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Let o0 be a complex topological algebra with unit 1 and U a family of proper closed
ideals in &. For an arbitrary S C o we define a globally defined joint spectrum oq,(S) =
{(As)ses € CS 13T €U(s — As) €1 Vs € S}. We prove that for S generating s the spec-
trum oq(S) can be identified with the set 91q; of continuous multiplicative functionals f
on o such that ker f € 9. The relation is given by the formula oo, (S) = {(f(s)).cs| f €
Ma,}. If A is a Q-algebra, the set o9, (S) is rationally convex.
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1. Introduction

In this paper, we mean by a complex topological algebra a complex Hausdorff topological
vector space which is an associative algebra with separately continuous multiplication. Let
A be a complex topological algebra with unit denoted by 1.

We denote o(a) = {y € C | a— Aisnotinvertible in 4} which is the usual spectrum
in .

Denote by % the free algebra of kK noncommutative indeterminants and unit 1. The
elements of % will be called polynomials.

Let 9(A) be the space of multiplicative linear continuous functionals on .

In the case of a finitely generated topological algebra

A =A(x1,..., %), (1.1)
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it was proved by Sottysiak [1] that the topological left joint spectrum of generators

k
al(t)(xl,...,xk) = {(‘ul,...,yk) eCrl1¢ d Z&ﬁ(xi—yi)} (1.2)

i=1

can be identified with 91(s{) because
o (1 i) = ((F(x1)seees f i) | f € M)} (1.3)

The right topological joint spectrum o\ defined in the analogous way has the same
description, hence Ul(t) = r(t).

Paper [1] is a response of the author to the article of Zelazko [2], where the analogous
result is proved for a commutative algebra .

This phenomenon is of much more general character. The supposition of finitness of
the set of generators can be removed and other globally defined joint spectra of generators
can be interpreted in terms of properly chosen sets of multiplicative functionals.

Let o be a complex unital topological algebra. Let U be a family of left ideals in 5. For

an arbitrary set S C o consider
o (S) = {(As) s €CS | IT €U, (s—A) €I Vs e S} (1.4)

If for an arbitrary family of left ideals U we define U’ as the family of all subideals of all
elements of U, then oq; = gU.

By 9q, we denote the set of continuous multiplicative functionals ¢ on o4 such that
ker¢p € U.

The algebra o is generated by S C o if the smallest closed subalgebra of s containing
Sand 1 is equal to &. This being the case, we denote s = A(S).

2. The principal result

THEOREM 2.1. Let s = A(S) be a unital topological algebra. Let WU be an arbitrary family
of closed left ideals in sd. Then,

ou(S) = {(p(s)) ses | 9 € Mar}. (2.1)

Proof. Let ¢ € May,. Thus, s — ¢(s) € kergp. By supposition the two-sided ideal ker ¢ be-
longs to U, so the function (¢(s))scs is an element of o, (S).

Now, suppose that (A;)scs € o9,(S). We define a functional on the dense subalgebra sd,
of o generated by S and 1. Every element of  is of the form p(si,...,sx), where p € P
and si,...,5 € S.

Let

Po(p(s15e55k)) = p(AsrenrAg). (2.2)
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First of all, it is necessary to prove that this definition is correct. According to the remain-
der theorem (see [3]), for every polynomial p there exist polynomials g; such that

k
P(stssk) = P(Asree s As) = D qilstoeerse) (si = As,). (2.3)
i=1
If we suppose p(si,...,sk) = 0, we obtain
k
—p(Agyseds) = Zqi(sl,...,sk)(si—)ls,). (2.4)

i=1

The right-hand side is an element of the ideal generated by the elements s — A;, s € S,
which by supposition belongs to some element I of U, so in particular it is a proper ideal.

The left-hand side is proportional to unit 1, hence, it must be zero. The definition of
@ is correct. Visibly ¢y is multiplicative.

By the same remainder formula, the kernel of ¢y consists of elements of the form
25;1 qi(s15...>8k)(si — As,) that belong to the same closed ideal I € U. The kernel of ¢y is
not dense in Ay, so it is continuous and it extends to a multiplicative continuous func-
tional on &{ denoted by ¢. Every x € s{ decomposes as x = (x — ¢(x)) + ¢(x), which leads
to the decompositions

Ao =kergo+C-1Ckerp+C-1=9 (2.5)

which are the topological direct sums. Since 54, is dense in &4 and ker ¢y C ker g, it follows
that ker ¢ is dense in ker . It follows that ker¢ C I and in fact they coincide. Hence, ¢
belongs to My, g

Theorem 2.1 implies that gq,(S) # @ if and only if the family of ideals U contains two-
sided ideals of codimension 1, although we have supposed only that U consists of left
ideals.

