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UNIT 1-STABLE RANGE FOR IDEALS
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We investigate necessary and sufficient conditions under which a ring satisfies unit 1-stable
range for an ideal. As an application, we prove that R satisfies unit 1-stable range for I if
and only if QMo (R) satisfies unit 1-stable range for QMo (I).
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Let R be a ring with identity 1. We say that R satisfies unit 1-stable range in case
ax +b =1 with a,x,b € R implying that a + bu € U(R). Many authors studied unit
1-stable range such as those of [1, 2, 3, 4, 5, 6]. Following the authors, a ring R satisfies
unit 1-stable range for an ideal I provided that ax +b = 1 with a €I, x,b € R implying
that x +ub € U(R) for some unitu € U(R).LetR =7/2Ze7/37Z and I = 0&Z/3Z. Then
R satisfies unit 1-stable range for I, while in fact R does not satisfy unit 1-stable range.
Thus the concept of unit 1-stable range for an ideal is a nontrivial generalization of that
of rings satisfying such stable range condition. In this note, we investigate necessary
and sufficient conditions under which a ring R satisfies unit 1-stable range for an ideal.
It is shown that R satisfies unit 1-stable range for I if and only if QM, (R) satisfies unit
1-stable range for QM (I).

Throughout, all rings are associative with identity. M, (R) denotes the ring of n xn
matrices over R, GL,, (R) denotes the n-dimensional general linear group of R, TM,,(R)
denotes the ring of all n x n lower triangular matrices over R, and TM,, (I) denotes the
ideal of all n xn lower triangular matrices over I. Clearly, TM,, (I) is an ideal of TM,, (R).
We begin with the following.

LEMMA 1. Let I be an ideal of a ring R. Then the following are equivalent:
(1) R satisfies unit 1-stable range for I;
(2) for any x € R, y €1, there exists a € R such that 1+ xa,y +a € U(R).

PROOF. (1)=(2). Given any x € R, v € I, we have yx + (1 — yx) = 1; hence, there
exists u € U(R) such that x +u(l - vx) € U(R),so 1+ (u!'-y)x € U(R). Set a =
ul—y.Then1+ax,y+a € U(R). Clearly, 1 +ax € U(R) if and only if 1 +xa € U(R).
Therefore, 1 + xa,y+a € U(R).

(2)=(1). Suppose that ax +b =1 with a € I, x,b € R. Then we have v € R such
thata+7,1+(—x)r € UR).Setu=a+r.Wegetl—-x(a—u) =1+ (-x)r € UR);
hence, 1 — (a—u)x € U(R). This infers that b+ ux € U(R), and so x +u~'b € U(R), as
asserted. |

In [3, Theorem 2], the authors proved that if R satisfies unit 1-stable range for I, then
so does My, (R) for M,,(I). Now we give a simple proof of this fact.
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THEOREM 2. If R satisfies unit 1-stable range for I, then so does M,,(R) for M, (I).

PROOF. Assume that (11\1411 1;11) € Mn(l),(j\l,f2 1,}]:) € M,(R) witha; €1, a, €R, B, €

My 1), B € My-1(R), N1 € Mix(n-1)), N2 € Mixn-1)(R), M1 € Mn-1)x1(I), and
My € M(n-1)x1(R). Using Lemma 1, we can choose a € R such that a; +a = u; € U(R),
1+ aza = v, € U(R). Assume that M,,_;(R) satisfies unit 1-stable range for M,,_1(I).
Clearly, By —Mju;'N; € M,, 1 (I). So we have B € M,,_1(R) such that (B; — M,uj'Ny) +
B=U,eGL,_1(R) and I,,_1 + (szvl’lNz +By)B =V, € GL;,_1 (R). Hence,

a; N . a 0 st Ny
M, B 0 B) \M; Bi+B)’ W
1
I+ a» N> a 0 _ V1 N>B
""\M, B,J\0 B) \Mca I,.1+B:B/’

We check that

(ul Ny )‘1(u11+u11N1U21M1u11 —ullNlel)

M; Bi+B ~U; 'Myup! U;!
4 (2)
vy N>B B vt + v N BV I Maavyt —vINRBV; !
Ma  In-1+B2B -Vy!'Mavy! vyl
By induction and Lemma 1, M,, (R) satisfies unit 1-stable range for M, (I). |

COROLLARY 3. IfR satisfies unit 1-stable range, then so does My, (R) for all n € N.
PROOF. By choosing I = R in Theorem 2, we complete the proof. |

THEOREM 4. Let I be an ideal of a ring R. Then the following are equivalent:
(1) R satisfies unit 1-stable range for I;
(2) TM,,(R) satisfies unit 1-stable range for TM,,(I).

