LV), ab=0,1,...
=1

Let z¥, j = 1,2,...,n + 1, be the extreme points of S,, i = 1,2, ..., g and let A’ be the matrix whose j*
column is z¥ — z*"*!, j=1,2,...,n, and B* the matrix whose j® column is z¥, j =1,2,...,n + 1.
Then A* is non-singular, L(S,) = | det A*|/n! and

Sz = {III = Bzyay] Z 0) .7= 1,2,...,n+1, Zyz = 1} . (21)

THEOREM. Let b¥ be the ;% row of B, a;,as, ...,ap a sequence of positive integers such
that a;+as+..+a,=m and ¢, the coefficient of yyys..y),; in the expansion of
(b7y)™ (b*Fy)e... (b y)%, where s = (81,32, ...,8n41) Such that Ss, =m and y = (¥1,%2, .., Yns1)

Then

a n! .
E(X;'X:z L XPIXCS) = m 281!82! w8nprles, (G#k#..#£7).
PROOF. Let U = (Uy, Uy, ..., U,) be an r.v uniformly distributed over

U= {u|u,~ >0,1=1,2,...,n; Zu, < 1}.

We first show that E(U2U? ... UJ) = “E0s wherev=a+b+ ...+ qandi# j# .. # k.

Now U is an n-simplex whose extreme points are 0, e!, €2, ..., e", where €' is the unit vector whose
i element is 1. Therefore L(U) = detI/n! = 1/n! (where I is the identity matrix). Let

9(1:1) =g1.l(zi+l):ct+2v"'7$z)» g(z,Z) =9i,2(-’51+171i+2,---,1n), 1= 1,2,...,17,‘ 1,
where g¢(i,1) and g(4,2) are continuous functions in R™™. Suppose g(i,1) < g(3,2) for all

(Zit1, Te42, ---» Tn) in some compact set Q, C R"™, i =1,2,...,n — 1 and that f(z) is continuous over
a compact set

G= {:::Ia <z, < b,g(‘ly 1) <z < g(i: 2)’ (zt+lrzz+21“~vzn) € Qni = 1)27 T (e 1} .

b g(n~-1,2) g(n—2,2) 9(1,2)
/f(a:)d:c =/ dzn/ d:c,.-1/ dz,_ o / f(z)dz,
G a g9(n-1,1) 9(n—-2,1) 9(1,1)

where the r.h.s is an n-fold iterated integral. Note that
U={u|0<u,<1,0<u, €1 — (uy1 +uiy2+...+tus)t=12,...,n-1}.

Then

Consequently,
c(n) c(2) (1)
EWUUY) = / dz, ... / dz, / ulul ... duy/L(U) (2.2
0 0 0

wherec(n) =land c(f) =1 — (U4 +Uq2 + ... +u,) fori=1,2,...,n - 1.
Evaluating (2) for the case of E(U}), it is easily seen that E(U?) = E(U?) = n'a!/(a +n)!. For
the case of E(U,“U]”), it is easier to evaluate for i = 1 and j = 2. The integrand after integrating with

. tale(1)e+D)
respect to ujis f, = %ﬂr—l}),— Now
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c(2) tald! a+b+2
fuduy = nlaldle(2)

from which we derive easily that E(USU?) = (G225 The proof can be completed by repeating this
argument
An immediate consequence of the above result is that if Y = (Y1,Y2,...,Y,41) is an r v uniformly

distributed over

= {yly, >20,i=12.,n+1,) y= 1}

then E(Y2Y?..Y7) = 228 for all 4y,4p,...,5 € {1,2,...,n+1} and for all r <n. We now

uT —  (m+n)!
show that the result is true for r=n+1 so that E(YPY?.YJY:, )= ﬁ'ﬂ%‘{i’, where
w=a+b+..+qg+t. The proof is by induction. It is easily proved, using the substitution
Yor1 = (1 -Y; — Yy — ... = Y,) that the result is true for £ = 1. So assume that it is true for all positive
integers, a, b, ..., p and for some ¢ > 2. Then
EXYY,. YV, (1-Yi-Y; - ... - Y,)

simplifies, by the induction hypothesis, to the required result, proving that

nlalb!...q!

E(Y?Y}.Y9) = Tl

(23)

for all {5, k,...,r} € {1,2,..,n + 1} such that j # k # ... # r. Now using (1) and the properties of the
matrix B’, it can be easily proved that

E(X®X{®... XX C 5,) = EQYY)® (5*Y)™ ... 3"Y)% .

The theorem now follows immediately from (2.3).
COROLLARY 1. Let the * row of B* be b = (b 1,b2,--,0,n41). Then

EXTX CS,)= T +n)' Zb"lbgz bl
where the summation is over all non-negative integers such that p+q + ...7 = m.
PROOF. The result follows from (2.3) and the equation

EMbpY1 +bpYo+ ... +byns1Yos)™ = Z p'q' o b5 b E(YTYS .. Yo0).

COROLLARY 2. Let p; be the sum of the elements of the k™ row of B* and J be the
(n + 1) x (n + 1) matrix whose (k, ) element is pxp,, k,j = 1,2,...,n. Then

n(B (B +3)

E(XXYXc8,) = 1)
PROOF. Now
E(X}) =Y b,E(Y]) +2) bisbr,E(YLY,)
J n' 8>3
= ro 2), (2(b"‘ b +2 z); b sk J)

( +2)' (pk + (btk) btk)
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(where (b*) is the transpose of b,x). Similarly,

E(XiX,) =Y bisbr,E(Y2) + Y biobi,E(Y.Y))
J

n! -
= m (pkp,- + (bd‘)tb1 ) .

Hence the corollary
An Application that requires u, = E(X,) and E(X, — u,)? is studied in [3].
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