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ABSTRACT. An investigation is made to study the diffraction of a train of time harmonic
progressive waves propagating along the surface of separation of two superposed fluids which are
laterally unbounded, the upper fluid being extended infinitely upwards, the lower fluid being of
finite depth with sand ripples at the bottom. The first order correction to the velocity potential
for the problem of diffraction of interface waves in the presence of bottom deformation is
obtained by integral transform technique after introduction of a linear frictional term in the
kinematic boundary condition at the surface of separation following Lamb (1932), and the
reflection and transmission coefficients are estimated for a patch of sand ripples.
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1. INTRODUCTION.

Gorgui and Kassem [1] studied generation of short internal waves produced by a cylindrical
wavemaker at the surface of separation of two inviscid fluids. The studies of Gorgui and Kassem
[2], Rhodes-Robinson [3] on the generation of time-harmonic waves at the surface of separation of
two superposed fluids due to various types of basic singularities provided interesting results in the
theory of infinitesimal wave motion at the interface of two fluids.

When a train of surface waves is propagating in a laterally unbounded ocean over an
obstacle or sand ripples at the bottom, it experiences reflection and transmission, over the
deformed bottom which is interesting and important to study for both coastal protection as well
as for the protection to the growth of sand ripples. Miles [4], Mandal and Basu [5] estimated the
reflection and transmission coefficients when a train of surface waves propagating along the
surface of a single layer of fluid is incident obliquely on a cylindrical deformed bottom.

In the present paper an attempt has been made to determine the transmission and reflection
coefficients for the diffracted waves along the interface of two laterally unbounded superposed
immiscible fluids in which the upper fluid is extended to infinity upward while the lower fluid is
of finite depth below the mean free surface with a small deformation in the form of a long
cylinder in the lateral direction. By following Lamb [6], Davies [7] developed a method to solve
this problem for a single layer of fluid by applying the Fourier transform technique. In the
present paper, the method developed by Davies [7] has been used to solve a coupled the boundary

value problem.
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2. MATHEMATICAL FORMULATION OF THE PROBLEM.

We now consider two incompressible, inviscid, homogeneous immiscible superposed fluids of
densities py,p,(p; > p,) with the lower fluid of density p,. The mean surface of separation is
horizontal in equilibrium and taken as zz-plane, y-axis pointing vertically downward. The lower
liquid occupying the laterally unbounded region — oo < z < 00,0 <y < h+ ((z) while the upper
fluid of density p, in the region y <0, —oo < z < c0.

The bottom of the ocean with small cylindrical deformation is described by y =k + ((z),

where
((z) =0 for —oco<z<L,
=yy(z) for L, <z<L, (2.1)
=0 for Ly,<z<o0

and ((z) together with its derivatives are assumed to be very small.

We consider the motion under gravity of the two layer of fluids when a train of progressive
waves is propagating along the surface of separation of two fluids. The motion is assumed to be
irrotational and simple harmonic in time so that it can be described by the velocity potential
Re{®(z,y,t)} for lower fluid and Re{¥(z,y,t)} for the upper fluid, & and ¥ satisfy following
equations and boundary conditions

Vi =0, 0<y<h+((a) (22)
V 2y =0, y <0, (2.3)
¢, =Y, ony=0, (2.4)
@, — 90, = (¥, + g¥,) ony=0, (2.5)
®.=0 on y =h+((z), (2.6)
Vo0 as y— — 0o, (2.7

where '’ denotes the inward drawn normal to the bottom, s =%§—. Let ¢ and 3 be the effect of
the bottom deformation in ® and ¥ so that
b=0,+¢, V=V +79¢ (2.8ab)

where ®,, ¥, are prescribed first order velocity potential and ¢,1) are second order perturbed
velocity potential for lower and upper fluids. The prescribed value of &, and ¥, are given by

~ cosh|k, | (h—y)

Qo =A W cos (koa: - nt) (2.9)
¥, =— A%l cos (k,z —nt) (2.10)

along positive z-direction where k, > 0, A is a known quantity depending on n,k, ¢ and h,k,

being the unique real zero of
K(cosh |k|h+ssinh|k|h)—(1—3s)|k|sinh|k|h=0 (2.11)

where n = /Ky is the circular frequency.
As this wave train is normally incident upon the deformation, it experiences reflection and
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transmission over the deformation and the motion is governed by the set of equations (2.2) to

(2.7), then ¢ and ¢ satisfy set of equations

V4 =0 in0<y<h, (2.12)
V2% =0 in —co<y<0, (2.13)
b, =1, ony =0, (2.14)
(b — g¥,) = b0 — 94, ony =0, (2.15)
-0, ((z)+{(x)®,,,+0,=0 ony=h, (2.16)

where ®, and ((z) is given in (2.9) and (2.1).
By the use of (2.1) in (2.16), the bottom boundary condition leads to the following relations

¢, =0 for —oco<zr<L,
= -U(z,t) for L, <z<L, aty=~h (2.17)
=0 for L,<z<o
where
Uz, t) = ~ {(2)®,yy(2, R, 1) + ((2)D,.(x, h, 2). (2.18)

We obtain a solution which corresponds to outgoing waves in the limit when it exists i.e., the
asymptotic behavior of ¢(z,y,t) and ¢(z,y,t) as |z | — % 00.
3. METHOD OF SOLUTION.

