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We estimate the error term in the Ingham Tauberian theorem. This estimation
of the error term is accomplished by considering an elementary proof of a weak
form of Wiener’s general Tauberian theorem and by using a zero-free region for
the Riemann zeta function.
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1. Introduction. As animportant application of his general Tauberian theo-
rem (GTT), in 1932, Wiener [6] gave a new proof of the prime number theorem
(PNT). In 1945, Ingham [2] applied Wiener’s GTT to formulate a new Tauberian
theorem (now bearing his name) and deduced the PNT as a special case. In
1964, Levinson [3] rediscovered Ingham’s Tauberian theorem with a different
proof. On the other hand, in 1973, Levinson [4] did show that a weak formu-
lation of Wiener’s GTT is enough for the proof of the PNT. In 1981, Balog [1]
formulated Ingham’s Tauberian theorem with an estimate for the error term.

In this paper, we use Levinson’s approach to Ingham’s theorem, as well as
Levinson’s approach to Wiener’s GTT, to prove the following effective version
of Ingham’s Tauberian theorem.

THEOREM 1.1. Let F: R — R be a nondecreasing right-continuous function,
that is, F(x+) = F(x). Suppose that F(x) = 0 when x < 1. Let « be a fixed
positive number. Assume that

T(x):= Ji[%]dF(y) =xlogx+Ax+O(lmgLax), (1.1)

as x — o, for some constant A € R. Let B < «/3. Then (as x — )

F(x)—x+0< ’; ) (1.2)
log” x

Balog [1] proves that (1.1) implies (1.2) with & = 2 and S < 1/4. If the error
term in (1.1) is assumed to be only o(x), then the proof of Ingham’s theorem
would require the full strength of Wiener’s GTT.
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2. Proof of Theorem 1.1. For the proof of the theorem, we follow Levinson
[3, 4] and Ingham [2]. In particular, we have adopted the method in Levinson
[4] so that we can obtain an estimate for the error term in the above theorem.

If ke L' (R) and g € L*(R), then we write k x g(x) = ff:f kix—y)g(y)dy.

We notice that if g,k € L'(R) and g € L*(R), then (g * k) *g =q * (kx g).
This follows from Fubini’s theorem.

LEMMA 2.1. IfF(x) isasin (1.1), then F(x) = O(x).
PROOF. Let T(x) be as in (1.1). Since [2y]—2[y] =0 or 1 and F(x) is

nondecreasing, then

T(x)QT(%) zji/z[g]dﬂy) :F(pr(%). @.1)

On the other hand,
T(x)—2T<§> = xlogx ~23 log +0(x) = 0(x). 2.2)
Let M > 0 be such that F(x) —F(x/2) < xM. Then we have
S (X X S M
F(x) = ZF(§>—F(F> < D x5; =2Mx. (2.3)
Jj=0 j=0 O
LEMMA 2.2. Let F(x) be as in the statement of Theorem 1.1. For every x € R,

let

g(x)= % e L*(R). (2.4)

Then there exists a function k € L' (R) satisfying

krgto = [ kix-ygdy=1+0(.;) 2.5)
and also
[ ke gy - 2T+ i)
K(u):= J_wk(x)e dx = At Crin)’ (2.6)

where (1 +iu) is the Riemann zeta function. Therefore, K (u) # 0 for allu € R
and in particular K(0) = 1.

PROOF. Let kog(x) =[x]—x+1/2when x > 1 and let ko(x) = 0 when x < 1.
Then

xlogx+Ax+O(logax) - Jiko(§>dﬂy) +JT§dF(y) - %F(x) .

= Jj_k()(g)dF(x) +h(x),
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where, integrating by parts, h(x) := xflx(F(y)/yz)dy +(1/2)F(x). Hence we
have

h(x) =xlogx +Ax — I ko< )dF(y)+O(lg x)' (2.8)

From the definition of h(x), one can show by taking derivatives that

1 L (Fy)
5X L dy = J h(y)dy. (2.9)
Thus we can write
_ o [[ED) 4., _Ar
F(x)=2h(x) ZXJI 2 dy =2h(x) leh(y)dy. (2.10)

From (2.8) and (2.10), we obtain

F(x)=2xlogx+2Ax — ZJ k0<y>dF( )

—%{%leogx =24, —J j ko< )dF(t)dy}JrO(l og" X).

(2.11)

Therefore,

Fx) =x—2( ko 5 oiF(y)+é ) Xko YVaydrt)+o—>
1- xJ1- t log® x

e zj ko( )dF(y)+ J JX/tko(y)dde(t) (

If we let ky(x) = 1+ 2ko(x) — (4/x) [} ko(»)dy when x > 1 and k;(x) = 0
otherwise, then we can write

JT—h(%)dF(y):x*O(erxx)- (2.13)

In this equation, we make the substitution x — t, then we multiply by 1/t, and
finally we integrate from t = 1 to t = x. We get

e o S S E R e
(2.14)

If we integrate the last expression by parts, then formula (2.13) becomes

J (3 )y =) 215
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Since F(y) = 0 for < 1 and k;(x) = 0 for x < 1, then we can make the
substitutions x — ¢* and y ~ e” to obtain

