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1. INTRODUCTION.

Bewley [1] proved the existence of an equilibrium point of an abstract economy with infinite
dimensional commodity space.

In recent years, a number of authors [e.g., Yannelis and Prabhakar [9], Toussaint [8], Tarafdar
[7] and Ding, Kim, and Tan {3]] have established the existence of an equilibrium point of an
abstract economy with infinite dimensional commodity space and infinite agents.

The object of this paper is to prove a selection theorem from which we derive a fixed point
theorem that is different from the one due to Tarafdar [7] in that the compactness condition is
relaxed to some extent at the expense of assuming locally convex topological vector spaces in place
of topological vector spaces.

According to Debreu [2] and Shafer and Sonnenschein [5], an abstract economy or a generalized
qualitative game is 8 = {X,,44,Uq:e € I} in which I is finite or infinite (countable or uncountable)
set of agents of players and for each a € I, X, is the choice set or strategy set; A,: X = ]'[a)e{ Ia~2x"
is the constraint correspondence (set valued mapping) and U,:X—R is the utility or pay-off
function. X, is a subset of a topological vector space for each a € I. The product [ X is
denoted by X _, and a generic element of X _, by z _ . serlpta

We note that an abstract economy 8={X, A4 Usc€I} may also be given by
{XgPpUgia €I} in which for each a€l,P,:X—2X® is the preference correspondence. The
relationship between the utility function U, and the preference correspondence P, can be exhibited
by the definition

Pa(z) = {ya € Xa:Ua([yavz - a]) > Ua(z))v
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where z _ , is the projection of = onto X _, for each a and [y,,z _ 4] is that point of X which has y,

th coordinate.

as its a
A point 7 € X of an economy &= {X,, A4 Uya€l} is called an equilibrium point or a

generalized Nash equilibrium point of 8 if

U(Z)=UQy[Z 0o T — ol =sup Ul24,T _ 4]

g € Ao(T)
for each o in which 7, and # _, are respectively projective of T onto X, and X _,. In this case
an equilibrium point is the natural extension of the equilibrium point introduced by Nash (1950).
If 8={X,4, Aq,Ugra €I} is an abstract economy and for each a €1, P, is defined as above, then it is
easy to see that a point T € X is an equilibrium point of & if and only if for each
a€L,Py(T)NALZT)=0 and 7 4, € Ay(z). Thus if an abstract economy is given by {X,, Py, Ay:x € I},
then its equilibrium point can be defined as follows: A point Z € X is an equilibrium point of the
abstract economy {Xg, Py, Ag:a €I} if for each a € I,Po(Z)NAy(Z) =0 and 7 4 € A4(T ), where Z 4 is
the projection of  onto X,.

Given an abstract economy 8 = {X, Py, A4 € I}, for each z € X, we define

I(z) = {a € I: Py (2) N Ay (z) # 0}

We assume that for each z € X, 7 4 ¢ coP,(z), the convex hull of P(z) for each a € I. For each

a € I, we define the set valued mapping T,: X—2%X2 by

coPy(z) N Ay(z) if a € I(z)
To(z) = { .
Ay(x) if a ¢ I(z).
It is easy to see that Z € X is an equilibrium point of the economy 8 if and only if  is a fixed point
of the set valued mapping T: X—X defined by T(z) = [1,, ¢ ;Ta(2)-
2. SELECTION AND FIXED POINT THEOREMS.

Here first we prove a selection theorem from which we derive fixed point theorems. One of
these results contains Theorem 1 due to the second author [7].

THEOREM 2.1. Let X be a nonempty paracompact Hausdorff topological space and Y a
nonempty convex subset of a topological vector space. Let F:X—2Y be a set valued mapping such
that

(i) for each z € X, F(z) is a nonempty convex subset of Y;

(i) for each y € Y,F ~1l(y) = {z € X:y € F(z)} contains an open set Oy;

(i) voy,=X.

vey
Then there is a continuous selection f of F (i.e., there is a continuous mapping f: X—Y) such that
f(z) € F(z) for each z € X.