The theorem permits us to identify oq,(S) with g, € M(s4). In particular, for an ar-
bitrary generating set S C s we obtain “the same” gq,(S) identified with 91y, Obviously,
the result is more interesting for small generating sets S.

There are many examples which show that this theorem, although proved principally
with the arguments used in [1, 2], is not only a formal amusement.

(1) In the case of a topological unital algebra sd, by choosing as U the family of all
closed ideals in 54, we obtain for an arbitrary generating set S C o the identifica-
tion

a’(8) = M(sA). (2.6)

In particular for S = 54, Theorem 2.1 provides the description of M(sd) as of
the set of functions f : s — C such that the left ideal generated by the elements
s— f(s), s €S, is not dense in .

(2) If we take U = {J} a single ideal, then the condition oy, (S) is satisfied for some
generating set S C o if and only if ] is a two-sided ideal of codimension 1.
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(3) Also in the general case, let U be the family of all closed finitely generated left
ideals. If for some generating set S C s, we have o9(S) # @, it follows by
Theorem 2.1 that & contains finitely generated ideals of codimension 1 which
are elements of AU.

(4) If we assume that o{ is a Q-algebra, we obtain the same results for the usual left
joint spectrum oj in place of al(t).

(5) Consider a commutative Banach algebra s and take U equal to the set of all
ideals consisting of joint topological zero divisors. The corresponding joint spec-
trum oy is the aproximate point spectrum 7. In this case, according to Theorem
2.1, for an arbitrary generating set S C A,

7(S) = cortex (). 2.7)

(6) Also in the case of acommutative Banach algebra we can consider U to be the set
of all ideals in s consisting of topological zero divisors. The corresponding joint
spectrum was studied in [4] and denoted by w. The result proved there jointly
with the present Theorem 2.1 gives the following.

For an arbitrary generating set S C 4

w(S) = the o-rationally convex hull of cortex (). (2.8)

(7) Let X be a Banach space and o4 a closed commutative subalgebra of bounded
linear operators in X generated by a set S C s4. Let U be the family of all ideals
in 9 not containing Fredholm operators. The corresponding oy, is the essential
joint spectrum o,. Theorem 2.1 establishes one-to-one correspondence between
0.(S) and the space of multiplicative functionals that never vanish on Fredholm
operators.

The monograph [5] provides a great number of examples of joint spectra defined by a
family of ideals. In each case we can deduce from Theorem 2.1 a similar result.

The right ideals and two-sided ideals versions of Theorem 2.1 are obviously valid.

Let us note that our assumption that the family U consists of closed ideals was neces-
sary only for proving that every element of 09, (S) defines a multiplicative character which
is continuous.

Skiping the question of the continuity, by the same proof we obtain a theorem of
strictly algebraic character.

TaEOREM 2.2. Let s = A(S) be a complex unital algebra. Let U be an arbitrary family of
left or right ideals in sd. Then

o (8) = {(9(s))ses | 9 € M3 1, (2.9)

where M, denotes the set of multiplicative functionals on s{ whose kernels belong to .

Obviously in this case, s = (S) means that o is exactly the smallest subalgebra con-
taining S and e.
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3. The spectral mapping property

By the definition of a joint spectrum of the form oy, and the remainder formula, it follows
that for every n-tuple of polynomials p = (p1,...,pn) € P" of k variables the following
formula called one-way spectral mapping formula holds:

p(aou(al,...,ak))Caou(p(al,...,ak)). (3.1)

One of the basic problems of the theory of joint spectra is the question when these sets
are equal. This being the case we say that o9, has the spectral mapping property.

For an arbitrary algebra s and a family 9t of multiplicative functionals on s the
formula

F(S) = {(9(9)) s | 9 € M) (3.2)

defines on o a joint spectrum that has the spectral mapping property.
This observation leads to the following result.

TueoreM 3.1. Let S be an associative unital topological algebra and suppose that oo, (S) #
@ for some family W of closed ideals in i and for some set S generating si. Then the joint
spectrum

0. (C) = {(9(s)) sec | 9 € My} (3.3)

has the spectral mapping property. It satisfies o9, (C) C aq,(C) for arbitrary C C S and
o (G) = o0 (G) if G generates .

The spectrum oo, is also of the form oy, with a = {kerg | ¢ € My }.

4. Rational convexity of the spectrum of generators

If a complex Banach algebra is finitely generated, then the joint spectrum of the genera-
tors is a polynomially convex set. As proved by Brooks [6], it is no longer true even for
m-convex algebras.

In this section, we study the rational convexity of the spectrum oq, of generators for an
arbitrary family of closed ideals U in a Q-algebra.

A set B C CF is rationally convex if it coincides with its rationally convex hull

r(B) = {ze C* | for every polynomial p, p(z) = ¢ => c € p(B)}. (4.1)

Let us extend this concept to subsets of C. Let F C C® and let z = (z,);es € C5.
We say that z € r(F) if for every polynomial p of k variables and for every set
{51)--':5k} C S)

p(zs5er2q) =c=3IbEF, c=p(bs>....bs). (4.2)

The set F C C is rationally convex if (F) = F.
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Let us equip C’ with the topology of pointwise convergence.