+ 00 ex
Jin(ey)kl(eX‘y)dy=eX+O<F>. (2.16)
Now we write
X
kix) = Kiler) (2.17)
eX

Since ko(x) and k;(x) are bounded, then k € L'(R). The first assertion in
Lemma 2.2 follows from (2.16). Now we prove the second assertion. Since
ki(x) =0 when x < 1, then

k1 (x)

xS+l

K(u) = J %e*i“dx = dx, (2.18)
0

where s = 1 +iu. Recall that k;(x) =1+ 2ko(x) — (4/x) flx ko(y)dy and that
ko(x) = [x]—x+1/2. It is a well-known fact that

“kox) , _C(s) 1 1
1 xSt dx = s s(s—1) 2s° (2.19)
Thus, changing the order of integrals, one shows that
11 _T(s) 1
L poray 'leko(y)dydx— SGrD) 2561 (2.20)

Adding [;"(1/x**1)dx = 1/s to two times (2.19) minus four times (2.20), we
obtain

2(s—1)C(s)

K(w) = s(s+1)

) (2.21)

which is as claimed in the lemma. O

LEMMA 2.3. For¥{ >0, let

+ 00
Sp(x) = %\/ge‘(m”‘z, Ap(t) = J, Sp(x)e Xdx. (2.22)

Then Ap(t) = e~ VDY and in particular Ay (0) = 1.

LEMMA 2.4. Let k(x) be as in Lemma 2.2 and 6y as in Lemma 2.3. Then
there exists a function qy € L' (R) such that §p = qp * k. Let n € N. If €1 is a
fixed positive number, however small, then (as x — «)

|
ar(x) < %€1+€1”F(2€1n+ 1). (2.23)
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PROOF. Let k(x) be as in Lemma 2.2. Let

T Ap(u)

ixu _ teo —iut
e K(u) e du, K(u) = J,wk(t)e dat. (224)

qe(x) =

That the integral defining q, does exist follows from (2.28) and (2.31). Then
we have

“Ap(u)

+ 00
qﬁ*k(x)=J k(t)f K@) et -Dugy dt
s w (2.25)
_ aelu) Lxuj itu
J K k(t)e ""dtdu = 6p(x).
We can integrate n times by parts to obtain
(n)
i (A )
o= (2 (3 "o
Now we must show that
(n)
P o Af(u) |pl+en
I:= ,[700 (K(u) ) du <nf I(2e;n+1). (2.27)
Let s = 1+ 1iu. Then
s(s+1)  qpes-nz _ Ae(u)
Z(§)i=————— =— 2.28
=26 nEe* K(w) (2:28)

is an analytic function of s in the region (see [5, Theorem 15, page 157])

s=0+it such that o > lfé, (2.29)
log |t]

where c is a suitable positive real number. Therefore,

ag

§n+l’

dan n!
a5 2) = g | 2640

(2.30)

where the integral is over the small circle |E| = ¢/2log|u|. Since (see [5, Theo-
rem 16, page 158])

Z(s) < ue~ V0w logy  (as u — o), (2.31)

then we also have

(A.{)(u)

(n)
| (1/4€) u
K ) < nlue” log"* (2.32)
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If €, is a positive number, then we have

% <<J e~ V0w 106" (3 4 ) du
! 0

< €J ue *log"™! (3+Vlu)du
0

< lfjwue‘uz (Veu)* " du (2.33)
0

00

_ €1+elnj u261ne—udu
0
=0anr(2ein+1). O

PROOF OF THEOREM 1.1. We apply Lemma 2.4 with n+1 &N and €; small.
Let ¢ = g—1. Then we have

Spkp(x)=qexk*xp(x)=qp*xh(x), (2.34)
where h(x) =k*x ¢(x) = 0(1/x%), as it follows from (2.5). Since
x/2 ©
de*h(x) = ”7 +J /Z}W(X—t)h(t)dt

o too (2.35)
<sup [hO)] [ Javw]de+ sup [ho)] [ Jaro]ar,
teR x/2 t>x/2 — 0

then we see that §p % ¢p(x) < £7(1/x%¥+1/x™) as x — o holds with any con-
stant T > 1. Letting n = [«] + 1, we obtain

6g*g(x)=l+0(%). (2.36)

Let € be real and positive. Since et g(t) = F(e!) is nondecreasing and nonnega-
tive, then x —€ <t < x + € implies

e fg(x—e)<efg(t) <e*g(t) (2.37)
so that x —e€ <t < x + € implies
e g(x—e) < g(t). (2.38)

Therefore, we have

X+€

+e
e‘zeg(x—e)J Sp(t)dt < g(H)dp(x —t)dt. (2.39)

Now we would like to extend these integrals from the finite range |x —t| < € to
the whole real line. From Lemma 2.1, we know that g(t) is a bounded function.
Thus

J gx—1)8,(t)dt < @J e UHX gy « o= (U1 (2.40)
[t|=€ €
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where the implied constant is independent of x. Hence,
e %g(x—€) < 6,g*g(x)+0(e’(")/4)52>. (2.41)
This inequality, together with (2.36), implies
ET 0 2
g(x)sl+0<e+;+e‘( 14)e ) (2.42)

Let B < /3. Letting € = x# and 7 = x*#, we obtain the right-hand-side
inequality of

1+O<$)sg(x)sl+0($). (2.43)

One can prove the left-hand-side inequality in a similar fashion. Recalling that
g(x) = F(e*)/eX, we now have that

F(x) =x+0< ) (2.44)

logﬁ b
holds with 8 < «/3. O
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