To solve the boundary value problem (2.12) to (2.16) we use Fourier transform defined by

(o0}

Fewt=o= [ flzp0 et da, (3.1)
— o0
o ~

flawt) == / Flewty e ae. (32)

Following Lamb [6], we introduce a linear frictional term in (2.15) to obtain

S [ tt gld)y] = d’u - g¢y + P’¢ (33)

where p is very small frictional parameter.
Then application of the Fourier transform to the set of equations (2.12) to (2.14), (2.16) and

(3.3) givesA ~
by — ¢ =0 in0<y<h, (34)
¢,,,, -4 =0 iny <0, (3.5)
v = ¢y ony=0, (3.6)
s [d)n - gtz,,] = bu— 98, + 1, ony=0, (3.7
BuEt) == / (z,t)e't® do = \(/52’7) ony=h (3.8)

Equations (3.4) and (3.5) possess solution given by
$ = A(&1) cosh | €|y + B(&,t) sink | €]y, (3.9)
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b =b(& t)e!élv. (3.10)
Boundary conditions (3.6) and (3.7) give the relation among A(¢, ), B(&,t), T(£,¢) as
A(E,t) | €| sinh | €| R+ B(Et) | €| sink | €| h = %, (3.11)
Au(t) +p Af&t) —s By(&t)— g €] (1 —s) B(§,t) = 0. (3.12)
We set
A A A
Bl=| B B | () (3.13)
\n mn

Using (3.11), (3.12) and (3.13) we have the solution given by

)
/ [(Ay cosh | €|y + B, sinh|&|y) cos nt

— 00

(A, cosh | €|y + B, sinh | £ |y) sin nt] e~ *=d¢, (3.14)

¢ =

+§‘“

)
P= %; _/oo[(Bl cosh | €|y + sink|€|y) cos nt

+ B, (cosh | €|y + sinh | £ | y) sin nt] e~ *=d¢, (3.15)

where

Yo (pT1(§) +9T2(9) Ay(6) = Y&  (pT4(€) — 9T1(€))

Al(E)=7§7ﬂ£—I P+ Vg | €| (P*+4d)

_ n?4,(€) — undy(€) _ undy(§) +n?Ay(¢)
Bl(ﬁ) - e(f) BZ(O - ! e(f)
(3.16)

U = sn— g1~ 5) €], p="2 cosh | €| h+ %) sink | ¢ | &

q=%cosh|£|h.

J

Now to determine ¢ and v we evaluate the integrals (3.14) and (3.15) by the method of
contour integration. The singularities of (3.14) and (3.15) arise from the terms

p’+¢*=0. (3.17)

Using the complex variable z = { + i), the singularities are z = z,, say which lie near to the
position z = z, given by p? =0 as ¢ ~ u where u is very small. These singularities z, are given
by

(1 — 8)zp = K(cothzoh + 3) (3.18)

The equation (3.18) has zeros at zo = + | ko |-
In addition, there exists an infinite number of poles =+1i|x,| on the imaginary axis
satisfying (3.18) as
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+i(1—35)|xo| = K(icot|xo|h+s) (3.19)
Set z, = 2+ ap where « can be determined by equating the terms 0(u) in the equation (3.17) as

(Ks—(1-3)z)

o) , (3.20)

a= =+ in

where
f(zo) = (1 —8)Kg —n*hK — 8(2o)h( — Ks — (1 — s)z,). (3.21)

So each of original poles at z =z, is replaced by two poles upon the introduction of linear
frictional terms. Let the residues of integrals (3.14) (3.15) be pr and R;‘p respectively related to

lower and upper fluids. Hence

pr = % R;p [{(Ay. cosh zy + B,, sinh zy)| ,COS nt
+ (A;. cosh zy + B,, sinh zy) | 5 sin nt} e_"”z] (3.22)

Rgp = % R;p [{By.(cosh zy + sinh zy) | :, €08 nt

+ B,,(cosh zy — sinh zy) | 5 sinnt} e ""I] (3.23)
where
Ait= %Tn Bu= 'g—: T. l=1,2
. _ gsinhzh
R ="HG) (3.24)
and H(z,) = n?h — g(1 — 5) sinh?zh

For calculation of asymptotic limit of ¢(z,y,t) as z— — 0o, the contour integration is taken in the
upper half plane, and the result is obtained by summing up the residues at Zp = ko + tuty, and

z, = —ko+tuty, to > 0. In the limit u—0, these terms give rise to the outgoing waves from the