The algebra o is a Q-algebra if the set G(s4) of invertible elements is open in . No-
tice that in Q-algebras al(t) coincides with ;. On the other hand, for ai,...,ar € A the
spectrum oy(ay,...,ax) is compact.

TaeoreM 4.1. For an arbitrary complex topological algebra s = HA(S) the set al(t)(S) is
rationally convex. If s = SA(S) is a complex Q-algebra and if W is a family of left closed ideals
in A, then r(oa,(S)) = oa(S). In particular, if Moy is closed, oa,(S) is rationally convex.

Proof. If o9,(S) = &, we have nothing to prove. So we suppose that oq,(S) # &. Let
zer(on(S)). Define a functional on the subalgebra siy C A of elements of the form
p(s15...58k), si € S, setting

f(p(sl"")sk)):p(ZSU'--)ZSk)- (43)

The correctness of this definition is proved by arguments used in the proof of Theorem
2.1. Suppose that p(si,...,s,) = 0.

There exists A € o9,(S) such that p(A;,,...,As) = p(2s,,...,25). Then by the remainder
formula,

k
P (ZereerZe) = P(S1ree0s5k) = Psrseesds) = D qils1reeersi) (5i = Ay,). (4.4)
i1

The right-hand side belongs to an ideal I € U, while on the right we have element pro-
portional to the unit. Hence,

F(p(strerirst)) = plsyserarzs) = 0. (4.5)

The multiplicative functional f is well defined on . By arguments used in the proof of
Theorem 2.1, it follows that f is continuous and it extends to a multiplicative, continuous

functional on <. The proof can be ended here if the spectrum in question is ol(t). In this

case, by Theorem 2.1,z= f | S € al(t)(S), ) r(a,“)(S)) = al(t)(S).

In the case of a generic AU, we claim that the functional f belongs to Miy,.

The Gelfand transform associates to a € s the function a(¢) = ¢(a). The function a
is continuous on M(s4) and in the case of a Q-algebra, the mapping A 3 a — C(IM(A))
is continuous (see [7]).

Consider the algebra A that consists of the functions a | 90y,. This is a subalgebra of
C(9May). Denote by y the superposition of the Gelfand transform with the operator of re-
striction to Ma;. Then A = y(dy). The image J = y(ker f) is an ideal in the commutative
algebra A. As the calculus above shows, every element of ] vanishes at some point of Miy,.
By [8, Theorem 3.3], it follows that there exists g € Mo such that I € kerg. The kernels
of the multiplicative functionals f and g in 54, coincide. Hence, f = g. We have obtained
fl1S=z¢€m(S). O

The rational convexity of al(t) (S) for general topological algebras s (S) was observed by
Andrzej Soltysiak during the Warsaw Workshop on Topological Algebras in November
2006.



Antoni Wawrzynczyk 7

References

(1]

A. Sottysiak, “Topological joint spectrum of generators and continuous characters,” submitted
to Contemporary Mathematics.

W. Zelazko, “Continuous characters and joint topological spectra,” submitted.

R. E. Harte, “Spectral mapping theorems,” Proceedings of the Royal Irish Academy. Section A,
vol. 72, pp. 89-107, 1972.

A. Wawrzynczyk, “On ideals consisting of topological zero divisors,” Studia Mathematica,
vol. 142, no. 3, pp. 245-251, 2000.

V. Miiller, Spectral Theory of Linear Operators and Spectral Systems in Banach Algebras, vol. 139
of Operator Theory: Advances and Applications, Birkhduser, Basel, Switzerland, 2003.

R. M. Brooks, “On the spectrum of finitely-generated locally m-convex algebras,” Studia Math-
ematica, vol. 29, pp. 143-150, 1968.

A. Mallios, Topological Algebras. Selected Topics, vol. 124 of North-Holland Mathematics Studies,
North-Holland, Amsterdam, The Netherlands, 1986.

A. Wawrzyniczyk, “Ideals of functions which achieve zero on a compact set,” Boletin de la So-
ciedad Matemdtica Mexicana. Tercera Serie, vol. 7, no. 1, pp. 117-121, 2001.

Antoni Wawrzynczyk: Departamento de Matematicas, Universidad Auténoma Metropolitana,
Unidad Iztapalapa, Avenue San Rafael Atlixco 186, Col. Vicentina, AP 55-534, 09340 México,
DF, Mexico

Email address: awaw@xanum.uam.mx


mailto:awaw@xanum.uam.mx

	1. Introduction
	2. The principal result
	3. The spectral mapping property
	4. Rational convexity of the spectrum of generators
	References