PROOF. It suffices to show that the result holds for n = 2. Suppose that R satis-
fies unit 1-stable range for I. Assume that (! ;1) € T™M2(I), () l?z) € TM»(R) with
ai,bi,my €1, ap,b,,m, € R. Using Lemma 1, we can choose a € R such that a; +a =
u1 € UR), 1 +ara =v; € UR) and we have b € R such that b1 +b = u, € U(R) and

1+byb=v, € U(R). Hence,

a10+a07u1 0
m1b1 Ob_m1b1+b’

(3)
L[ 0\ fa 0y ([ wn 0
2 mo bz 0 b h moa Iz+b2b ’
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Analogously to Theorem 2, we have

(”1 0 ),(”1 0 )EGLz(TMz(R))- )

mi b1+b moa Iz+b2b

By Lemma 1 again, TM> (I) is unit 1-stable.

We now establish the converse. Given any x € R, v € I, we have diag(x,1) € TM2(R)
and diag(y,0) € TM» (D). So there exists (¢ %) € TM> (R) such that diag(1, 1)+diag(x, 1) (4 2),
diag(y,0) + (% (C)) € GL2(TM2(R)). Therefore, 1 +xa,y +a € U(R), as required. |

Let I be an ideal of a unital complex C*-algebra R. By Theorem 4 and [3, Corollary 6],
we prove that if every element of I is a sum of a unitary and a unit, then every square
lower-triangular matrix over I is a sum of two invertible matrices. Let I be an ideal of
a ring R. Define QM»(R) = {(?Z) la+c=b+d, a,b,c,d € R} and QM,(I) = {(?Z) |
a+c=b+d, a,b,c,d €1}.1tis easy to verify that QM, (I) is an ideal of QM (R).

COROLLARY 5. Let I be an ideal of a ring R. Then the following are equivalent:
(1) R satisfies unit 1-stable range for I;
(2) QM;(R) satisfies unit 1-stable for QM (I).

PROOF. (1)=(2). We constructamap ¢ : QM (R) — TM»(R) givenby (¢ 5) — (¢ 0 )
for (?5) € QM (R). For any (% ) € TM2(R), we have ¢ ((*22*}%27)) = (3 9). Thus we
prove that  is a ring isomorphism. Also ¢ |qm,1): QM2 (I) = TM> (I). Thus we complete

the proof by Theorem 4. |

As an immediate consequence of Corollary 5, we prove that R satisfies unit 1-stable
range if and only if so does OM;(R). This result gives a new kind of rings satisfying
unit 1-stable range.

THEOREM 6. Let I be an ideal of a ring R. Then the following are equivalent:

(1) R satisfies unit 1-stable range for I;

(2) there exists a complete set of idempotents {ei,...,e,} such that all e;Re; satisfy
unit 1-stable range for eile;.

PROOF. (1)=(2)is clear.
(2)=(1). One easily checks that

eiley -+ eley
1= )
epley -+ eyley
(5)
eiRey --- ejRe,
R=

eqnRe; -+ eyRey
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By induction, it suffices to prove that the result holds for n = 2. Assume that (:il]] le ) E

ejley ejlen az np ejRey e1Rep :
(enter extes)s (ma by ) € (esRe; eskes)- According to Lemma 1, we can choose a € ejRe;
such that a; +a = u; € U(ejRey), e1 +ara = v1 € U(ejReq). Also we have b € e>Re;

such that (by —myuy'ng) +b = u; € U(ezRez) and ez + (—maviing + ba)b = vy €

U(exRe»). Hence,
a; M a 0 u; ny
+ = ,
mq b] 0 b my b] +b
a, mny\f(fa 0 V1 nob
diag (eq,e2) + = .
mp bz 0O b mpa e+ bzb

Similarly to Theorem 2, we show that

Uy n V1 nob e1Re; ejRe;
, ev . (7)
m; bi+b moa ex+byb e>Re;  esxRer

It follows by Lemma 1 that (252 gﬁli) satisfies unit 1-stable range for (252 gﬁi ), as

required. O

COROLLARY 7. Let R be a ring. Then the following are equivalent:

(1) R satisfies unit 1-stable range;

(2) there exists a complete set of idempotents {ey,...,e,} such that all e;Re; satisfy
unit 1-stable range.

