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1. INTRODUCTION.

The expressions

(2n)!

nln+1) D
(2r +1)! (2n)!
rl nl(n4r+ )V -
2n+s—1)!
ot o
(s+2r)! (2n+s—1)! (1.4)

G=-Dr!l'nl(n+ts+r)!’

are always integers. They are called the Catalan, generalized Catalan, ballot, and the super
ballot numbers, respectively [1]. Here we consider two results concerning divisibility by
expressions involving factorials, which generalize these and other similar assertions.

For given positive integers ay,as,...,a, let {aj,az,...,a:} denote the least common
multiple of these integers. For integers n and k, n > k > 0, set

L(n,k)={n,n—-1,...,n—k}. (1.5)

The novel aspect of our approach is the introduction of the function

J
Q(J,B,C) = [[(B -i,L(C,5)), (1.6)

1=0

for B> C > J > 0, where (a, 3) denotes the greatest common divisor of the integers a and

B.

Our results describe divisibility properties of this function “from above” and “from
below”. We have

THEOREM 1.1. let m, k, J, be positive integers such that m > k > J > 0, then the
number F(J, m, k) given by

_ Q(J,m, k) m
F(J’m’k)‘m(m—1)...(m—1)'(k) 1.

is always an integer, where (',':) is the binomial coefficient.
THEOREM 1.2. For integers s > 1, r > 0, and n > 1, the integer

(2r +s)!

Prs) = =1

(1.8)
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is a multiple of

Q(r,r+s+2n,7+s+n). (1.9)
Applying Theorem 1.1 with J = 0, gives that for m > k > 0,
(m, k) (m> (1.10)
m k

is an integer. (Note that (1.10) holds also for k¥ = 0.) Taking m = 2n + s, k = n, (1.10)
yields that

(2n+s,n) (2n+s) _ Cn+s-1)
2n + s n =@n+sn)- nl(n + s)!

is an integer. Since (2n + s,n) = (s,n) divides s, we have that (1.3) is an integer. Then
(1.1) is the special case s = 1.

As for the expression (1.4), we apply Theorem 1.2, with s > 1, r > 0and n > 1,
obtaining that P(r,s) is a multiple of Q(r,r + s + 2n,r + s + n). But by Theorem 1.1,

Q(r,r +s+2n,r+s+n) r+s+2n
(r+s+2n)(r+s+2n-1)...(s+2n) \r+s+n
_ (s+2n-1)!
=Q(r,r+s+2n,r +s+n) T E——
is an integer. Thus (1.4) is an integer. Then (1.2) is the special case s = 1.
2. PROOF OF THEOREM 1.1.

If not specified otherwise, all letters denote positive integers. Suppose that an integer
X is given as a product:

f
x=]]x. (2.1)
1=1
For any positive integer A we define
N(A,X) = the number of X, divisible by A. (2.2)

In all applications of this notation, the reference product (2.1) will be uniquely given. For
any prime p, let

Pow (p, X) = the largest a such that p® divides X (2.3)
It is easy to see that -
Pow (p, X) =Y N(p", X). (2.4)
r=1
The following two lemmas are clear.
LEMMA 2.1. If X is given by (2.1) and Y = ﬁ Y; is, such that, for all primes p and
T > 0, we have =
N(p",Y) 2 N(p", X), (29)

then X divides Y.

LEMMA 22. Forn > 1,letn! = H j be the reference product for n!. Then
=1

NGy = 2], (26)



FACTORIAL RATIOS THAT ARE INTEGERS 401

where [a] is the number of positive integers < a.
From (1.7) we have

o A (m=J-1)!
F(J,m, k) = Q(J,m, k) MmO (2.7
Write Q(J,m, k) in the form (2.1):
J J
QUJ,m, k) = [T (m =1, L(k,4)) = T[] Qu(m, k). (2.8)
1=1 1=0
By Lemmas 2.1 and 2.2, it is enough to show that
-J- -k k
W@+ [T 2 [t (L] (2.9)
p p p
et J k k
m-—J-1 m —
AT F) = N Q)+ | |- 124 - 5] 2.10)
(", F) (", Q) o o = (
so that (2.9) is equivalent to
A(pT,F) > 0. (2.11)
et K Kl d K[k
m: ___[m: ]+_:, _;.=[__r.]+i:-, (2.12)
p p p p p p
where,
0<d.<p" -1, 0L e, <p" -1 (2.13)
Then . . d ;
e
p p p p
implying
e ] ] e
p p p p
From (2.10) and (2.15) we have:
r T dr + T = J - 1
A(p",F)=N(p",Q) + {——e—,——] . (2.16)

Ifd,+e;—J—12>0, then A(p™, F) > 0. Suppose that d,+e,—J—1 < 0, thend,+e, < J.
If
L=d,+e,, (2.17)

0 < L < J. By (2.12) we have that p™ divides both m — k — d, and k — e,, and hence it
divides m — (d, + e,) = m — L. Then p” divides (m — L,k —e,). For t > 0 we have

p"|(m—L—tp" k—e,). (2.18)
For each t such that L +tp™ < J, p” divides:
(m—L—tp" {kk—1,....k—er,....,k =L —1tp"}) = Qr4epr(m, k).