PROOF. Since X is a paracompact space, by (iii) there exists an open locally finite refinement
U = {Ug:a € A} of the family {0 :y € Y} (see Lemma 1 of Michael [10]) in which 4 is an indexing set
and each U, is an open subset of X. Hence by Proposition 2 of Michael [10], there is a family
{fqa:a € A} of continuous functions f,:X—[0,1] with fu(z)=0 for z¢ U, and By e afa@) =1 for all
z€ X. Since U is a refinement of {O,:y € Y}, for each a € 4 we can choose y, € Y such that U, C Oy,
We define f: X—Y by

f(:) = Ea € Afa(z)yay zeX.
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Since U is a locally finite refinement it follows that for each z € X,f,(z) is nonzero for at most
finitely many a€ A. So f is well defined and is evidently continuous. For each ze€ X, f(z)#0
implies z € U, C 0y, CF™ l(ya) i.e., yg € f(z). Since F(z) is convex, it follows that f(z) € F(z).

COROLLARY 2.1. Let X and Y be as in Theorem 2.1. Let S: X—2Y be a set valued mapping
such that

(i) for each z € X,S(z) #0

(ii) for each yeY,5 ™ 1(y) is open.

Then there is a continuous selection of the set valued mapping T: X—2Y defined by T(z) = co
S(z),z € X.

PROOF. Set 0,=S5" Yy) for each yeY. Then for each yev, Oy=5~ Yyyer ) as
S(z) C co S(z)=T(z) for each ze X. Also UyO = X because if z € X then S(z) # 0 implies there is
yeSi)andsoze S~ Ly = 0,. Now the corollary follows from Theorem 2.1.

Note Corollary 2.1 contains Theorem 1 of [3] as a special case.

LEMMA 2.1. Let D be a nonempty compact subset of a topological vector space. Then coD is
paracompact.

See [3] for a simple proof.

THEOREM 2.2. Let {X,:a €I} be a family of nonempty convex sets, each in a Hausdorff
locally convex space E,, where I is an indexing set. For each a €1, let D, be a nonempty compact
subset of X, and To: X =[] X a—»2D @ a set valued mapping such that

(i) for each z € X, T;(ezs is a nonempty convex subset of D;

(i) for each y, € Dy, Ty~ 1(y,,,) contains a relatively open subset Oy, of X;

(iii) Y, O o = coD, where D= ] Dy
Yo ael

Then there is a point ¥ € D such that 7 € T(z) = 1'[ To(Z), 1.6, To €Tz ) for each ael
where 7 , is the projection of z onto X, for each a € 1. In other words, Z is a fixed point of T.

PROOF. By Lemma 2.1, coD is a paracompact subset of X because D is compact by the
Tychonoff Theorem. For each a €1, let T, denote the restriction of T, to coD. Then clearly for

each a € I and each z € coD, T4(z) = T, (z) is a nonempty convex subset of D, and for each y, € D,

To™ 1(ya) ={z €coD:y, € To(z)}
={r €coD:y, € T(z)}
-1 A
=coDNT 4(yy) = Oya’ say.

Clearly aya is a relatively open subset of coD. Hence by Theorem 2.1, for each o« €I, there is a
continuous selection fu:co D—D, of T, ie., Fo(z) € To(z) = To(z) for each z€co D. Now we define
F:coD—D and T:co D—2D respectively by f(z) = I'[ fo(z) and T(z) = [] Tolz) = ['[ T,(z), z€co D.
Clearly 7 is continuous and so by Theorem 4.5. 1. éf Smart (1974), tTlerIe exists a pomt % € D such
that = f(z) e T().

COROLLARY 2.2. Let {X,:a €I} be a family of nonempty convex sets, each in a Hausdorff
locally convex space E,, in which I is an indexing set. For each a€l, let D, be a nonempty
compact subset of X, and S: X = [] X,—2 Da be a set valued mapping such that

(a) for each z € X,S,(z) #0 act

(b) for each y, € Dy, S L(yq) is relatively open in X.

Then there exists a point € D = I'[ D, such that 7 € T(z) = ]'[ co Sy(z).i.€e., T o € co Sy(z) for
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-1 .
N’ ty)yuth v)) for yelc.al.
uly)r=
0 for yelP-1c.al.

To assure that each orbit of any flow from Fl(¥) crosses the set of branched

points ot f, we assume aaditionally that there exist a’,b’ such that

,
-1

.fb x(s)ds > o (1) 4.3)

"ar

where o 1s defired 1n Example 3.3.

DEFINITION 4.5
we say that a vector field v, 1s a modi frcation of Yo and write vffDD(U.Q)vo 1+
there exist «, h, A, L as above such that VTV outsioe U and v1=F 1n U 1n local

coordinates given by .