PROOF. It is an immediate consequence of Theorem 8. 0

Recall that I is a regular ideal of R. In case for any x € I, there exists ¥ € R such
that x = xyx. We prove that unit 1-stable range condition for an ideal is right and left
symmetric for regular ideals.

THEOREM 8. Let I be a regular ideal of a ring R. Then the following are equivalent:

(1) R satisfies unit 1-stable for I;

(2) for any x,y €I, there exists some a € U(R) such that 1+xa,y +a € U(R);

(3) ax+b =1 with a € I, b € R implying that there exists u € U(R) such that
a+bu e U(R).

PROOF. (1)=(2) is trivial by Lemma 1.

(2)=(3). Suppose that ax + b = 1 with a € I, b € R. By the regularity of I, we have a
¢ € R such that a = aca. Hence, a(cax) +b = 1. Since cax € I, it follows by Lemma 1
that there exists a d € R such that 1 + ad,cax +d € U(R). Set u = cax + d. Then we
have 1+ad =1+a(u—-cax) =au+b € U(R). Therefore, a+bu~! € U(R).

(3)=(2). For any x,y € I, we have xy + (1 — xy) = 1. By hypothesis, we can find
u € U(R) suchthatx+(1-xy)u € U(R).Hence,xu '+1-xy € U(R).Seta=u"'-y.
Then 1+ xa,y +a € U(R), as required. O
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COROLLARY 9. Let I be a regular ideal of a ring R. Then the following are equivalent:
(1) R satisfies unit 1-stable range for I;
(2) ROP satisfies unit 1-stable range for I°P.

PROOF. (1)=(2). For any x°P, y°P € [°P, we have x,y € R. Hence, there exists some
a € U(R) such that 1 +xa,y +a € U(R) by Theorem 8. Clearly, 1 + xa € U(R) if and
onlyif 1+ax € U(R). So 1°P + x°Pg® x°P +q° & U(R°P). Therefore, I°P is unit 1-stable
by Theorem 8 again.

(2)=(1) is proved in the same manner. 0

Recall that anideal I of a ring R has stable rank one in case aR+bR = Rwitha € 1 +1,
b € R implying that there exists v € R such that a+ by € U(R). It is well known that
an ideal I of a regular ring R has stable range one if and only if eRe is unit-regular for
all idempotents e € I.

THEOREM 10. LetI be an ideal of a regular ring R. If I has stable range one, then the
following are equivalent:
(1) R satisfies unit 1-stable range for I;
(2) ifeel, f el+1I are idempotents such that eR + fR = R, then there exist u,v €
U(R) such thateu+ fv = 1.

PROOF. (1)=(2). Suppose that eR + fR = R with idempotents e € I, f € 1 +1. Since I
has stable rank one, we can find a € R such that ey + f = u € U(R). Hence, eyu~! +
fu~! = 1. As R satisfies unit 1-stable range for I, there exists v € U(R) such that
e+ fu~'v =w € U(R) by Theorem 8. Hence, ew ' + fu~'vw~! = 1, as required.

2)=(1). Given ax+b =1 witha eI, x,b € R, then b =1 —-ax € 1 +1. Since R is
regular, we have ¢ € R such that b = bch. Clearly, ¢ € 1 +1. As I has stable range
one, it follows from bc + (1 —bc) = 1 that b+ (1 —bc)y € U(R) for a v € R. Hence,
b+(1—-bc)y =u,and so b = bcb = bcu. Similarly, we have d € R such that a = ada.
Since (a+(1-ad))d+(1-ad)(1-d) =1with a+(1-ad) € 1+1, we can find z € R
such thata+ (1-ad)+z(1—-ad)(1-d) =v € U(R). This shows that a = ada = adv.
Let e =ad and f = bc. Then e € I and f € 1 +1. Clearly, eR + fR = R. By hypothesis,
there are s,t € U(R) such that es + ft = 1. Therefore, av~'s + bu~!'t = 1, and then
a+bults~'v € U(R). According to Theorem 8, we obtain the result. O

Let I be abounded ideal of aregular ring R. As aresult, we deduce that R satisfies unit
1-stable range for I if and only if e € I, f € 1 +1 are idempotents such that eR + fR = R;
then there exist u,v € U(R) such that eu+ fv = 1.

COROLLARY 11. Let R be unit-regular. Then the following are equivalent:

(1) R satisfies unit 1-stable range;

(2) ife,f € R are idempotents such that eR + fR = R, then there exist u,v € U(R)
such that eu+ fv = 1.

PROOF. It is clear by Theorem 10. O
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