Thus each 0 <t < [JPZL J maps onto Q44 (m, k) that is divisible by p™. Since this map

is 1-1 into the factors @,(m, k) in (2.8) that are divisible by p7, it follows that
J-L
Mm@ 21+ [T

(2.19)
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From (2.16), (2.17), and (2.19) we have

AT F) 21+ [']“,L] + [L"’,‘l] :
P p

L-J-1] J-L !
pr B pPr '
Since (2.20) and (2.21) imply (2.11), Theorem 1.1 is proved.

3. PROOF OF THEOREM 1.2.
LEMMA 3.1. Let

It is casy to sec that

b

a d
v=I[v. v=]]v. W=fIW,. z=1] 2z
1=1 =1 k=1

1=1
For all primes p and integers 7 > 0, we assume that
N(p",W) <min(N(p",U),N(p",V)),

and
N(p",Z) <max(N(p",U),N(p",V)).

Then %Y is an integer divisible by Z.
PROOF. We have for any prime p,

Pow (p, 52) = 3 (N(p",U) + N(p", V) = N(", W)).

=1

Let
A(p") = N(p",U)+ N(p",V) - N(p", W).

Via (3.2) and (3.3) we have:

A(p") =max (N(p",U), N(p",V)) + min (N(p",U), N(p",V)) - N(p", W)

2N(",Z)+ N(p",W)-N(p",W) = N(p", 2).
This and (3.4) yield
Pow(p, 55r) 2 N7, 2) = Pow (7, 2),
and the lemma follows.
Write (1.9) in the form:

-
Q(r,r+s+2n,r+s+n)= HQ"’
k=0

where
Qr=(r+s+2n—k,L(r+s+n,k)).

We also rewrite (1.8) in the form:

r—1 r
P(r,s) = H(2r+s—i)H(r+s—j)/r!
1=0

=0

(3.1)

(3.4)

(3.5)

(3.6)

(3.7)
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We will obtain Theorem 1.2 by applying Lemma 3.1 with

r—1 r—1
U=JJv.=]J@r+s-1),
=0 1=0

r r
v=][[vi=]lt+s-9,
1=0 =0

-1 r—1
wth,=H(1+1)=r!,
=0

=0
T r
Z = HZk: IIQk.
k=0 k=0
Thus Z = Q(r,r + s+ 2n,7r+s+n) = Q, and

is an integer. As for (3.2) we have:

N(", W) = N(p',rt) = [p—] ,

- [£22)- 2]
w25

from which the inequalities N(p™, W) < N(p",U), N(p™") < N(p", V) are obvious. Thus
the proof reduces to establishing (3.3). Consider those Qk, 0 < k < r, such that p” divides
Q- Since this requires that p” divides

Lir+s+nk)={r+s+n,r+s+n-1,...,r+s+n—k},
the smallest k for which this occurs is p*, where
r+s+n—-p*=0 (p7), 0<pu*<p’, p*<r (3.8)

(It is the last inequality that constrains, in part, the existence of such a Q.) Also, there
would be a smallest k*, u* < k* < r, such that

r+s+2n—k*=0 (modp”). (3.9)
From (3.8) and (3.9) we have
n=k*—u* (modp"). (3.10)
Thus (3.9) is equivalent to
r+s+2(k*—p*)—k*=0 (modp”), u*<k*<r (3.11)

If (3.8) and (3.11) are not satisfied then N(p”,Z) = N(p",Q) = 0, and (3.3) certainly
holds. Thus we may assume that N(p™,Q) > 0. The integers k such that p™ divides Q are
precisely those such that

k*<k<r, k=k* (modp”), (3.12)
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which gives

NpTQ) =1+ [’ —k ] . (3.13)

pr

Consider two cases:
Case I p* < k* < 2p*. Here. for all k satisfying (3.12). we have

T s+ 2k =) =k <r4+s+20 —p@*) = k* <7+ s,

and
T4+ s+2ART —p )=k 2+ s+ 2R —pu*)—r > s,

Note that this implies
r>hk =2k -p*)>0.

Thus, in this case. a factor Q¢ which is divisible by p™ maps onto Vi_j(k+ —u=), which is
divisible by p”. Since this map is 1-1 into the set of V, that are divisible by p”, we have

N(p", V)< N(@p",Q). (3.14)

Case II. k* > 2u*. Let
¢ =r+s+k*—-2p". (3.15)

By (3.11), we have ¢* =0 (mod p"). Also
¢ >2r+s+1,

and
¢ <r+s+k*<2r+s.

Thus ¢* is one of the U, and is divisible by p™. Hence the integers of the form ¢* + tp™ such
that
¢ +tpT<2r+s, t>0, (3.16)

are also among the U,’s, which are divisible by p”. This yields

Np™,U)>1+ [MJ ,

p‘r

(3.17)

or inserting (3.15),

(3.18)

N(p’,U)21+[————“'“ + 2 ]

p‘r
(Actually equality can be proved in (3.18), but this is not needed). Via (3.13) and (3.18),

the inequality
N(p™,Q) < N(p",U)

[r—k"] < [r—k*+2y‘] .

pT pT

But the last inequality is obvious since u* > 0, and the theorem follows.
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