To analyze properties of v, note that + nas Fc—-property: for any ¢eFl(u), 1t
generates the flow

t
P (E, Gy I=(xtt, d(f aix+sids,y)) . (4.4)
o]

Vector fields <1,0> and f are different only 1inside the rectangle 2. It 1s easy
to see that R = la,blxR(U) 1s the set of f-strong branched points. Condition
(4.3) 1mplies that the orbits of any flow gererated by f, which pass across &
have nonempty 1ntersection with the set R. [t 1s easy to see that flows genera-
ted by f which are of the form (4.4) are conjugate with the unit flow 12 by the
following homeomorphism A:

x

A,y) = (x, @(f aix+s)ds, y)), for (x,y)eR>.

-
DEFINITION 4.6
We say that a vector field V has a-property if for any point pm there exists
a connected neighbcrhood U(p) and a local map :U(p)—2A (L)(p))QJ?2 such that V has
the coordinates <1,0> in the map A.

Observe that if a vector field V has the a-property, p and U(p) are as 1n the
above definition, then MODWU(p),n)V has the a—property. The operation
MOD(U(p),n) depends on the choice of the local map L. We can choose A 1n such a
way that peR(MOD(U(p),n)V). In the following we shall always choose such a A.
STEP 2

We choose a countable dense set P={pn: neN) in R? and start from the vector
field V1 with coordinates <1,0> which obviously has a-property. Let Vn denote
the vector field obtained in n-th iteration. As the next 1teration we take
V. TMODWCp ) ym YV if pnziTn)' and V__ =V otherwise.

LEMA 4.7
Parameters Qn of the MOD-operation can be chosen small enough, so that
a) the sequence (Vn) converges uniformly on Rr? (in the sense of the uniform
convergence of coordinates in the canomical map in Rr?).
b) each of Vn has the Fc-property.
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=[Ps wa) UFa)n Aq Hua):

We note that the first inequality follows from the fact that for each y,€ D,
Py l(ya) C(coPgy) ™ 1(y(,,) because P,(z) C (coP,)(z) for each z € X. Furthermore, by virtue of (iv), for
each y, € Do, Ty (yu) contains a relatively open set Oy, of X such that Yy Oy, =co D. Hence
by Theorem 2.2 there exists a point z = {7 5} such that T o € Ty(7) for each a e . By condition (v)
and the definition of T,, it now easily follows that € X is an equilibrium point of 8.

COROLLARY 3.1. Let 8 ={X,, Py Ag;a € I} be an abstract economy such that for each a €1,
the following conditions hold:

(i) X4 is convex;

(ii) D4 is a nonempty subset of X 4;

(i11) for each z € X,A,(z) is a nonempty convex subset of D;

(iv) the set G, = {x € X:Py(z)NA,(z) # 0} is a closed subset of X;

(v) for each y, € Dy, Py l(ya) is a relatively open subset in G, and A5 1(110) is a relatively open
subset in X;

(vi) for each z ={z,} € X, z4 ¢ co Py(z) for each a € I.

There there is an equilibrium point of the economy &.

PROOF. Since P4 l(ya) is relatively open in G,, there is an open subset U, of X with
P Yya) = GoNU,. Hence for y, € Doy Py M(ya) UFy = (GqNUg)UFg = XN (UyU Fy). Thus

{Pa 1(a) UFa} N 45 1(va) = (UqUFa) N Ag H(yg) = Oyg, Say,

is a relatively open subset of X for each y, € D, since Ug, F, and A5 l(y,) are open subsets of X.
Now it follows (e.g., see Remark 3.1 in Tarafdar [7]) that . 9o Oy, =co D. The corollary is thus a
consequence of Theorem 3.1. e

THEOREM 3.2. Let I'={X,,Pya€l} be a qualitative game such that for each a €1, the
following conditions hold:

(i) X, is convex;

(ii) D, is a nonempty compact convex subset of X,;

(iii) for each z, € Dy, {Pg 1(za)UFa} contains a relatively open subset O¢, of co D such that

Y, Oz, =co D, where
za a

Fo={z€X:Py(z)=0}

(iv) for each z = {2y} € X,z, ¢ co Py(z).
Then there is a maximal element of the game T.

PROOF. For each a €I, we define the set valued map Ay x—2Pa by Ay(z) = D, for each
z€ X. Now Theorem 3.1 applies.
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