P2
region of bed with deformation as z— — oo and is given by

(=, y,t# =2m (Rf + Rf )L
z— — o0 ! P2 lu=o0
— W T _iT i i(kgz + nt) (T T | —(kgz + nt) 3.25
=W, (y) (T, 12_,‘03 (T, +Ty) "oe (3.25)
where Wily) = cosh koly — h) (3.26)

koh +(1—s) 97"0 sinh? koh

Again for calculation of asymptotic limit of ¢(z,y,t) as z—oo the contour of integration is taken
in the lower half plane and the result is obtained by assuming

zp, = —ko—ipty, Zp, = ko — 1pty, (to > 0)

3

and summing up the residues at z, and z, we have
3 Pyq

=0

$a,ut)|  =2mi(RE +RE )L
T—00 P3 Py
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=W\ (T 4T et (1, =Ty e o] (3.27)

where W (y) is given by (3.26).
For calculation of ¥(z,y,z) as z— — oo, the contour is taken above the real axis and

considering residues at z . and zp, We get

14
WU Laemoo= + W (Ty+iT) e ™0 ™ 4 (0, = Ty) |y 0] (328)
elkoly

h+(1-s) % ko sinh? kgh

(3.29)

where Wyly) =

Similarly when x—oo0, taking the contour below the real axis and summing up the residues at Zp,

and z, we have
4

Y Y1) |omoo= = in(y)[(Tl +iTo) | g, €077 4 (T, = iTy) [y e 0" ""] (3.30)

where W,(y) is given by (3.29).
We are interested in finding out the reflection and transmission coefficients due to the

presence of sand ripples

T®y(z,y,t) as T—oo
As b~ (3.31)
R®( — z,y,t) as z— — oo

T¥y(z,y,t) as z—00
and o~ (3.32)
R¥y( —z,y,t) as z— — 00

where ®, and ¥, are given in (2.9) and (2.10) and ¢ and ¥ as z— % oo in (3.25) to (3.30).

As z—00

_ ¢($7 Yy t) l/J(IL‘, Y, t)

= AN = D7 3.33
XET| B = ) (339
and similarly as z— — co we get
¢(_Zvy1t) ¢(—I,y,t)
R= “) = AT T 3.33
(po( —-5Y t) z—00 lI’O( -,y t) T—00 ( )

Hence T and R can be expressed in terms of kg,h,n from (2.9), (2.10), (3.25), (3.27), (3.28),
(3.30) and in U(z,t) given in (2.18).
4. APPLICATION OF THE THEORY.
We prescribe the bed form due to presence of sand ripples as
yp(z) = b sin(z + 6) inL <z<L, (4.1)

where 6 is a constant phase angle. For continuity of bed elevation we take

L, =(-s7m-0)/e, L, = (s;m—8)/¢ (4.2)
where s; and s, are integers so that there are (s; + s,)/2 ripples of wave number ¢ in the patch.

Then from (3.25) and (2.10) as z— — co

#(z,y,t) = — A'W,(y) (—% [( —1)"1 sin(koz + ot ~ 2k, L,)
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— (= 1)"2 sin(koz + ot — 2koLy)| | A' = bk A (4.3)
and as z—o0 from (3.27) and (2.9) we have

#(z,y,1) = AW, (y)(2k/) [(— 1)1 = (= 1)?] sin(kz — nt) (4.4)

In (4.3) and (4.4) we see that interaction of incident progressive waves (2.9) with the bed forms

(4.1). f wetake § =0and L, = L,, as r— — o0

é(z,y,t) = 2A'W () % (= 1)t sin(2koL) cos(koz + nt) (4.5)
and as r—o0
¢(I» yvt) =0 (46)

Similar results for ¢ can be obtained from (2.10), (3.28) and (3.30) as z— + co.
Ultimately R has been calculated for integral number of ripples as

R= 2bk0 ( _ 1),1 (%) sin 72’9'0 (4 7)
B b (1 - s) sinh%koh [/ (%)_ 1 ’
t K [/
and T =0. (4.8)

5. CONCLUSION AND DISCUSSION.

The expressions (3.25), (3.27) and (3.28), (3.30) represent the reflected and transmitted
velocity potential for lower and upper fluids respectively. By taking s = 0 the results obtained by
Davies (7] for a single fluid can be recovered. The results (4.5) and (4.6) explain the fact that
there is no disturbance in the perturbation solution on the down-wave side of the ripple patch,
but there is a reflected disturbance on the up-wave side. The result (4.5) also explains that the
size of the reflected wave i.e., W,(y) depend on s = p,/p, the density ratio of two fluids. The
result (4.7), (4.8) give an estimate of reflection coefficients when there are integral number of

ripples on sea-bed. One can also include surface tension at the surface of separation of the fluid.
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